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1.1 mís'; (Objectives)

bl bdkbZ osQ vè;;u osQ i'pkr~ fo|kFkhZ ;ksX; gksaxsμ

• izfrn'kZ rFkk izkapy dh vo/kj.kk dks le>us esaA

• lef"V vkSj izfrn'kZ dks tkuus esaA

1-2 izLrkouk (Introduction)

fdlh Hkh vuqla/ku dk eq[; mn~ns'; oqQN ,sls rF;ksa] fl¼kUrksa vFkok mi;ksxksa dk irk yxkuk gksrk gS
tks oqQN uohu Kku iznku djosQ ekuo tkfr dh leL;kvksa dk lek/ku djus esa lgk;rk iznku dj losaQA
vuqlaèkku lwpukvksa dk ladyu ek=k ugha gSa] oju~ ;g ,d ,slh izfØ;k gS ftlesa leadksa osQ ladyu rFkk

fo'ys"k.k osQ }kjk uohu rF;ksa o fl¼kUrksa dks izfrikfnr djosQ Kku Hk.Mkj esa o`f¼ djus osQ fy, oSKkfud fof/
dk iz;ksx fd;k tkrk gSA O;kogkfjd vuqla/ku dk mís'; fofHkUu izdkj dh leL;kvksa dk oSKkfud <ax ls
vè;;u djosQ ,sls lek/ku [kkstuk gS tks loZ=k (Universally) iz;qDr fd;s tkus ;ksX; gks D;ksafd yxHkx

leLr lkekftd foKkuksa tSls f'k{kk 'kkL=k euksfoKku] lekt'kkL=k vkfn dh leL;k,a izk;% O;fDr;ksa ls lEcfUèkr
gksrh gSa rFkk O;fDr;ksa ls izkIr lwpukvksa osQ vk/kj ij gh mu leL;kvksa dk lek/ku djuk lEHko gksrk gS blfy,
vuqla/kudrkZ dks vius vè;;u osQ fy, fdlh {ks=k ;k lewg dk fu/kZj.k djuk gksrk gS rFkk og ml {ks=k ;k
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izLrkouk ,oe~ voyksdu lewg osQ O;fDr;ksa dk vè;;u djosQ gh fdUgha rF;ksa ;k fl¼kUrksa dks izfrikfnr djrk gSA vuqla/kudrkZ osQ }kjk
p;fur lewg osQ NksVk gksus ij loZ=k&iz;qDr&;ksX; (Universally Applicable) rF;ksa ;k fl¼kUrksa dk
izfriknu djuk lEHko ugha gksrk gS blfy, p;fur {ks=k ;k lewg izk;% dkiQh cM+k gksrk gSA ,slh fLFkfr esa

vuqla/kudrkZ osQ fy, ;g vR;Ur dfBu gks tkrk gS fd og p;fur lewg osQ izR;sd O;fDr ls lwpuk,sa izkIr
djosQ ml lewg osQ lEcU/ esa dksbZ fu"d"kZ izkIr djsA

mnkgj.k osQ fy, ;fn dksbZ vuqla/kudrkZ fdlh izns'k osQ ekè;fed fo|ky;ksa dh d{kk nl esa i<+us okys
leLr Nk=kksa ftudh la[;k yk[kksa esa gksxh] osQ fy, fdlh rF; tSls vkSlr yEckbZ vFkok vkSlr fu"ifÙk vFkok
vkSlr cqf¼ vkfn dk Kku djuk pkgrk gS rks mldks bu yk[kksa Nk=kksa ls lwpuk,a ladfyr djuh gksxhA ;g dk;Z

u osQoy vR;Ur dfBu cfYd yxHkx vlEHko gksxkA bl dk;Z dks lEikfnr djus osQ fy, /u] le; rFkk Je
dh ,d fo'kky ek=kk dh vko';drk gksxh ftls dj ikuk izk;% lEHko ugha gksrk gSA ,slh ifjfLFkfr esa
vuqla/kudrkZ izk;% ml cM+s lewg] ftldk og vè;;u djuk pkgrk gS ls ,d NksVk izfrfuf/Ro lewg Nk¡V ysrk

gS rFkk bl NksVs lewg dk vè;;u djosQ cM+s lewg dh fo'ks"krkvksa dk vuqeku yxkus dk iz;kl djrk gS cM+s
lewg dks vè;;u dh tula[;k vFkok lef"V (Population) vFkok lexz (Universe) dgrs gSaA tcfd
NkaVs x, NksVs lewg dks izfrn'kZ vFkok U;kn'kZ (Sample) dgrs gSaA vk/qfud ;qx esa vf/dka'k vuqla/ku dk;Z

izfrn'kZ fof/ (Method of Samples) osQ }kjk fd;s tkrs gSaA izfrn'kZ fof/ osQ iz;ksx dk roZQ gS fd (i) ;fn
vuqla/kudrkZ osQ }kjk Nk¡Vk x;k izfrn'kZ lef"V dk lgh <ax ls izfrfuf/Ro djrk gS rc izfrn'kZ ls ladfyr
lwpukvksa dh lgk;rk ls lef"V lexz osQ lEcU/ esa Bhd&Bhd vuqeku yxk;k tk ldrk gS rFkk (ii) oSKkfud

<ax ls Nk¡Vs x;s izfrn'kZ esa os lHkh fo'ks"krk,a gksus dh lEHkkouk gksrh gS tks lef"V esa fo|eku gS rFkk ,slk izfrn'kZ
lef"V dk lgh <ax ls izfrfuf/Ro djus okyk ekuk tk ldrk gSA izfrn'kZ ls izkIr lwpukvksa dh lgk;rk ls lef"V
osQ lEcU/ esa izkIr lwpukvksa dks lkaf[;dh; vuqeku (Statistical Inferences) dgrs gSa rFkk bUgsa Kkr djus

osQ fy, ftu lkaf[;dh; fof/;ksa dk iz;ksx fd;k tkrk gS mUgsa vuqekukRed lkaf[;dh; fof/;k¡ (Inferential
Statistical Methods) dgk tkrk gSA

vuqekukRed lkaf[;dh; osQ nks izeq[k dk;Zμ(i) izfrn'kZtksa (Statistics) osQ Kkr gksus ij izkpyksa
(Parameters) dk vuqeku yxkuk rFkk (ii) ifjdYiukvksa (Hypotheses) dk ijh{k.k djuk gSA izkpyksa dk
vuqeku yxkus rFkk ifjdYiukvksa dk ijh{k.k bu nksuksa gh dk;ks± esa izfrp;u forj.kksa (Sampling Distributions)

dh vko';drk gksrh gSA izLrqr vè;k; esa izfrn'kZt o izkpy] lef"V o izfrn'kZ] izfrp;u fof/;k¡ rFkk izfrp;u
forj.kksa dh ppkZ dh xbZ gSA

1-3 izfrn'kZt rFkk izkpy (Statistics and Parameters)

vuqla/kudrkZ fdlh lewg dh fo'ks"krkvksa dks eè;eku] eè;kad] ekud fopyu] lglEcU/ xq.kkad vkfn
osQ }kjk O;Dr djrk gSA D;ksafd lewg nks izdkj osQ gks ldrs gSa (i) lef"V lewg vFkkZr ,sls cM+s lewg ftuosQ

lEcU/ esa vuqla/kudrkZ okLro esa vè;;u djuk pkgrk gS rFkk (ii) izfrn'kZ lewg vFkkZr vis{kkÑr :i ls ,sls
NksVs lewg ftudk vuqla/kudrkZ okLro esa vè;;u djrk gS o ftuls izkIr lwpukvksa osQ vk/kj ij lef"V osQ
lEcU/ esa vuqeku yxk;k tkrk gSA blfy, lef"V rFkk izfrn'kZ nksuksa osQ fy, gh fofHkÂ fo'ks"krkvksa vFkkZr

eè;eku] eè;kad] ekud fopyu] lglEcU/ xq.kkad vkfn dh ppkZ dh tk ldrh gSA okLro eas O;ogkj esa
osQoy izfrn'kZ osQ fy, gh fofHkÂ o.kZukRed ekiksa dh x.kuk dh tkrh gS D;ksafd lef"V rks bruh cM+h gksrh gS
fd mlosQ lHkh lnL;ksa ls lwpuk izkIr djosQ fdlh eki dh x.kuk djuk O;kogkfjd :i esa (/u] le; o Je

dh n`f"V ls) lEHko ugha gksrk gS rFkk ;fn lef"V dk vè;;u fd;k tk ldrk gS rc izfrn'kZ dk p;u djus
dh vko';drk gh lekIr gks tkrh gS ijUrq ftl rjg ls izfrn'kZ dh o.kZukRed ekiksa dh x.kuk dh tk ldrh
gS Bhd mlh izdkj ls lef"V dh o.kZukRed ekiksa dh Hkh x.kuk dh tk ldrh gSA ;gh dkj.k gS fd lef"V

dh o.kZukRed ekiksa dh O;ogkj esa x.kuk u djus osQ ckowtn Hkh lS¼kfUrd n`f"V ls lef"V osQ lHkh lnL;ksa ls
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izkIr lwpuk osQ vk/kj ij Kkr dh tk ldus okyh o.kkZukRed ekisa fo|eku jgrh gSSaA izfrn'kZ osQ fy, Kkr dh
tkus okyh o.kZukRed ekiksa dks izfrn'kZt (Statistics ,d opu esa Statistic) dgrs gSa tcfd lef"V osQ
fy, fo|eku o.kZukRed ekiksa dks izkpy (Parameters) dgrs gSaA mnkgj.k osQ fy, ;fn d{kk nl osQ ,d

yk[k Nk=kksa dh fdlh lef"V ls 500 Nk=kksa dk izfrn'kZ Nk¡Vk x;k gks] rks bu 500 Nk=kksa osQ fy, fdlh pj (tSls
'kSf{kd miyfC/] Å¡pkbZ] Hkkj vkfn) ij izkIr vadksa osQ eè;eku (vFkok ekud fopyu vkfn) dk eku
izfrn'kZt dgyk;sxk tcfd lef"V osQ lHkh ,d yk[k Nk=kksa ls izkIr vadksa osQ eè;eku (vFkok ekud fopyu

vkfn) dk eku izkpy dgyk;sxkA izfrn'kZtksa dks izk;% jkseu v{kjksa (Roman Letters) ls O;Dr djrs gSa
tcfd izkpyksa dks izk;% xzhd v{kjksa (Greek Letters) vFkok jkseu v{kjksa osQ uhps Pop fy[kdj O;Dr djrs
gSaA lkj.kh 1 esa oqQN izeq[k o.kZukRed ekikadksa osQ fy, izfrn'kZtksa o muosQ lkis{k izkpyksa gsrq iz;qDr fd;s tkus

okys laosQrk{kjksa dks izLrqr fd;k x;k gSA

lkj.kh 1

fofHkÂ o.kZukRed ekikadksa osQ fy, izfrn'kZt o izkpy laosQrk{kj

izfrn'kZ laosQrk{kj o.kZukRed ekikad izkpy laosQrk{kj

n vkdkj N

M eè;eku Mpop ;k μ (Mu - E;w )

s ekud fopyu σ (sigma - flxek)

s2 izlj.k σ2 (sigma square - flxek oxZ)

r lglEcU/ xq.kkad rpop ;k ρ (Rho - jkS)

D;ksafd vuqla/kudrkZ O;ogkj esa izfrn'kZtksa dh x.kuk gh dj ikrk gS blfy, Kkr fd;s x;s izfrn'kZtksa

dh lgk;rk ls izkpyksa dk vuqeku yxkuk iM+rk gSA izfrn'kZtksa dh lgk;rk ls izkpyksa dk vuqeku yxkuk gh

lkaf[;dh; vuqeku (Statistical Inference) dgk tkrk gS rFkk ftu lkaf[;dh; fof/;ksa dk iz;ksx djosQ

izkpyksa osQ lkaf[;dh; vuqeku yxk;s tkrs gSa mUgsa vuqekukRed lkaf[dh; fof/;k¡ (Inferential Statistical

Methods) dgrs gSaA lkaf[;dh; dk og Hkkx tks bu fof/;ksa ls lEcfU/r gksrk gS mls vuqekukRed lkaf[;dh;

(Inferential Statistics) dgrs gSaA

N

�

�

n

M

s

çfrn'kZ p;u

Sample selection

çfrn'kZ (Sample)

lkekU;hdj.k Generalization

fp=k 1- izfrn'kZt rFkk izkpy dk ijLij lEcU/
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1-4 lef"V ,oa izfrn'kZ (Population and Sample)

ihNs lef"V rFkk izfrn'kZ 'kCnksa dk iz;ksx fd;k tk pqdk gSA bl [k.M esa lef"V rFkk izfrn'kZ 'kCnksa dks

oqQN vf/d ;FkkFkZ <ax ls ifjHkkf"kr djus ,oa izfrn'kZ Nk¡Vus dh fof/ dk laf{kIr o.kZu djus dk iz;kl fd;k

x;k gSA bl [k.M esa rFkk blosQ mijkUr bl iqLrd esa vU;=k lHkh txg lef"V o tula[;k dks lekukFkZd 'kCnksa

osQ :i esa Lohdkj djrs gq, bu nksuksa 'kCnksa osQ fy, vaxzsth i;kZ; Population rFkk lexz 'kCn osQ fy, vaxszth

i;kZ; Universe dk iz;ksx fd;k tk;sxkA

vuqla/ku esa lef"V vFkok tula[;k (Population) ls rkRi;Z mu lHkh bdkb;ksa osQ leqPp; (Set

of Units) ls gksrk gS ftueas oqQN lkekU; fo'ks"krk,a gksrh gSa rFkk ftuosQ lEcU/ esa vuqla/kudrkZ oqQN fu"d"kZ

Kkr djuk pkgrk gSA tSls ;fn vuqla/kudrkZ mÙkj izns'k esa vè;;ujr d{kk nl osQ Nk=kksa osQ lEcU/ ls dksbZ

fu"d"kZ Kkr djuk pkgrk gS rks mlosQ vè;;u dh lef"V m- iz- esa fLFkr ekè;fed fo|ky;ksa dh d{kk nl osQ

leLr Nk=kksa dk leqPp gksxkA blh izdkj ls izkFkfed fo|ky; vè;kidksa dh] prqFkZ Js.kh deZpkfj;ksa dh] f'kf{kr

x`gf.k;ksa dh] fdlh jksx fo'ks"k ls ihfM+r O;fDr;ksa dh lef"V;ka gks ldrh gSA lef"V;k¡ lhfer (Finite) Hkh

gks ldrh gSa rFkk vlhfer (Infinite) Hkh gks ldrh gSaA lhfer lef"V (Finite Population) os leqPp;

gksrs gSa ftuesa bdkb;ksa dh la[;k lqfuf'pr gksrh gSA tSls Hkkjr esa ekè;fed vè;kidksa dh la[;k] fdlh

fo'ofo|ky; esa vè;kidksa dh la[;k] fdlh egkuxj esa ifjokjksa dh la[;k] fdlh cM+s fpfdRlky; esa jksfx;ksa

dh la[;k vkfn lhfer lef"V osQ mnkgj.k gSaA blosQ foijhr vlhfer lef"V (Infinite Population) os

tula[;k gSa ftuesa bdkb;ksa dh la[;k vfuf'pr vFkok vuUr gksrh gSA tSls vkdk'k esa rkjksa dh la[;k] fdlh

Hkk"kk esa cksys tkus okys 'kCnksa dh la[;k vkfn vlhfer lef"V osQ mnkgj.k gSaA ;|fi okLro esa dksbZ Hkh lef"V

vlhfer ugha gksrh gS ijUrq dHkh&dHkh lef"V esa bdkb;ksa dh la[;k bruh vf/d gksrh gS fd mls fxuuk O;ogkj

esa yxHkx vlEHko gksrk gS ftlosQ dkj.k ,slh lef"V;ksa dks O;kogkfjd n`f"V ls vlhfer ekuuk roZQlaxr izrhr

gksrk gSA tSls vkdk'k esa rkjksa dh dksbZ&u&dksbZ la[;k vo'; gksxh ijUrq bls Kkr djuk lEHko u gksus osQ dkj.k

bls vlhfer lef"V ekuk tk ldrk gSA lef"V;ksa dks ifjdfYir lef"V rFkk ;FkkFkZ lef"V eas Hkh foHkDr fd;k

tk ldrk gSA tks lef"V ewrZ :i esa fo|eku gksrh gS mls ;FkkFkZ lef"V (Existent Population) dgrs gSaA

nwljs 'kCnksa esa dgk tk ldrk gS fd ;FkkFkZ lef"V dh leLr bdkb;ka okLro esa fo|eku gksrh gSaA tSls Nk=kksa

dh lef"V] iqLrdksa dh lef"V vFkok euksjksfx;ksa dh lef"V vkfn ;FkkFkZ lef"V;ksa osQ mnkgj.k gSaA blosQ foijhr

tks lef"V ewrZ :i ls fo|eku ugha gksrh gSa mUgsa ifjdfYir lef"V (Hypothetical Population) dgrs

gSaa Li"V gS fd ifjdfYir lef"V dh bdkb;ksa dh osQoy dYiuk gh dh tk ldrh gSA os lHkh okLro esa fo|eku

ugha gksrh gSaA tSls flDosQ dks mNkyus ij fpÙk (Head) o iV (Tail) vkus dh lHkh lEHkkfor vko`fÙk;ksa dh

lef"V ,d ifjdfYir lef"V gSA flDosQ dks mNkys fcuk gh ,slh lef"V dh ifjdYiuk dh tk ldrh gS

izfrn'kZ dks U;kn'kZ Hkh dgrs gSaA izfrn'kZ (Sample) lef"V dk og NksVk Hkkx gS ftls vuqla/kudrkZ

osQ }kjk okLrfod vè;;u osQ fy, p;fur fd;k tkrk gSA izfrn'kZ lef"V dk izfrfuf/Ro lw{e&:i

(Representative Miniature) gksrk gS rFkk blls izkIr lwpukvksa dk lkekU;hdj.k djosQ lef"V osQ ckjs

esa vuqeku yxk;k tkrk gSA Li"V gS fd izfrn'kZ lef"V dh fo'ks"krkvksa dk izfrfcEc gksrk gSA izfrn'kZ osQ vaxzsth

i;kZ; Sample dk mn~Hko ySfVu osQ Exemplum 'kCn ls gqvk ftldk vFkZ gS Exmple vFkkZr mnkgj.kA

bl 'kkfCnd vFkZ ls Hkh laosQr feyrk gS fd izfrn'kZ lef"V dh oqQN ,slh bdkb;ksa dk ladyu gS ftUgsa lef"V

dh fo'ks"krkvksa dks Li"V djus osQ fy, mnkgj.k Lo:i pquk tkrk gSA vr% dgk tk ldrk gS fd izfrn'kZ okLro

esa lef"V dk vè;;u gsrq p;fur fd;k x;k og va'k gS ftldk vuqla/kudrkZ okLro esa vè;;u djrk gS rFkk

ftlls izkIr izfrn'kZ dh fo'ks"krkvksa (izfrn'kZtksa) dk lkekU;hdj.k djosQ lef"V dh fo'ks"krkvksa (izkpyksa) dk

vuqeku yxk;k tkrk gSA lef"V dh bdkb;ksa dks izfrp;u bdkb;k¡ (Sampling Units) dgrs gSa rFkk fdlh
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lef"V dh lHkh izfrp;u bdkb;ksa osQ lewg dks izfrp;u <k¡pk (Sampling Frame) dgrs gSaA izfrn'kZ esa pquh

xbZ bdkb;ksa dks izfrn'kZ bdkb;k¡ (Sample Units) dgrs gSaA izfrn'kZ o lef"V;k¡ O;fDr;ksa vFkok oLrqvksa osQ

lewg Hkh gks ldrs gSa rFkk budk iz;ksx O;fDr;ksa ;k oLrqvksa osQ izkIrkadksa osQ lewgksa osQ fy, Hkh fd;k tk ldrk gSA

izfrn'kZ osQ vk/kj ij lef"V osQ fo"k; esa lkaf[;dh; vuqeku lnSo ,d vfuok;Z ekU;rk osQ lkFk izkjEHk

gksrk gSA bl vfuok;Z ekU;rk osQ vuqlkj izfrn'kZ lef"V dk lgh <ax ls izfrfuf/Ro djrk gS vFkkZr izfrn'kZ esa

Bhd ogh xq.k ;k fo'ks"krk,a gSa tks lef"V esa gSaA ;fn izfrn'kZ lef"V dk Bhd <ax ls izfrfuf/Ro ugha dj ikrk

gS vFkkZr ;fn izfrn'kZ esa lef"V dh okLrfod fo'ks"krk ifjyf{kr ;k izfrfcfEcr ugha gksrh gS rc vuqekukRed

lkaf[;dh; fof/;ksa ls izkIr vuqeku =kqfViw.kZ gks ldrs gSaA nwljs 'kCnksa esa rc vuqekfur izkpy okLrfod izkpyksa

ls fHkÂ gks ldrs gSaA tSls ;fn mÙkj izns'k esa d{kk nl esa i<+us okys Nk=kksa dh vkSlr m¡QpkbZ Kkr djus osQ fy,

osQoy 'kgjksa esa fLFkr ekè;fed fo|ky;ksa dh d{kk nl esa vè;;ujr Nk=kksa dk izfrn'kZ ys fy;k tk;s rc ;g

izfrn'kZ mÙkj izns'k esa d{kk nl esa i<+us okys Nk=kksa dh lef"V dk lgh izfrfuf/Ro ugha dj losQxk D;ksafd xzkeh.k

{ks=kksa esa fLFkr ekè;fed fo|ky;ksa osQ Nk=kksa dks blesa lfEefyr ugha fd;k x;k gSA tc rd lHkh izdkj osQ Nk=kksa

dks izfrn'kZ esa ugha pquk tk;sxk rc rd izfrn'kZ viuh lef"V dh fo'ks"krkvksa dks Bhd <ax ls ifjyf{kr ugha

dj losQxk rFkk bl izdkj ls Nk¡Vs x;s vizfrfuf/Ro izfrn'kZ (Unrepresentative Sample) ls izkIr

ifj.kkeksa dks lkekU;hdj.k lef"V osQ fy, djuk =kqfViw.kZ gksxkA vr% ;g vko';d gS fd vuqla/kudrkZ lef"V

ls fdlh izfrfuf/Ro izfrn'kZ dk p;u djsa ftlls izfrn'kZ ls izkIr ifj.kkeksa dk roZQ laxr <ax ls lef"V osQ fy,

lkekU;hdj.k fd;k tk losQA izfrn'kZ osQ izfrfuf/Ro gksus vFkok ugha gksus dk iz'u mBus dk izeq[k dkj.k

lkekftd foKkuksa (Social Sciences) esa iz;qDr lef"V;ksa dh fofHkÂ bdkb;ksa esa oSfHkÂrk dk gksuk gSA HkkSfrd

foKkuksa (Physical Sciences) tSls jlk;u 'kkL=k] fpfdRlk] Ñf"k vkfn esa Hkh izfrn'kks± dk mi;ksx fd;k tkrk

gS ijUrq ogk¡ ij izfrn'kZ dh izfrfuf/Rork ij 'kadk ugha dh tkrh gS D;ksafd ogk¡ iz;qDr lef"V;ksa esa fo|eku

lHkh bdkb;k¡ izk;% iw.kZr% ,d tSlh gksrh gSaA fdlh rRo] ;kSfxd ;k feJ.k osQ lHkh d.k vFkok fdlh O;fDr

osQ [kwu dh lHkh cwansa vFkok fdlh [ksr esa mRikfnr xsgw¡ osQ <sj osQ lHkh nkus yxHkx ,d leku gksrs gSaA ftlosQ

dkj.k budh osQoy ,d gh bdkbZ lef"V dk mfpr izfrfuf/Ro djus esa leFkZ gksrh gSA ,slh lef"V;ksa dks

letkrh; lef"V (Homogenious Populations) dgk tkrk gS ijUrq lkekftd foKkuksa tSls euksfoKku]

f'k{kk 'kkL=k] lekt'kkL=k vkfn esa iz;qDr lef"V;k¡ izk;% tho/kfj;ksa (ekuo ;k i'kq vkfn) osQ lewg gksrs gSa

ftudh fofHkÂ bdkb;k¡ ijLij fHkÂ&fHkÂ gksrh gSaA tSls fdlh lewg osQ Nk=kksa dh cqf¼ ;k O;fDrRo ;k #fp;k¡

vkfn ,d&nwljs ls i;kZIr fHkÂ gksrh gSa ,slh lef"V;ksa dks fo"ketkrh; lef"V (Hetrogeneous Population)

dgrs gSaA bl izdkj dh lef"V;ksa ls ,sls izfrn'kZ dk p;u djuk vis{kkÑr dfBu gks tkrk gS tks viuh lef"V

dk mfpr <ax ls izfrfuf/Ro dj losQA dksbZ izfrn'kZ viuh lef"V dk izfrfuf/Ro dj jgk gS vFkok ugha bldk

fu/kZj.k djuk yxHkx vlEHko lk dk;Z gSA ,slk djus osQ fy, izfrn'kZ rFkk lef"V nksuksa dh gh fo'ks"krkvksa dk

iw.kZ Kku vko';d gS D;ksafd rc gh nksuksa ls izkIr ifj.kkeksa dh rqyuk dh tk ldrh gSA ;fn lef"V dh fo'ks"krk,a

lh/s&lh/s Kkr dh tk ldrh gSa rc izfrn'kZ osQ p;u o mlls izkIr ifj.kkeksa dk lkekU;hdj.k djus dk iz'u

gh ugha mBrk gSA okLro eas lkaf[;dh; esa lnSo gh izfrn'kZ osQ vius lef"V dk izfrfuf/Ro djus dh izkf;drk

ns[kh tkrh gS u fd mldk fu/kZj.k fd;k tkrk gSA ;gh dkj.k gS fd vuqekukRed lkaf[;dh; fof/;ksa ls izkIr

leLr ifj.kke izkf;drk osQ :i eas gh O;Dr fd;s tkrs gSaA D;ksafd lkaf[;dh; n`f"V ls fdlh jsUMe izfrn'kZ

(Random Sample) osQ }kjk viuh lef"V dk izfrfuf/Ro djus dh izkf;drk lokZfèkd gksrh gS] blfy,

jSUMe izfrn'kZ dks izfrfuf/Ro izfrn'kZ Lohdkj djosQ gh lkekU;hdj.k fd;k tkrk gSA okLro esa vuqekukRed

lkaf[;dh; dh vf/dka'k cgqizpfyr fof/;k¡ jSUMe izfrn'kZ dh ewyHkwr ekU;rk (Fundamental Assumption)

ij vk/kfjr gksrh gSA vkxs osQ i`"Bksa ij izfrn'kZ p;u dh fofHkUu fof/;ksa dk la{ksi esa o.kZu fd;k tk jgk gSA
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izLrkouk ,oe~ voyksdu ljy jSUMe izfrp;u

(Simple Random Sampling)

fdlh lef"V ls lokZf/d lEHkkO; izfrfuf/Ro okyk izfrn'kZ Nk¡Vus dh ,d ljy rFkk oLrqfu"B fof/

jSUMe izfrn'kZ fof/ gSA ftls ljy jSUMe fof/ (Simple Random Method) Hkh dgk tkrk gSA jSUMe izfrn'kZ

(Random Sample) 'kCn ;qXe esa jSUMe (Random) 'kCn ls rkRi;Z vLrO;Lr (Haphazard), vfu;ksftr

(Unplanned) vFkok ykijokgh (Hit and Miss) ls ugha gS oju lkaf[;dh; ekun.Mksa dh n`f"V ls lqekU;

izfrp;u fof/ dks bafxr djus osQ fy, jSUMe 'kCn dk iz;ksx fd;k tkrk gSA jSUMe izfrn'kZ fof/ dh izeq[k

fo'ks"krk gS fd blesa lef"V dh izR;sd bdkbZ osQ izfrn'kZ esa pqus tkus dh leku izkf;drk gksrh gSA vr% ;fn

fdlh izfrn'kZ dk p;u bl <ax ls fd;k x;k gS fd lHkh bdkb;ksa osQ p;u dh izkf;drk leku Fkh rc ,sls

izfrn'kZ dks jSUMe izfrn'kZ (Random Sample) dgk tkrk gSA

;gk¡ ij ljy jSUMe izfrn'kZ rFkk jSUMe izfrn'kZ osQ vUrj o lEcU/ dks Li"V djuk mfpr gh gksxkA ljy

jSUMe izfrn'kZ (Simple Random Sample) esa okLro esa lef"V dh fofHkÂ bdkb;ksa osQ p;u dh izkf;drk

fLFkj (Constant) jgrh gS vFkkZr fofHkÂ bdkb;ksa dk p;u ijLij LorU=k gksrk gSA rFkk oqQN bdkb;ksa osQ p;u

ls 'ks"k bdkb;ksa osQ p;u dh izkf;drk izHkkfor ugha gksrh gSA mnkgj.k osQ fy, 10 bdkb;ksa dh fdlh lef"V

esa ls 2 bdkb;ksa dk ,d izfrn'kZ Nk¡Vuk gSA ;fn 10 bdkb;ksa esa ls 2 bdkb;ksa dks ,d&,d djosQ Nk¡Vk tk;sxk

rc izFke ckj lHkh bdkb;ksa osQ p;u dh izkf;drk 1/10 gksxh tcfd nwljh ckj 'ks"k 9 bdkb;ksa osQ p;u dh

izkf;drk ifjo£rr gks dj 1/9 gks tk;sxhA ;g jSUMe izfrn'kZ p;u rks gS ijUrq ljy jSUMe izfrn'kZ p;u ugha

gS ijUrq ;fn igyh ckj NkaVh xbZ bdkbZ dks iqu% 'ks"k bdkb;ksa esa feyk fn;k rFkk fiQj nwljh bdkbZ Nk¡Vh tk;s

rks izfrn'kZ p;u dh fof/ ljy jSUMe gks tk;sxhA izfrn'kZ p;u dh bu fof/;ksa dks izfrLFkkiu jfgr izfrp;u

(Sampling Without Replacement) rFkk izfrLFkkiu lfgr izfrp;u (Sampling with Replace-

ment) Hkh dgk tkrk gSA ikBdksa dks ;g Li"V gks x;k gksxk fd vlhfer lef"V;ksa (Infinite Populations)

ls Nk¡Vs x;s jSUMe izfrn'kZ lnSo gh ljy jSUMe izfrn'kZ Hkh gksaxs D;ksafd vlhfer lef"V dh fLFkfr esa oqQN

bdkb;ksa dk p;u 'ks"k bdkb;ksa osQ p;u dh izkf;drk dks izHkkfor ugha dj ikrk gS ijUrq lhfer lef"V;ksa

(Finite Populations) dh fLFkfr esa izfrp;u izfrLFkkiu jfgr rFkk lfgr nksuksa gh izdkj dk gks ldrk gSA

izfrLFkkiu jfgr izfrp;u dh fLFkfr esa ;g Li"V dguk mfpr gh gksxk fd oqQN bdkb;ksa osQ p;u osQ

mijkUr 'ks"k bdkb;ksa dk p;u okLro esa izfrcU/kRed (Conditional) gksrk gS vFkkZr vo'ks"k bdkb;ksa esa ls

fdlh@fdUgha bdkbZ dk p;u rc gh lEHko gS tc os bdkbZ blls iwoZ p;fur u dh xbZ gksaA bdkb;ksa osQ p;u

dh oqQy izfrcU/kRed izkf;drk (Conditional Probability) dk eku lHkh bdkb;ksa osQ fy, fLFkj jgrk gS

ftls izkf;drk osQ xq.kuiQy fu;e (Multiplication Law) ls Kkr fd;k tk ldrk gSA tSls mijksDr mnkgj.k

esa nwljh ckj esa fdlh bdkbZ osQ p;u dh izfrcfU/r izkf;drk dk eku izFke ckj esa mlosQ u pqus tkus dks

izkf;drk o nwljh ckj esa pqus tkus dh izkf;drk osQ xq.kuiQy osQ cjkcj vFkkZr (9/10) × (1/9) = 1/10 gh

gksxkA blh izdkj ls rhljh ckj esa fdlh bdkbZ osQ pqus tkus osQ oqQy izfrcfU/r izkf;drk dk eku mlosQ izzFke

ckj esa u pqus tkus] nwljh ckj esa u pqus tkus rFkk rhljh ckj esa pqus tkus dh izkf;drkvksa osQ xq.kuiQy osQ cjkcj

vFkkZr (9/10) × (8/9) × (1/8) = 1/10 gksxkA

jSUMe izfrn'kZ dks lef"V ls lEHkkO; leLr izfrn'kks± esa ls jSUMe fof/ osQ }kjk NkaVs x;s izfrn'kZ osQ :i

esa Hkh ifjHkkf"kr fd;k tk ldrk gSA ;fn fdlh lef"V ls n vkdkj osQ leLr lEHkkO; izfrn'kks± esa ls fdlh

,d dks bl izdkj ls NkaVk x;k gS fd lHkh izfrn'kks± osQ p;u dh izkf;drk leku gks rks bl izdkj ls NkaVs x;s

izfrn'kZ dks jSUMe izfrn'kZ dgk tk ldrk gSA tSls ;fn ik¡p bdkb;ksa (v] c] l] n] ;) okyh lef"V ls 2 bZdkbZ

okys izfrn'kZ dk p;u djuk gks rc oqQy nl lEHkkO; izfrn'kZμ (v] c)] (v] l)] (v] n)] (v] ;)]

(c] l)] (c] n)] (c] ;)] (l] n)] (l] ;) rFkk (n] ;) gkasxsA ;fn bu nl izfrn'kks± esa ls fdlh ,d dk
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p;u bl izdkj ls fd;k tkrk gS fd izR;sd osQ p;u dh izkf;drk leku gks rks p;fur izfrn'kZ dks jSUMe izfrn'kZ

dgk tk;sxkA jSUMe izfrn'kZ dk ;g osQoy lS¼kfUrd i{k gS D;ksafd bl izdkj ls lHkh lEHkkO; izfrn'kZ cukdj

muesa ls fdlh ,d dk p;u djuk O;kogkfjd n`f"V ls lEHko ugha gSA fu%lUnsg ;g izfrLFkkiu jfgr izfrp;u

gSaA ;|fi lS¼kfUrd :i ls vuqekukRed lkaf[;dh; fof/;ksa osQ fy, izfrn'kZ dk jSUMe gksuk ,d vfuok;Z

vko';drk gS rFkkfi jSUMe fof/;ksa ls u pqus x;s izfrn'kks± ls Hkh lef"V osQ ckjs esa vuqeku yxk;s tk ldrs

gSaA ijUrq ,slk djrs le; ;g lqfuf'pr djuk mfpr gh gksrk gS fd izfrn'kZ dk p;u fdlh vok¡fNr dkj.k

ls izHkkfor ugha gks jgk gSA fdlh lef"V ls jSUMe izfrn'kZ pquus dh dbZ fof/;k¡ gSaA buesa ls nks fof/;k¡μykVjh

fof/ (Lottery Method) rFkk jSUMe vad lkj.kh fof/ (Table of Random Numbers Method)

lokZf/d ljy] yksdfiz; rFkk mi;qDr gSA bu nksuksa gh fof/;ksa esa lef"V dh leLr bZdkb;ksa dk Kku gksuk

vko';d gS ftlosQ dkj.k bUgsa osQoy lhfer lef"V;ksa ls izfrn'kZ NkaVus osQ fy, mi;ksx es yk;k tk ldrk gSA

ykVjh fof/ esa lef"V dh lHkh izfrp;u bdkb;ksa (Sampling Units) osQ uke vFkok Øe la[;k vyx&vyx

dkxt osQ NksVs VqdM+ksa ij fy[kdj mUgsa eksM+dj iphZ rS;kj dj yh tkrh gSaA bl izdkj ls lef"V dh bdkb;ksa

dh la[;k osQ cjkcj dkxt dh i£p;k¡ rS;kj gks tkrh gSa ftUgsa fdlh FkSys esa j[kdj o vPNh rjg ls feykdj

fcuk ns[ks ,d&,d djosQ Bhd mruh gh i£p;k¡ fudky ysrs gSa ftruh bdkb;k¡ izfrn'kZ osQ fy, NkaVuh gksrh gSaA

bl izdkj ls NkaVh xbZ i£p;ksa ij fy[ks uke vFkok Øela[;k okyh bZdkb;k¡ gh izfrn'kZ dh jpuk djrh gSaA tSls

;fn 500 Nk=kksa dh fdlh lef"V ls 20 Nk=kksa dk ,d jSUMe izfrn'kZ NkaVuk gks rks igys lef"V osQ lHkh 500

Nk=kksa osQ ukeksa dks vyx&vyx dkxt dh i£p;ksa ij fy[kdj bu i£p;kas ij fy[kdj bu i£p;ksa dks ,d gh

izdkj ls eksM+dj fdlh FkSys eas Mkydj vPNh rjg ls fgyk ysaxsA rRi'pkr bl FkSys ls ,d&,d djosQ 20 iphZ

fudky ysaxsA ftu 20 Nk=kksa osQ uke bu i£p;ksa ij fy[ksa gksaxs os 20 Nk=k gh izfrn'kZ dh lajpuk djasxs rFkk bu

20 Nk=kksa osQ izfrn'kZ ij vè;;u djosQ lEiw.kZ lef"V (vFkkZr 500 Nk=kksa dk lewg) osQ fy, vuqeku Kkr fd;s

tk;saxsA ykVjh }kjk jSUMe izfrn'kZ Nk¡Vus osQ fy, <ksy ?kqekdj (Rotating Drum) ;k ;kfU=kd fof/

(Mechanical Method) ls vad pØ ;U=k pykdj (Moving Number Wheel) bdkb;ksa osQ p;u djus

dh fof/ dk iz;ksx Hkh fd;k tkrk gSA

jSUMe vad lkj.kh vf/d oLrqfu"B o O;ofLFkr <ax ls jSUMe izfrn'kZ izkIr djus dk ,d lk/u gSA

jSUMe vad lkj.kh okLro esa 0 ls 9 rd osQ nl vadksa dh oqQN iafDr;ksa o LrEHkksa esa bl izdkj ls ckjEckj izLrqfr

gS fd fofHkÂ iafDr;ksa rFkk LrEHkksa esa lHkh nl vadksa dh vko`fÙk yxHkx leku gksrh gS ,oa fdlh Hkh vad osQ

nk;sa] ck;sa] Åij vFkok uhps dkSu lk vad vk;sxk bldks vuqeku yxkuk vlEHko gksrk gSA nwljs 'kCnksa esa jSUMe

vad lkj.kh esa ls fdlh vad dks fcuk ns[ks p;fur djus ij mlosQ 0, 1, 2, 3, 4, 5, 6, 7 ,8 , ;k 9 gksus dh

lEHkkouk leku gksrh gSA jSUMe vad lkj.kh esa iafDr;ksa o LrEHkksa dh la[;k fdruh Hkh gks ldrh gSA okLro esa

jSUMe vad lkj.kh dk eupkgk foLrkj fd;k tk ldrk gSA lqfo/k osQ fy, jSUMe vad lkj.kh osQ LrEHkksa dks

(rFkk dHkh dHkh iafDr;ksa dks Hkh) pkj ;k ikap osQ lewgksa esa izLrqr djrs gSaA rc jSUMe vad lkj.kh osQ fofHkÂ

LrEHk pkj ;k ikap vadksa okyh jSUMe la[;kvksa dks bafxr djrs gSaA lcls igys ,y- ,p- lh- fVisV (L. H. C.

Tippet) us tux.kuk osQ vk¡dM+ksa ls 41600 vadksa dks NkaVdj mudh lgk;rk ls pkj&pkj vadksa okyh 10400

jSUMe la[;k,a rS;kj dh FkhaA ckn esa oSQUMy (M.C. Kendall) o fLeFk (B.B. Smith) rFkk fiQ'kj (R.A

Fisher) o ;sVl (F. Yates) vkfn us Hkh jSUMe vadksa@la[;kvksa dh lkjf.k;k¡ rS;kj dhaA dEI;wVj osQ vkfo"dkj

ls iwoZ jSUMe vad la[;k lkj.kh cukuk ,d dfBu dk;Z Fkk ijUrq dEI;wVj us bl dk;Z dks ljy dj fn;k gSA

vkt dEI;wVj dh lgk;rk ls jSUMe vad izkIr djus dh vusd fof/;ka tSls osQUnzh; oxhZdj.k fof/ (Central

Squaring Method), ?kkr vo'ks"k fof/ (Power Residue Method) vkfn miyC/ gSa ijUrq vuqla/kudrkZ

dks jSUMe vad@la[;k lkj.kh cukus dh vko';drk ugha gS D;ksafd vusd jSUMe vad@la[;k lkj.kh miyC/ gSA

vuqla/ku fof/;ksa rFkk lkaf[;dh dh yxHkx lHkh iqLrdksa eas Hkh jSUMe vad@la[;k lkj.kh nh xbZ gksrh gS rFkk

vuqla/kudrkZ budk iz;ksx djosQ vius izfrn'kZ dk p;u dj ldrk gSA oqQN lkaf[;dh; dEI;wVj osQ }kjk rS;kj
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izLrkouk ,oe~ voyksdu fd;s x;s jSUMe vadksa@la[;kvksa dks Nne jSUMe vad@la[;k (Pseudo Random Digits Numbers) ekurs

gSa D;ksafd ;s iw.kZr;k Kkr x.kuk (Completely Determined Calculation) fof/;ksa ls rS;kj (Generate)

fd;s tkrs gSa rFkk x.kuk fof/ o izkjEHk fcUnq osQ fu/kZj.k osQ rqjUr ckn lHkh vad@la[;k fuf'pr gks tkrh gSaA

jSUMe vad@la[;k lkj.kh dh lgk;rk ls izfrn'kZ dk p;u djus osQ fy, lcls igys lef"V dh lHkh

bdkb;ksa dh lwph cukdj izR;sd bdkbZ dks ,d&,d Øe la[;k ns nh tkrh gSA lcls cM+h Øe la[;k esa ftrus

vad (Digits) gksrs gSa Bhd mrus gh vadksa dh dksbZ la[;k vk¡[k cUn djosQ jSUMe vad la[;k@lkj.kh es dgha

ij p;fur dj ysrs gSa rFkk fiQj ml la[;k osQ Åij ;k uhps ;k nk;sa ;k ck;sa vksj pydj mrus gh vadksa dh

la[;k,a ysrs tkrs gSaA bl izdkj ls izkIr la[;kvksa esa ls os lHkh la[;k,a] ftudk eku lef"V dh lcls cM+h Øe

la[;k osQ cjkcj vFkok de gksrk gS] izfrn'kZ esa lfEefyr dh tkus okyh bdkb;ksa dh Øe la[;k gksrh gSA ;fn

dksbZ la[;k ,d ls vf/d ckj vkrh gS rc osQoy igyh ckj gh mls ysrs gSa rFkk ckn esa NksM+rs tkrs gSaA bl

izdkj ls izfrn'kZ osQ vkdkj osQ vuq:i  okafNr la[;k esa bdkb;ksa dk p;u dj ysrs gSa tks izfrn'kZ dk fuekZ.k

djrh gSaA nks iz'u mBrs gSa ftudk fujkdj.k oLrqfu"B <ax ls jSUMe lkj.kh osQ iz;ksx osQ fy, vko';d

gksxk&izFke] lkj.kh esa izFke la[;k dk p;u oSQls fd;k tk;s rFkk f}rh;] lkj.kh esa fdl fn'kk esa pyk tk;sA

jSUMe vad@la[;k lkj.kh esa izFke la[;k dk p;u djus osQ fy, igys lkj.kh osQ fdlh i`"B dk p;u djuk

gksxkA blosQ fy, ;k rks ykVjh Mkyh tk ldrh gS vFkok izfrn'kZ p;u dh fnukad] ?kUVk] feuV esa ls fdlh ,d

dk iz;ksx fd;k tk ldrk gSA ;fn fnukad (vFkok ?kUVk vFkok feuV ftldk Hkh iz;ksx djuk gks) i`"Bksa dh

la[;k ls vf/d gks rks fnukad osQ vadksa dks tksM+dj izkIr la[;k okys i`"B ls izkjEHk fd;k tk ldrk gSA ukS

vFkok blls vf/d i`"Bksa okyh lkj.kh osQ fy, bl fof/ dks ljyrk ls iz;ksx esa yk ldrs gSaA jSUMe lkj.kh

osQ izkjEHk i`"B osQ p;u osQ mijkUr izos'k fcUnq (Point of Entry) dk p;u djuk gksxkA blosQ fy, vk¡[ksa

cUn djosQ isfUly dks lkj.kh esa dgha ij fVdk ldrs gSa rFkk ftl vad ij isfUly fVdrh gS mlosQ vxy&cxy

osQ vadksa ls feydj cuus okyh la[;k izos'k la[;k (Entry Number) gks ldrh gSA nk;sa vksj osQ vadksa dks

ysdj izos'k la[;k cukuh gS vFkok ckb± vkSj osQ vadksa dks ysdj] blosQ fy, ?kM+h osQ lSdUM okyh lqbZ (Second

Hand of clock) dh fn'kk dk iz;ksx fd;k tk ldrk gSA jSUMe lkj.kh osQ i`"B ij isfUly fVdkus osQ rqjUr

ckn lSdUM dh lqbZ dks ns[ksaA ;fn ;g ?kM+h osQ nk;sa Hkkx esa 12 ls 6 osQ chp gks rks nkb± vksj osQ vadksa dks ysdj

izFke la[;k cukbZ tk ldrh gSA ;fn lSdUM dh lqbZ ck;sa Hkkx esa 12 ls 6 osQ chp gks rks ckb± vkSj osQ vadksa

dks ysdj izFke la[;k cukbZ tk ldrh gSA izos'k la[;k osQ fu/kZj.k osQ mijkUr ;g fu/kZfjr djuk gksxk fd fdl

fn'kk esa c<+k tk;sA blosQ fy, Hkh ?kM+h dh lsosQUM dh lqbZ osQ 11, 12, ;k 1 ij gksus ij Åij dh vkSj] lsosQUM

dh lqbZ osQ 2, 3 ;k 4 ij gksus ij nkb± vkSj] lsosQUM dh lqbZ osQ 5, 6 ;k 7 ij gksus ij uhps dh vksj rFkk lsosQUM

dh lqbZ osQ 8, 9, ;k 10 ij gksus ij ckb± vksj pyus dk fu'p; oLrqfu"B fu.kZ; gks ldrk gSA jSUMe lkj.kh

dh lgk;rk ls izfrn'kZ dk p;u djus dh fof/ fuEu mnkgj.k ls Li"V gks losQxhA

mnkgj.k osQ fy, ekuk fd fdlh fo|ky; esa vè;;ujr 500 Nk=kksa dh lef"V (N = 500) ls 20

Nk=kksa dk ,d jSUMe izfrn'kZ (n = 20) Nk¡Vuk gSA lcls igys lef"V osQ 500 Nk=kksa dks Øec¼ djosQ 001

ls 500 rd dh Øe la[;k,aa iznku dh tk;saxhA D;ksafd lcls cM+h Øe la[;k 500 rhu vadksa dh gS] blfy,

rhu vadksa okyh jSUMe la[;kvksa dk p;u djuk gksxkA jSUMe vad lkj.kh osQ nwljs i`"B ij nh 54oha iafDr osQ

LrEHk Ng] lkr o vkB ij fLFkr vadksa ls izkjEHk djosQ uhps dh vksj pydj jSUMe la[;k,a Nk¡Vus dk fu'p;

fd;k tk;s rc fuEu la[;k,a feysaxhμ

940 746 169* 767 897 299*
561 455* 332* 532 054* 585
959 571 630 279* 345* 862
400* 007* 477 442* 911 929
805 224* 764 938 461* 729
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477* 946 041* 179* 520 219*
804 399* 202* 909 895
566 967* 854 416* 626

mijksDr lwph esa vfUre la[;k 219 gSA vc vU; la[;kvksa dh vko';drk ugha gS D;ksafd bl la[;k

rd chl ,slh la[;k,a fey xbZ gSa tks izfrn'kZ osQ fy, vko';d gSA rkjkafdr la[;k,a (Starred Numbers)

lef"V dh lwph dh os Øe la[;k,a gSa ftUgsa izfrn'kZ esa lfEefyr djuk gSA Li"V gS fd osQoy 001 ls 500

rd dh Øe la[;kvksa dks rkjkafdr fd;k x;k gS rFkk nksgjkbZ xbZ la[;kvksa dks osQoy ,d ckj pquk x;k gSA vr%

jSUMe izfrn'kZ osQ fy, p;fur Øe la[;k,a fuEuor fy[kh tk ldrh gSaμ

400, 477, 455, 007, 224, 399, 367, 169, 332, 041,
202, 279, 442, 179, 416, 054, 345, 461, 299, 219,

;fn lkj.kh dh vfUre iafDr rd igq¡pus ij Hkh vko';d Øe la[;k,a ugha fey ikrh gSa rc vfUre

iafDr esa nk;sa ;k ck;sa ?kwedj fiQj mij dh vksj ls la[;k,a NkaVh tk ldrh gSaA nk;sa ;k ck;sa ?kweus osQ fu.kZ; osQ

fy, Hkh ?kM+h dh lsosQUM okyh lqbZ dh fn'kk dk iz;ksx fd;k tk ldrk gSA lef"V esa 100,1000 ;k 10,000

vkfn bdkb;k¡ gksus ij Øe nsuk Øe'k% 00,000 ;k 0000 ls izkjEHk djuk mfpr jgrk gS D;ksafd rc lHkh Øe

la[;k,a Øe'k% 2, 3 ;k 4 vadksa dh gksxh ftlls la[;k,a Nk¡Vus dk dk;Z ljy gks tkrk gSA

cgq lksiku

jSUMe çfrp;u
Multi-Stage

Random Sampling

iqat

jSUMe çfrp;u
Cluster

Random
Sampling

LrjhÑr

jSUMe çfrp;u
Stratified
Random
Sampling

Øec¼

jSUMe çfrp;u
Systematic
Random
Sampling

ljy

jSUMe çfrp;u
Simple

Random
Sampling

fp=k 2- izfrp;u fof/;k¡

izfrn'kZ dk p;u djus dh mijksDr o£.kr fof/;ksa osQ vfrfjDr oqQN vU; ,slh fof/;k¡ Hkh gSa ftuosQ

}kjk izfrfuf/Ro izfrn'kZ (Representative Sample) dk p;u fd;k tk ldrk gSA Øec¼ jSUMe izfrn'kZ
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izLrkouk ,oe~ voyksdu (Systematic Random Sample), LrjhÑr jSUMe izfrn'kZ (Stratified Random Sample), cgq&lksiku

jSUMe izfrn'kZ (Multi-Stage Random Sample) rFkk iqUt jSUMe izfrn'kZ (Cluster Random Sample)

lkaf[;dh; n`f"V ls dkiQh lhek rd jSUMe izfrn'kZ osQ lerqY; gksrs gSa rFkk budk iz;ksx vuqekukRed lkaf[;dh;

fof/;ksa osQ fy, fd;k tk ldrk gSA

Øec¼ jSUMe izfrp;u

(Systematic Random Sampling)

Øec¼ jSUMe izfrp;u fof/ (Systematic Random Sampling Method) esa Hkh lcls igys

lef"V dh lHkh bdkb;ksa dh lwph cukdj bdkb;ksa dks Øe la[;k,a ns nh tkrh gSaA rRi'pkr lef"V o izfrn'kZ

osQ vkdkjksa dk vuqikr (N/n = k) Kkr djosQ ns[k fy;k tkr gS fd lef"V dh izR;sd fdruh bdkb;ksa esa ls

izfrn'kZ osQ fy, ,d bdkbZ p;fur djuh gSA nwljs 'kCnksa esa k crkrk gS fd izfrn'kZ dh izR;sd bdkbZ lef"V dh

fdruh bdkb;ksa dk izfrfuf/Ro djrh gSA vc lef"V dh izFke k bdkb;ksa esa ls ,d bdkbZ dks ykVjh vFkok

jSUMe vad lkj.kh dh lgk;rk ls pqu ysrs gSa rFkk fiQj ml bdkbZ osQ ckn izR;sd kosa vUrjky ij fLFkr bdkb;ksa

dk p;u djrs tkrs gSaA bl izdkj ls pquh xbZ bdkb;ka gh izfrn'kZ dk fuekZ.k djrh gSaA tSls 1 ls 500 rd

Øec¼ lwph osQ 500 O;fDr;ksa dh lef"V ls 20 O;fDr;ksa dk Øec¼ jSUMe izfrn'kZ pqurs le; lef"V o

izfrn'kZ osQ vkdkjksa dk vuqikr (k) dk eku 25 gksxk vFkkZr lef"V osQ izR;sd 25 O;fDr;ksa osQ fy, ,d O;fDr

dk p;u djuk gSA vc lef"V lwph osQ izFke 25 O;fDr;ksa (Øe la[;k 1 ls 25 rd) esa ls ,d dk p;u

jSUMe fof/ ls djuk gksxkA ekuk ;g 12oha Øe la[;k gSA vc 12 osQ mijkUr izR;sd 25 oha Øe la[;k vFkkZr

37, 62, 87 vkfn dks pqurs tk;saxsA bl izdkj ls p;fur chl la[;k,a vFkkZr 12, 37, 62, 87, ------ 462

o 487 izfrn'kZ esa lfEefyr fd;s tkus okys O;fDr;ksa dh Øe la[;k,a gSaA D;ksafd bl fof/ esa osQoy izFke

Øela[;k dks jSUMe <ax ls pqurs gSa rFkk ckn dh lHkh Øe la[;k,sa Øec¼ <ax ls pquh tkrh gSa] blfy, bl

fof/ dks Øec¼ jSUMe izfrp;u fof/ dgrs gSa rFkk bl fof/ ls p;fur izfrn'kZ dks Øec¼ jSUMe izfrn'kZ

dgrs gSaA ;g fof/ jSUMe fof/ ls ljy rFkk vYi le;O;;h gSA

LrjhÑr jSUMe izfrp;u

(Stratified Random Sampling)

dHkh&dHkh lef"V dks oqQN lqLi"V milewgksa vFkok Lrjksa (Strata) esa ck¡Vk tk ldrk gS rFkk

vuqlaèkkudrkZ mu lHkh milewgksa vFkok Lrjksa ls bdkb;ksa dk p;u lqfuf'pr djuk pkgrk gSA rc izk;% LrjhÑr

jSUMe izfrp;u fof/ dk iz;ksx fd;k tkrk gSA tSls mPp ekè;fed Lrj osQ Nk=kksa dks d{kk 6, d{kk 7 o d{kk

8 osQ Nk=kksa osQ rhu milewgksa esa vFkok xzkeh.k o 'kgjh Nk=kksa osQ nks Lrjksa esa vFkok yM+osQ o yM+fd;ksa osQ nks

Lrjksa eas vFkok mPp] vkSlr o fuEu cqf¼ Nk=kksa osQ rhu oxks± esa ck¡Vk tk ldrk gSA blh izdkj ls ifjokjksa dks

muosQ lkekftd o vk£Fkd Lrj osQ vk/kj ij vFkok 'kSf{kd Lrj osQ vk/kj ij LrjhÑr fd;k tk ldrk gS

rFkk ukxfjdksa dk HkkSxksfyd {ks=k] Hkk"kk] /eZ ;k tkfr osQ vk/kj ij Lrjhdj.k fd;k tk ldrk gSA Li"V gS fd

lef"V dks fofHkÂ Lrjksa esa ck¡Vus dk ifjfLFkfruqlkj vk/kj tSls ̄ yxHksn] d{kk&Hksn] vk£Fkd Lrj] ikfjokfjd Lrj]

HkkSxksfyd fLFkfr] cqf¼ Lrj] lEizkfIr Lrj] jktuSfrd lEc¼rk vkfn oqQN Hkh gks ldrk gSA ,slh fLFkfr esa izfrn'kZ

p;u osQ fy, LrjhÑr jSUMe izfrp;u vPNk ekuk tkrk gSA LrjhÑr jSUMe izfrp;u fof/ esa lef"V dks oqQN

Lrjksa esa ck¡Vdj izR;sd Lrj ls bdkb;ksa dk p;u jSUMe <ax ls fd;k tkrk gS tks feydj izfrn'kZ dh jpuk djrh

gSA fdl Lrj ls fdruh bdkb;ksa dk p;u djuk pkfg, blosQ fu/kZj.k osQ pkj fodYiμ

(i) leku vkc¡Vu (Equal Allocation), (ii) vuqikfrd vkc¡Vu (Proportionate Allocation),

(iii) v&vuqikfrd vkcaVu (Disproportionate Allocation) rFkk (iv) vuqowQyre vkcaVu (Optimum

Allocation) gks ldrs gSaA
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lkj.kh 2

LrjhÑr izfrp;u esa pkj izdkj osQ vkcaVu osQ mnkgj.k

lef"V izfrn'kZ osQ vkdkj

vuqikfrd v&vuqikfrd vuqowQyre

leku vkcaVu vkcaVu vkcaVu

Lrj vkdkj izlj.k vkcaVu (Proport- (Dispropo- (Optimum
Stratum (Size) (Variance) (Equal ionate rationate Allocation)

Allocation) Allocation) Allocation)

mPp cqf¼ 200 25 33 20 30 28

vkSlr cqf¼ 500 20 34 50 40 55

fuEu cqf¼ 300 10 33 30 30 17

oqQy 1000 100 100 100 100

tc lef"V osQ lHkh Lrjksa ls leku la[;k esa bdkb;k¡ p;fur dh tkrh gSa rc bls leku vkcaVu dh

fLFkfr dgrs gSaA tc lef"V osQ fofHkÂ Lrjksa ls muosQ vkdkj osQ vuqikr esa bdkb;k¡ p;fur dh tkrh gSa rc

bls vuqikfrd vkoaVu dgrs gSaA tc lef"V osQ fofHkÂ Lrjksa ls p;fur dh tkus okyh bdkb;ksa dk fu/kZj.k

vuqla/kudrkZ viuh LosPNk ls djrk gS rc bls v&vuqikfrd vkc¡Vu dgrs gSaA tc lef"V osQ fofHkÂ Lrjksa ls

p;fur bdkb;ksa osQ fu/kZj.k esa Lrjksa osQ vkdkj o fopyu'khyrk nksuksa dk è;ku bl izdkj ls j[kk tkrk gS fd

cM+s vkdkj o vf/d fopyu'khyrk okys (fotkrh;) Lrjksa ls vf/d bdkb;k¡ Nk¡Vh tk;s tcfd NksVs vkdkj

od de fopyu'khyrk okys (ltkrh;) Lrjksa ls de bdkb;k¡ Nk¡Vh tk;sa rks bls vuqowQyre vkc¡Vu dgrs gSaA

vuqowQyre vkcaVu esa lef"V osQ Lrjksa osQ vkdkj (N) rFkk izlj.k (σ2) osQ xq.kuiQyksa osQ vuqikr esa izfrn'kZ

dh bdkb;k¡ fu/kZfjr dh tkrh gSA Li"V gS fd vuqowQyre vkc¡Vu osQoy rc gh iz;ksx esa yk;k tk ldrk gS

tcfd lef"V dks Lrjksa esa foHkkftr djus okys pj dks de ls de vUrfjr iSekus (Interval Scale) ij ekik

x;k gksA vuqla/kudrkZ vius vuqla/ku dh ifjfLFkfr o vko';drk osQ vuq:i buesa ls fdlh ,d vkc¡Vu dk

iz;ksx dj ldrk gSA fofHkÂ Lrjksa ls bdkb;ksa osQ p;u osQ fy, ykVjh vFkok jSUMe vad@la[;k lkj.kh dk iz;ksx

fd;k tk ldrk gSA

iqat jSUMe izfrp;u

(Cluster Random Sampling)

vHkh rd o£.kr izfrp;u dh rhuksa fof/;ksa vFkkZr ljy jSUMe fof/] Øec¼ jSUMe fof/ rFkk LrjhÑr

jSUMe fof/ esa lef"V dh lHkh bdkb;ksa dks lwphc} djuk gksrk gSA ijUrq dHkh&dHkh lef"V dh lHkh bdkb;ksa

dh lwph izkIr djuk vR;Ur dfBu ;k yxHkx vlEHko gksrk gSA tSls mÙkj izns'k esa d{kk nl esa i<+us okys lHkh

Nk=kksa dh lwph izkIr djuk ,d vlEHko lk dk;Z gSA vius vf/dre iz;kl ls vuqla/kudrkZ vf/d ls vfèkd

lHkh gkbZLowQyksa dh lwph izzkIr dj ldrk gSA blosQ vfrfjDr mijksDr rhuksa gh fof/;ksa ls izkIr izfrn'kZ esa p;fur

bdkb;k¡ lEiw.kZ lef"V esa ;=k&r=k loZ=k iSQyh gqbZ gksrh gSa ftlosQ dkj.k ,sls izfrn'kZ ls lead ladfyr djuk

/u] le; o Je dh n`f"V ls vR;Ur nq:g gks tkrk gSA ,slh fLFkfr esa mijksDr o£.kr rhuksa fof/;k¡ vO;kogkfjd

gks tkrh gSaA bl izdkj dh ifjfLFkfr;ksa esa iqat jSUMe izfrp;u fof/ (Cluster Random Sampling

Method) dk iz;ksx fd;k tk ldrk gSA iqat jSUMe izfrp;u fof/ esa bdkb;ksa osQ LFkku ij bdkb;ksa osQ iqatksa

vFkkZr >qaMksa (Clusters) dks NkaVk tkrk gSA tSls Nk=kksa dk p;u djus osQ fy, fofHkÂ LowQyksa esa i<+us okys Nk=kksa
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izLrkouk ,oe~ voyksdu dks iqat ;k >qaM ekudj NkaVk tk ldrk gSA vr% iqat izfrp;u fof/ ls d{kk nl osQ Nk=kksa dk izfrn'kZ Nk¡Vus

osQ fy, leLr gkbZLowQyksa esa ls oqQN gkbZLowQyksa dks NkaVdj mudh d{kk 10 esa i<+us okys lHkh Nk=kksa ls izfrn'kZ

cuk;k tk ldrk gSA bl fof/ esa iqatksa dk p;u djus osQ fy, ihNs o£.kr fdlh Hkh fof/ dk iz;ksx fd;k tk

ldrk gS rFkk rnuqlkj izfrn'kZ dks iqat ljy jSUMe izfrn'kZ vFkok iqat Øec¼ jSUMe izfrn'kZ vFkok iqat LrjhÑr

jSUMe izfrn'kZ dgk tk ldrk gSA

cgq&lksiku izfrp;u

(Multi Stage Sampling)

dHkh&dHkh vuqla/kudrkZ dks izfrn'kZ dk p;u djus osQ fy, ,d ls vf/d ckj izfrp;u djuk iM+rk

gSA tSls mñ izñ d{kk nl esa vè;;ujr Nk=kksa osQ fdlh izfrn'kZ dk p;u djus osQ fy, igys oqQN tuin] fiQj

NkaVs x;s tuinksa esa ls izR;sd tuin ls oqQN gkbZLowQy rFkk fiQj NkaVs x;s gkbZLowQyksa esa ls izR;sd gkbZLowQy ls

oqQN Nk=k Nk¡Vs tk ldrs gSaA Li"V gS fd vfUre :i esa Nk¡Vs x;s Nk=k gh okLrfod izfrn'kZ dk fuekZ.k djsaxsA

bl fof/ esa vuqla/kudrkZ dks oqQy rhu ckj izfrp;u djuk gksxkA ,d ls vf/d ckj izfrp;u djus osQ dkj.k

izfrn'kZ Nk¡Vusa dh bl fof/ dks cgq&lksiku jSUMe izfrp;u (Multi Stage Random Sampling) rFkk bl

fof/ ls NkaVs x, izfrn'kZ dks cgq&lksiku jSUMe izfrn'kZ dgrs gSaA bl fof/ osQ fofHkÂ lksikuksa ij mijksDr o£.kr

pkjksa fof/;ksa dk iz;ksx fd;k tk ldrk gSA

mijksDr osQ vfrfjDr lksís'; izfrn'kZ (Purposive Sample), fu.khZr izfrn'kZ (Judgement

Sample), vkdfLed izfrn'kZ (Incidental Sample), miyC/ izfrn'kZ (Available Sample) rFkk

fu;rka'k izfrn'kZ (Quota Sample) dh ppkZ Hkh dh tkrh gSA bu lHkh izdkj osQ izfrn'kks± dk rkRi;Z buosQ uke

ls Lo&Li"V gSA tc vuqla/kudrkZ vius vuqla/ku mís'; dks è;ku esa j[kdj Lofoosd ls izfrp;u dk fuèkkZj.k

djrk gS rc bls lksís'; izfrn'kZ vFkok fu.khZr izfrn'kZ dgrs gSaA bl izdkj osQ izfrn'kZ izk;% izkjfEHkd vè;;uksa

(Pilot Studies) osQ fy, NkaVs tkrs gSaA tc vuqla/kudrkZ vius lEeq[k vpkud iM+ tkus okyh bdkb;ksa ls

izfrn'kZ dh jpuk dj ysrk gS] rc ,sls izfrn'kZ dks vkdfLed izfrn'kZ dgrs gSaA tc lqxerk ls miyC/ bdkb;ksa

dks izfrn'kZ osQ :i esa Lohdkj dj fy;k tkrk gS rks ,sls izfrn'kZ dks miyC/ izfrn'kZ dgrs gSaA tc lef"V osQ

fofHkÂ milewgksa ls lfEefyr dh tkus okyh bdkb;ksa dh la[;k dk fu/kZj.k djosQ mUgsa fdlh Hkh <ax ls Nk¡V

ysrs gSa rc ,sls izfrn'kZ dks fu;rka'k izfrn'kZ dgrs gSaA ijUrq bu ik¡pksa izdkj osQ izfrn'kks± ls izkIr lwpukvksa osQ

vk/kj ij lef"V osQ lEcU/ esa fo'oluh; o oS/ vuqeku izkIr djus izk;% dfBu gksrs gSaA ;gh dkj.k gS fd

vuqekukRed lkaf[;dh esa bu lHkh izfrn'kks± dh mikns;rk yxHkx ugha osQ cjkcj gSA

Nk=k fØ;kdyki (Student Activity)

1- lkaf[;dh; esa izfrn'kZt vkS izkpy ls D;k rkRi;Z gS\
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2- lhfer lef"V vkSj vlhfer lef"V dk vFkZ Li"V dhft,A

3- ljy jSUMe izfrp;u ls vki D;k le>rs gSa\

1-5 lkjka'k (Summary)

1- fdlh Hkh vuqla/ku dk eq[; mn~ns'; oqQN ,sls rF;ksa] fl¼kUrksa vFkok mi;ksxksa dk irk yxkuk gksrk gS
tks oqQN uohu Kku iznku djosQ ekuo tkfr dh leL;kvksa dk lek/ku djus esa lgk;rk iznku dj losaQA

2- izfrn'kZ osQ fy, Kkr dh tkus okyh o.kZukRed ekiksa dks izfrn'kZt (Statistics ,d opu esa
Statistic) dgrs gSa tcfd lef"V osQ fy, fo|eku o.kZukRed ekiksa dks izkpy (Parameters)

dgrs gSaA

3- vuqla/ku esa lef"V vFkok tula[;k (Population) ls rkRi;Z mu lHkh bdkb;ksa osQ leqPp; (Set

of Units) ls gksrk gS ftueas oqQN lkekU; fo'ks"krk,a gksrh gSa rFkk ftuosQ lEcU/ esa vuqla/kudrkZ oqQN
fu"d"kZ Kkr djuk pkgrk gSA

4- jSUMe izfrn'kZ (Simple Random Sample) esa okLro esa lef"V dh fofHkÂ bdkb;ksa osQ p;u dh
izkf;drk fLFkj (Constant) jgrh gS vFkkZr fofHkÂ bdkb;ksa dk p;u ijLij LorU=k gksrk gSA rFkk oqQN
bdkb;ksa osQ p;u ls 'ks"k bdkb;ksa osQ p;u dh izkf;drk izHkkfor ugha gksrh gSA

vH;kl&iz'u (Exercise Questions)

1- izfrp;u dh fofHkUu fof/;ksa dk mYys[k djrs gq, Øec¼ izfrp;u dk o.kZu dhft,A

2- cgq&lksiku (Multi-stage) jSUMe izfrp;u fof/ dh foospuk djksA

3- izfrLFkkiu jfgr p;u vkSj izfrLFkkiu lfgr p;u ls D;k rkRi;Z gS\

lUnHkZ xzUFk (Reference Books)
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bdkbZμ2

izkf;drk
(Probability)

lajpuk (Structure)

2.1 mís'; (Objectives)

2.2 izLrkouk (Introduction)

2.3 vFkZ rFkk ifjHkk"kk (Meaning and Definition)

2.4 izkf;drk dh eki (Measurement of Probability)

2.5 izkf;drk&izes; (Probability Theorem)

2.6 csl dk izes; (Base’s Theorem)

2.7 lkjka'k (Summary)

• vH;kl&iz'u (Exercise Questions)

• lanHkZ xzaFk (Reference Books)

2.1 mís'; (Objectives)

bl bdkbZ osQ vè;;u osQ i'pkr~ fo|kFkhZ ;ksX; gksaxsμ

• izkf;drk dk vFkZ rFkk ifjHkk"kk tkuus esaA

• izkf;drk dk eki tkuus esaA

• izkf;drk izes; rFkk csl izes; ls voxr gksaxsA

2-2 izLrkouk (Introduction)

okLro esa izkf;drk fl¼kUr (Theory of Probability) osQ vè;;u dh izsj.kk loZ&izFke tqvkfj;ksa ls

feyh FkhA HkkX; nsoh (Goddess Fortune) vFkok vU/ fo'okl (super-stitions) ij vkLFkk j[kus okys

l=kgoha 'krkCnh osQ oqQN tqvkjh tq, esa thrus osQ voljksa ls lEcfU/r leL;kvksa dk lek/ku djkus osQ fy,

rRdkyhu izfl¼ xf.krKksa osQ ikl tkrs FksA ml 'krkCnh esa bl fl¼kUr dk tUe gqvk tcfd izQakfllh jbZl

,UVks;us xkseckYM (Antoine Gombauld) ftls psoys;j Mh esjs (Chevalier de Mere) osQ uke ls tkuk

vè;k;μI
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tkrk gS] us volj osQ [ksy osQ ckjs esa oqQN iz'u mBk;sA fo'ks"kdj ,d tksM+h ikls dks 24 ckj isaQdus esa nks&N%

vkus dh lEHkkouk mlosQ fy, ,d igsyh cuh gqbZ FkhA Mh esjs us ;g iz'u ,d izQkfUllh ;qok xf.krK Cysls

ikLdy (Blaise Pascal) osQ lkeus mBk;k] ftlus ml igsyh dk gy fudkykA ckn esa ikLdy us bls rFkk

vU; igsfy;ksa dks] ftls Mh essjs mBkrk Fkk] izfl¼ izQkfUllh xf.krK iSjs Mh iQjesV (Pierre de Fermat) osQ

lkFk foospu fd;kA bl izdkj izkf;drk fl¼kUr dh uhao iM+hA mUuhloha 'krkCnh osQ izkjEHk esa izQkal osQ izfl¼

xf.krK ykWIysl (Laplace) rFkk teZu xf.krK xkWl (Gauss) us bl fl¼kUr osQ Kku esa egÙoiw.kZ o`f¼ dhA

jk"Vªh; vFkZ&O;oLFkk osQ foLrkj osQ lkFk&lkFk vusd egku xf.krKksa] tSls Mh ekWosj (De Moivre-1718), tSEl

cuksZyh (Games Bernoulli-1713), csl (Bayes-1768) vkfn Hkh izkf;drk fl¼kUr osQ fodkl rFkk vusd

{ks=kksa esa mlosQ iz;ksx osQ fy, izsfjr gq,A ckn osQ o"kks± esa fiQ'kj (R. A. Fisher), ih;lZu (Pearson), ts- usesu

(J. Neyman) vkfn us izkf;drk fl¼kUr ij vk/kfjr izfrn'kZ&fl¼kUr (Sampling Theory) dk fodkl

fd;kA

2-3 vFkZ rFkk ifjHkk"kk (Meaning and Definition)

izkf;drk fl¼kUr osQ fodkl dk ,d izeq[k dkj.k thou osQ yxHkx izR;sd igyw esa nSo&rRo

(Random phenomenon) dh mifLFkfr jguk gSA ,d fLFkfr nSo gksrh gS ;fn mlosQ ifj.kke volj ij

fuHkZj djrs gSaA lHkh lEcU/ ifj.kke iwoZ gh Kkr gks ldrs gSa] ijUrq fdlh iz;ksx esa ,d ?kVuk dk D;k ifj.kke

gksxk] iwoZ&fu/kZfjr u fd;k tk ldrk gksA fiQj Hkh izfozQ;k esa oqQN fu;ferrk ik;h tkrh gSa] ftlls izR;sd lEHko

ifj.kke dks izkf;drk va'k fn;k tk ldrk gSA nSo rRo dh mifLFkfr dk ljyre mnkgj.k ,d flDosQ osQ

mNkyus ls izkIr ifj.kkeksa dks fn;k tk ldrk gSA ;|fi lHkh lEHko ifj.kke Kkr gksrs gSa fd ,d flDosQ osQ

mNkyus ij og ;k rks fpÙk fxjsxk ;k iV~V fxjsxk ijUrq ,d mNky esa og fpÙk fxjsxk ;k iV~V fxjsxk ;g osQoy

volj&dkjd gh fu/kZfjr djrs gSaA ;gk¡ ij dksbZ Hkh fu/kZj.kkRed fu;ferrk ugha gSA blh izdkj ,d ikls dks

isaQdus ij ge ;g iwoZ&fu/kZj.k ugha dj ldrs fd ikls dk dkSu&lk vksj mQij vk;sxk] ;|fi lHkh lEHkkfor

ifj.kke iwoZ Kkr gksrs gSaA nSo&rRo brus O;kid ,oa foLr`r {ks=kksa esa fo|eku gksrk gS fd lkekftd ,oa izko`Qfrd

foKkuksa osQ fo|kfFkZ;ksa dks izkf;drk fl¼kUr dk Kku vko';d gks tkrk gSA

lakf[;dh esa izkf;drk dk fo'ks"k egRo gS D;ksafd vusd fl¼kUr ,oa jhfr;k¡ blh fopkj ij vk/kfjr

gSaA okLro esa izkf;drk gekjs thou esa fo'ks"k egÙo j[krh gS rFkk bldk iz;ksx fnu&izfrfnu dh cksypky esa gksrk

gSA ge izk;% bl izdkj osQ dFku lqurs jgrs gSa % ^^vPNk gks fd rqe Nkrk ys yks] D;ksafd ikuh cjlus dh

lEHkkouk gS**] ^^veqd O;fDr osQ thrus dh lEHkkouk dkiQh de gS**] ^^;g lEHkkouk gS fd vkt 'kke rd

ikuh cjls**] ̂ ^lEHkor% rqEgkjh ckr lgh gks** ml O;fDr osQ ijh{kk esa ikl gksus dh lEHkkouk ipkl&ipkl gS**]

vkfnA bu leLr dFkuksa esa vfuf'prrk dh Hkkouk dks O;Dr fd;k x;k gSA xksFks (Goethe) us dgk gS fd]

^^vKkurk esa dk;Z djus ls vf/d Mj dh ckr vkSj dksbZ ugha gSA lEHkkoukvksa osQ :i esa roZQ djus ls

vfuf'prrk vFkok vKku dks de djus dk iz;Ru fd;k tkrk gSA lkaf[;dh foKku esa ^lEHkkouk* vFkok

izkf;drk 'kCn dk vFkZ vf/d lw{e gSA lkaf[;dh esa izkf;drk fdlh ,d ?kVuk osQ ?kVus dh fuf'Pkrrk ukius

dk ,d la[;kRed eki gS

2-4 izkf;drk dh eki (Measurement of Probability)

izkf;drk dh eki dh eq[;r% rhu fof/;k¡ gSaA ;s fofHkUu oSpkfjd n`f"Vdks.k dk izfrfuf/Ro djrh gSaA

os gSaμ
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roZQiw.kZ ;k Lo;afl¼ izkf;drk (Priori Probability)μizkf;drk fl¼kUr dk fodkl tq, osQ

[ksyksa osQ dkj.k gqvk Fkk] vr% izkf;drk osQ ekius dh fof/ tq, dh n'kkvksa osQ vuq:i gh fodflr gqbZ gSA

izkf;drk ekius dh bl fof/ dks izkphu (Classical) vFkok Lo;afl¼ (Priori) izkf;drk fopkj dgrs gSaA ,slh

n'kk esa] fdlh ,d ?kVuk osQ ?kVus dh izkf;drk ml ?kVuk osQ vuqowQy ifj.kkeksaa dh la[;k dk lHkh lEHko

ifj.kkeksa dh la[;k ls vuqikr gksrk gS] tcfd muesa ls izR;sd ifj.kke ?kV ldrk gS (The probability of
an event is simply the ratio of number of favourable observes of an event to the
number of possible observes, where each outcome is equally likely to occur) A vU; 'kCnksa

esa] ;fn ,d ?kVuk vusd izdkj ls ?kV ldrh gks rks muesa ls fdlh ,d ?kVuk ?kVus dh izkf;drk ml ?kVuk

osQ vuqowQy ?kV tkus dh la[;k dk leLr lEHkkfor ?kVukvksa dh la[;k osQ vuqikr osQ :i esa gksxhA ;fn ,d

?kVuk ̂ A* osQ vuqowQy ?kV tkus osQ ̂ a* rFkk vuqowQy u ?kV tkus osQ ̂ b* lEHko ifj.kke gSa rFkk ;s lHkh lEHko

ifj.kke leku :i ls ?kV ldrs gSa rFkk os viothZ gSa rks A ?kVuk osQ ?kVus dh izkf;drk {P (A)} gksxhμ

P(A) = 
a

a b+
= Number of outcomes favourable to occurence of A

Total number of possible outcomes

rFkk ?kVuk A u ?kVus dh izkf;drk {q (A)} gksxhμ

q(A) = 
b

a b+
= Number of outcomes not favourable to occurence of A

Total number of possible outcomes

mnkgj.kLo:i] ;fn ,d flDosQ dks mNkyk (toss) tk;] rks fpÙk (Head) fxjus dh izkf;drk

P =
H

H + T
 ;k 

1
2
] D;ksafd izfrowQy ?kVuk dh la[;k 1 gS rFkk lHkh lEHko ifj.kkeksa dh la[;k 2 gSA flDosQ

osQ iV~V (Tail) fxjus dh izkf;drk q = =T 1
H + T 2

 gksxhA

fdlh ?kVuk osQ ?kVus (P) vkSj u ?kVus (q) dk ;ksx 1 ds cjkcj gksrk gSA

vkèkkjHkwr èkkj.kk,¡

(i) nSo iz;ksx (Random Experiment)μizkf;drk ?kVukvksa osQ ifj.kkeksa ftUgsa ^nSo iz;ksx* dgrs

gSa] osQ fy, Kkr dh tkrh gSA ^iz;ksx* 'kCn dk vFkZ jlk;u'kkL=k vFkok HkkSfrd 'kkL=k dh vis{kk lkaf[;dh esa

vfèkd foLr`r gSA mnkgj.kLo:i] flDdk mNkyuk ,d lkaf[;dh iz;ksx gSA iz;ksxksa osQ nks xq.k gksrs gSaμ

(v) izR;sd iz;ksx osQ dbZ lEHko ifj.kke gksrs gSa] ftUgsa igys ls gh Li"V fd;k tk ldrk gS] (c) izR;sd iz;ksx

osQ ifj.kke osQ ckjs esa ge vfuf'pr gksrs gSaA flDdk mNkyus esa] ;g Li"V fd;k tk ldrk gS fd flDdk fpÙk

;k iV~V fxjsxk] ijUrq ge ;g fuf'pr :i ls ugha dg ldrs fd flDosQ dh veqd mNky esa ;g fpÙk fxjsxk

;k iV~VA ge iz;ksx 'kCn blfy, mi;ksx esa ykrs gSa D;ksafd ifj.kke rks vHkh fuf'pr fd;k tkuk gS rFkk ^nSo*

;g Li"V djrk gS fd dksbZ fo'ks"k ifj.kke vfuf'pr gksrk gSA

(ii) leku :i ls ?kVus okyh ?kVuk,¡ (Equally Likely Events)μizkf;drk fl¼kar dk fooj.k

nsus esa ^leku :i ls ?kVus okyh ?kVuk,¡* okD;ka'k dk iz;ksx fd;k tkrk gSA ;s os ?kVuk,¡ gSa ftuesa ls dksbZ ,d

?kVuk ?kV ldrh gSA ,d flDdk mNkyus esa ;k rks fpÙk vk;sxk ;k iV~V] vr% leku :i ls ?kVus okyh ?kVuk,¡

nks gSaA

(iii) izfrn'kZ&lewg (Sample Space)μfdlh iz;ksx dk izfrn'kZ&lewg lHkh lEHko ifj.kkeksa dk

lewg (set or collection) gksrk gSA ,d flDdk mNkyus esa osQoy nks gh ifj.kke gks ldrs gSaμfpÙk ;k iV~V]

vr% izfrn'kZ lewg = (Head, Tail), ,d iklk isaQdus dk izfrn'kZ lewg gksxk (1] 2] 3] 4] 5] 6)A izfrn'kZ

lewg esa fn;k x;k izR;sd ifj.kke vo;o ;k izfrn'kZ fcUnq (Element of Sample Point) dgykrk gSA

;fn nks flDdksa dks ,d lkFk ,d ckj mNk;k tk; rks iz;ksx osQ lEHko ifj.kke bl izdkj gksaxsμ
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Coin 2

Coin 1 H T

H HH HT

T TH TT

bl iz;ksx dk izfrn'kZ lewg = (HH, HT, TH, TT).

;fn nks ik¡lksa dks ,d lkFk isaQdk tk; rks lEHko ifj.kke 36 gksaxsμ

Outcome of Outcome of Second die

First die
1 2 3 4 5 6

1 (1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6) The
2 (2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6) sample
3 (3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6) space
4 (4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6) of the
5 (5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6) experi-
6 (6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6) ment

(iv) ?kVuk (Event)μ,d ?kVuk izfrn'kZ&lewg (sample space) dk ,d vo;o (element) gksrk

gSA ,d ?kVuk ljy ?kVuk (simple event) dgykrh gS ;fn mlesa osQoy ,d gh vo;o gksrk gSA ;fn mlesa

,d ls vfèkd vo;o gksrk gS rks mls la;qDr ;k fefJr ?kVuk (compound or complex event) dgrs gSaA

vU; 'kCnksa esa] la;qDr ?kVuk esa nks ;k vfèkd ljy ?kVukvksa dk lekos'k gksrk gSA

(v) ikjLifjd viothZ ?kVuk,¡ (Mutually Exclusive Events)μikjLifjd viothZ ?kVuk,¡ os

?kVuk,¡ gksrh gSa ftuosQ ?kVus ij vU; ?kVukvksa osQ ?kVus dh lEHkkouk lekIr gks tkrh gS rFkk blosQ foijhr vU;

?kVuk osQ ?kV tkus ij iwoZ ?kVuk osQ ?kVus dh lEHkkouk lekIr gks tkrh gSA vU; 'kCnksa esa] ikjLifjd viothZ

?kVuk,¡ ,d lkFk ugha ?kV ldrhaA mnkgj.kkFkZ] ;fn ,d flDosQ dks mNkyk tk; rks fpÙk fxj tkus ij iV~V fxjus

vFkok iV~V fxj tkus ij fpÙk fxj tkus dh lEHkkouk lekIr gks tkrh gSA blh izdkj ;fn ik¡ls dks isaQdk tk;

rks mldh dksbZ Hkh lkbM Åij vk tkus ij vU; lkbMksa osQ Åij vkus dh lEHkkouk lekIr gks tkrh gSA ik¡ls

dh N% lkbM gksrh gSa ijUrq ,d ckj esa ,d gh lkbM Åij jg ldrh gS vr% ;g ikjLifjd viothZ ?kVuk,¡

gSaA

(vi) LorU=k ?kVuk,¡ (Independent Events)μ;fn fdlh ?kVuk osQ ?kV tkus ls vkxs fdlh ?kVuk

osQ ?kVus ij izHkko ugha iM+rk rks ,slh ?kVuk,¡ Lora=k gksrh gSaA tc nks ?kVukvksa dk izHkko ,d nwljs ij ugha iM+rk]

rks os ?kVuk,¡ LorU=k gksrh gSaA mnkgj.kkFkZ] ,d ckj flDdk mNkyus osQ ifj.kke dk izHkko nqckjk flDdk mNkyus

osQ ifj.kke ij ugha iM+rkA

(vii) vkfJr ?kVuk,¡ (Dependent Events)μ;fn ,d ?kVuk osQ ?kV tkus dk izHkko nwljh ?kVuk

osQ ?kVus ij iM+rk gS rks mu ?kVukvksa dks vkfJr ?kVuk,¡ (dependent events) dgk tkrk gSA mnkgj.kkFkZ rk'k

dh ,d xM~Mh esa ls ckn'kkg fudkyus dh lEHkkouk 4
52  ;k 

1
13  gS] ;fn igyh ckj rk'k fudkyus esa ckn'kkg

fudy vkrk gS tks nwljh ckj ckn'kkg fudyus dh lEHkkouk 3
51  gksxhA vr% igys okyh ?kVuk dk izHkko nwljh

?kVuk ij iM+k] ;s vkfJr ?kVuk,¡ gSaA

izkf;drk dh ewy ifjHkk"kk ls ;g Li"V gksrk gS fd fdlh ?kVuk osQ ?kVus dh izkf;drk lnSo ^0* ls

ysdj ^1* osQ chp esa gksxhA ;g blfy, fd izkf;drk fHkUu esa va'k (numerator) u rks dHkh Í.kkRed gks

⎫
⎪
⎪
⎪⎪
⎬
⎪
⎪
⎪
⎪⎭
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ldrk gS vkSj u gj (denominator) ls vfèkdA blls nks ckrsa Li"V gksrh gSaμizFke] ,d ?kVuk tks fuf'pr

:i ls ?kfVr gksxh mlosQ va'k gj leku gksasxsA ,slh n'kk esa izkf;drk ^1* gksxhA nwljs] fdlh vlEHko ?kVuk osQ

?kVus dh izkf;drk ^0* gksxh D;ksafd izkf;drk va'k esa va'k (numerator) 'kwU; gksxkA

vr% P (fuf'pr ?kVuk) = 1, P (vlEHko ?kVuk) = 0

izkf;drk dks O;Dr djus osQ <axμfdlh ?kVuk osQ ?kVus dh izkf;drk dks vuqikr (ratio), va'k

(fraction) ;k izfr'kr (percentage) osQ :i esa O;Dr fd;k tk ldrk gSA mnkgj.kkFkZ] ,d flDosQ dh

mNky esa mlosQ fpÙk fxjus dh lEHkkouk dks 1
2 ] 0-5 ;k 50» ds :i esa O;Dr fd;k tk ldrk gSA

mnkgj.k (Illustration)

There are 50 balls, each ball having two colours, one black or white and the
other red, orange or green as shown in the following table :

Red Orange Green Total
Black 3 12 15 30
White 7 3 10 20
Total 10 15 25 50
(It means there are 3 balls which are black and red, 12 balls are black and

orange and so on.)
If out of these balls, one ball is selected at random, find the probability of each

type of ball being drawn up.

lek/ku (Solution)

izkf;drk&rkfydk (Probability Table)
Red Orange Green Total

Black 0.06 .24 .30 0.60
White 0.14 .06 .20 0.40

Total 0.20 .30 .50 1.00

2-5 izkf;drk&izes; (Probability Theorems)

izkf;drk dk iz;ksx djus okyh vusd leL;kvksa osQ gy osQ fy, oqQN vkèkkjHkwr fu;eksa] ftuls

izkf;drk&O;olk; izHkkfor gksrk gS] dks le>uk vko';d gksrk gSA bUgsa lkekU;r% ̂ izkf;drk&izes;* dh laKk nh

tkrh gSA budk ;gk¡ foospu fd;k tk jgk gSA

(1) ;ksx&izes; (Addition Theorem)μbl izes; osQ vuqlkj] ¶;fn nks ?kVuk,¡ ikjLifjd viothZ
(mutually exclusive) gksa rFkk ,d ?kVuk osQ ?kVus dh izkf;drk p1 rFkk nwljh ?kVuk osQ ?kVus dh izkf;drk
p2 gks rks nksuksa esa ls fdlh Hkh ?kVuk osQ ?kV tkus dh izkf;drk p1 + p2 gksxhA¸ ;g izes; ljy o Lo;afl¼ gSA

mnkgj.kkFkZ] ,d ik¡lk isaQdus esa 1 uEcj Åij vkus dh izkf;drk 1
6  gksrh gS] 3 uEcj Åij vkus dh

izkf;drk Hkh 1
6  gksrh gS rFkk 5 uEcj Åij vkus dh izkf;drk Hkh 1

6  gksrh gSA ,d ckj iklk isaQdus esa fdlh

fo"ke (odd) la[;k (1] 3 rFkk 5) vkus dh izkf;drk Kkr djus osQ fy, rhuksa uEcjksa dh vyx&vyx

izkf;drkvksa dks tksM+uk pkfg,A vFkkZr~ ,d ckj ik¡lk isaQdus esa fo"ke la[;k vkus dh izkf;drk 1
6

1
6

1
6

3
6

1
2+ + = or

gksxhA

;ksx&izes; mlh n'kk esa lR; gksxk tcfdμ

(v) ?kVuk,¡ ikjLifjd viothZ (mutually exclusive) gksa]

(c) ikjLifjd viothZ ?kVuk,¡ ,d gh izdkj dh gksaA
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mnkgj.k (Illustration)

What is the probability of drawing a black card or a king from a pack of ordinary
playing cards?

lek/ku (Solution)

Number of black cards number of kings number of black kings
26 + 4 – 2

Hence (p) = 
26
52

4
52

2
52

28
52

+ − =

?kVukvksa dk ikjLifjd viothZ (mutually exclusive) gksus osQ lkFk&lkFk mudk ,d gh izdkj

(belong to same set) dk gksuk vko';d gSA okWu felsl (Von Mises) osQ fuEu mnkgj.k ls bldh

vko';drk Li"V gks tkrh gSμ

¶;fn ;g dYiuk dh tk; fd ,d euq"; osQ 40&41 osa o"kZ esa ejus dh izkf;drk 0-011 rFkk 41&42osa

o"kZ esa fookg djus dh izkf;drk 0-009 gSA ;s nksuksa ?kVuk,¡ ikjLifjd viothZ gSa] ijUrq ;g ugha dgk tk ldrk

fd euq"; osQ 40&41 osa o"kZ esa ej tkus rFkk 41&42osa o"kZ esa fookg djus dh izkf;drk .011 + .009 = .02

gS] D;ksafd ;s nksuksa ?kVuk,¡ ,d gh izdkj dh ugha gSaA¸

(2) xq.ku&izes; (Multiplication Theorem)μ¶;fn nks ?kVuk,¡ ikjLifjd :i ls LorU=k

(mutually independent) gksa rFkk ,d ?kVuk osQ ?kVus dh izkf;drk p1 rFkk nwljh ?kVuk osQ ?kVus dh

izkf;drk p2 gks rks nksuksa ?kVukvksa osQ ,d lkFk ?kVus dh izkf;drk p1 × p2 gksxhA¸ mnkgj.kkFkZ] ,d flDdk

mNkyus esa mlosQ fpÙk fxjus dh izkf;drk 1
2  gS] ,d ik¡lk isaQdus esa 4 la[;k vkus dh izkf;drk 1

6  gSA ;fn

flDosQ rFkk ik¡ls nksuksa dks ,d lkFk mNkyk rFkk isaQdk tk; rks flDosQ osQ fpÙk fxjus rFkk ik¡ls esa 4 la[;k vkus

dh izkf;drk 1
2

1
6

1
12× =  gksxhA

mnkgj.k (Illustration)

An aircraft is equipped with three engines that operate independently. The
probability of an engine failure is .01. What is the probability of a successful flight if
only one engine is needed for the successful operation of the aircraft ?

lek/ku (Solution)

Since the flight is unsuccessful only when all the three engines fail, then the
probability of unsuccessful flight is :

.01 × .01 × .01 = .000001.

The probability of successful flight = 1 – .000001 = .999999.

izkf;drk osQ xq.ku izes; osQ iz;ksx esa Hkh ;g vko';d gS fd lHkh ?kVuk,¡ ,d gh izdkj (same set)

dh gksuh pkfg,A bl vko';drk dk egÙo Li"V djus osQ fy, eksjksus (Moroney) us viuh iqLrd ‘Facts

from Figures’ esa ,d cM+k gh jkspd mnkgj.k fn;k gS tks bl izdkj gSμ

¶ml O;fDr osQ ckjs esa lksfp, tks viuh Hkkoh iRuh eas vusd vlEcfUèkr izÑfr osQ xq.kksa dh ek¡x djrk

gSA dYiuk dhft, og pkgrk gS fd mldh Hkkoh iRuh dh xzhdokfl;ksa tSlh ukd gks] lqugys cky gksa] vk¡[kksa

osQ jax vyx&vyx gksaμ,d vk¡[k uhyh rFkk ,d vk¡[k cknkeh gks rFkk mls lkaf[;dh foKku dk mPpLrh; Kku

gksA ,slh L=kh feyus dh D;k izkf;drk gksxh\¸

bl mnkgj.k esa izkf;drk dk xq.ku izes; iz;ksx ugha fd;k tk ldrk D;ksafd lHkh ?kVuk,¡ vyx&vyx

izdkj dh gSaA
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(3) 'krZiw.kZ izkf;drkvksa dk izes; (Theorem of Conditional Probabilities)μ;fn mi&?kVuk,¡

(sub-events) LorU=k u gksa vkSj vkfJrrk (dependence) dh izÑfr Kkr gks rks 'krZiw.kZ izkf;drkvksa osQ

izes; dk iz;ksx gksrk gSA ;g izes; xq.kd izes; dk gh miizes; (corollary) gSA bl izes; osQ vuqlkj ¶nks vkfJr

?kVukvksa osQ ?kVus dh izkf;drk] izFke ?kVuk osQ ?kVus dh izkf;drk rFkk izFke ?kVuk osQ ?kV tkus ij nwljh ?kVuk

osQ ?kVus dh izkf;drk osQ xq.kuiQy osQ cjkcj gksxhA¸ laosQrkuqlkj] p(A and B) = p(A) × p (B/A), ;gk¡

p(B/A) ‘B’ ?kVuk dh vkfJr izkf;drk gS] vFkkZr~ ‘B’ osQ ?kVus dh ml n'kk dh izkf;drk gS tcfd ‘A’ igys

gh ?kfVr gks pqdh gSA

mnkgj.kkFkZ] rk'k dh ,d xM~Mh esa ls ,d rk'k fudkys tkus ij mlosQ ckn'kkg gksus dh izkf;drk 4
52

gS] ;fn igyk rk'k fudkys tkus ij ckn'kkg fudyrk gS rks iqu% ,d rk'k fudkys tkus ij ckn'kkg fudyus dh

izkf;drk 3
51  gksxhA vr% ,d lkFk nks ckj ckn'kkg fudyus dh izkf;drk 4

52
3
51

1
26

2
52× = ×  gksxhA 'krZiw.kZ

izkf;drkvksa dks ,d izfrn'kZ osQ vkaf'kd [kkyh gksus dh izkf;drk (Probability due to partial exhaustion

of a sample) Hkh dgrs gSaA

2-6 csl dk izes; (Bayes’s Theorem)

nSo iz;ksx (random experiment) ls lEcfUèkr u;h tkudkjh feyus ij izkf;drkvksa esa la'kksèku

fd;k tk ldrk gSA izkf;drkvksa esa la'kksèku djus dk fopkj ge lHkh osQ fy, tkuk&ekuk gS] mu O;fDr;ksa osQ

fy, Hkh ftUgsa izkf;drk Kkr djus dk iwoZ vuqHko ugha gSμtks ,sls okrkoj.k esa jgrs gSa tgka volj ;k euekSth

gksus dk cksyckyk jgrk gS vkSj tks vutkus esa izkf;drk&fu.kZ; djrs gSaA oqQN rF;ksa dk voyksdu djosQ] ge

vkRe&cksèk ls izkf;drkvksa esa la'kksèku djrs gSa vkSj mlosQ vuq:i O;ogkj djrs gSaA izkf;drkvksa esa la'kksèku djus

dk mís'; iz;ksxkRed tkudkjh dk Js"Brj mi;ksx djuk gSA bldks vknj.kh; FkkWel csl (Reverend

Thomes Bayes) osQ uke ls csl izes; (Bayes Theorem) dgk tkrk gS D;ksafd mUgksaus 18oha 'krkCnh esa

iz;ksxkRed fu"d"kks± osQ vkèkkj ij izkf;drkvksa esa la'kksèku djus dk izLrko fd;k FkkA

izk;% O;kikjh fdlh fo'ks"k ?kVuk ;k leL;k ij vfrfjDr tkudkjh j[krk gSA og Kku ;k rks O;fDrxr

fo'okl osQ vkèkkj ij gks ldrk gS vFkok ?kVuk osQ iwoZ&O;ogkj osQ vkèkkj ijA iz;ksx osQ ifj.kke ns[ks fcuk

O;fDrxr vuqHko osQ vkèkkj ij izkf;drk fuf'pr djus dks roZQ&iw.kZ ;k Lo;afl¼ izkf;drk (Prior

Probability) dgrs gSaA mnkgj.kLo:i] Hkwrdkyhu fcØh dh izkf;drk fuèkkZj.k djuk ;k e'khu }kjk fu£er

nks"kiw.kZ mRiknksa dh izkf;drk fuèkkZj.k djuk] Lo;afl¼ izkf;drk osQ mnkgj.k gSaA csl osQ fu;e osQ vkèkkj ij tc

izkf;drk,¡ la'kksfèkr dh tkrh gSa rks mUgsa vuqHkofl¼ izkf;drk,¡ (Posterior Probabilities) dgrs gSaA

vfrfjDr tkudkjh osQ vkèkkj ij O;ogkfjd O;kikfjd leL;kvksa osQ lekèkku esa csl izes; vR;Ur gh mi;ksxh

jgrh gSA

mnkgj.kkFkZ] ,d nSo&iz;ksx (random experiment) osQ E1, E2
.........vkfn vusd ikjLifjd

viothZ ?kVuk,¡ gSa ftuesa ls izR;sd ?kVuk dh izkf;drk P (E1), P (E2)
---------Kkr dh x;h gSaA bu izkf;drkvksa

dks Lo;afl¼ (Prior) izkf;drk,¡ dgk tkrk gS] D;ksafd ;s okLrfod vuqlUèkku osQ ifj.kkeksa dks tkuus ls igys

gh ?kVukvksa osQ ?kVus osQ voljksa dk izfrfufèkRo djrh gSaA vuqlUèkku osQ vusd lEHko ifj.kke gks ldrs gSa] tks

la[;kRed :i ls Es ij fuHkZj djrs gSaA izR;sd ifj.kke osQ fy, (ftls R ls laosQrk{kj fn;k x;k gS) l'krZ

izkf;drk,¡ P(R/E1), P(R/E2)
---------miyCèk gksaxhA ifj.kkeksa ls ?kVukvksa dh izkf;drkvksa dks ?kVk&c<+k dj

la'kksfèkr fd;k tk ldrk gSA la'kksfèkr izkf;drk,¡ vuqHkofl¼ izkf;drk,¡ (Posterior Probabilities)

dgykrh gSa] D;ksafd os ifj.kkeksa dh tkudkjh gks tkus osQ i'pkr~ ykxw gksrh gSaA vuqHkofl¼ izkf;drk,¡

(posterior probabilities) eku okLro esa P(R/E1), P(R/E2) osQ Lo:i dh l'krZ izkf;drk,¡ (Conditional



vFkZ'kkL=k esa lkaf[;dh; i¼fr 21

uksV

izkf;drk

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 2-1.pmd

Probabilities) ftUgsa csl izes; osQ vuqlkj Kkr fd;k x;k gSA fdlh ?kVuk (Ej) dh vuqHkofl¼ izkf;drk

(posterior probability), iz;ksxkRed vuqlUèkku osQ ifj.kke (R) osQ fy, bl izdkj Kkr dh tk;sxhμ

P(Ej /R) = 
P E P(R / E

P(E ) P(R / E ) P(E ) P(R / E1 1 2 2

( ) )

).........
j j

+
.

Illustration. A can hit a target 3 times in 5 shots, B 2 times in 5 shots, C 3
times in 4 shots. They fire a volley. What is the probability that 2 shots hit ?

lek/ku (Solution). ‘Fire a volly’ means that A, B, and C all try to hit the target
simultaneously. Two shots hit the target in one of the following ways :

(a) A and B hit and C fails to hit.
(b) A and C hit and B fails to hit.
(c) B and C hit and A fails to hit.

The chance of hitting by A = 3
5  and of not hitting by him = 1 – 3

5
2
5=

The chance of hitting by B = 2
5  and of not hitting by him = 1 – 2

5
3
5=

The chance of hitting by C = 3
4  and of not hitting by him = 1 – 3

4
1
4=

The Probability of (a) = 3
5

2
5

1
4

6
100× × =

The Probability of (b) = 3
5

3
4

2
5

27
100× × =

The Probability of (c) = 2
5

3
4

2
5

12
100× × =

Since (a), (b) and (c) are mutually exclusive events, the probability that two
shots hit

6
100

27
100

12
100

45
100

9
20

9
20

+ + = = or  × 100 = 45%

roZQiw.kZ ;k Lo;afl¼ (priori) izkf;drk eki esa nks fnypLi fo'ks"krk,¡ gksrh gSaA izFke] ftl ?kVuk dh

izkf;drk Kkr dh tkrh gS mldk xSj&foHkzeh; (unbiased) gksuk vko';d gSA vU; 'kCnksa esa] flDdk] ik¡lk

;k rk'kksa dh xM~Mh lPph (fair) gksus pkfg,A nwljs] bl izdkj dh ?kVukvksa dh izkf;drk,¡ Kkr djus osQ fy,

iz;ksx djus dh vko';drk ugha gSA vFkkZr~ flDdk mNky dj] ik¡lk isaQd dj ;k rklksa dh xM~Mh esa ls rk'k

[khapdj izkf;drk,¡ tkuuk t:jh ugha gSA izkf;drk,¡ Kkr djus osQ fy, fdlh iz;ksxkRed&leadksa dk ladyu

djus dh vko';drk ugha gksrh gS] izkf;drkvksa dh x.kuk iw.kZr% roZQ ij vkèkkfjr jgrh gSA

;g lEHko gks ldrk gS fd vYi&la[;k esa iz;ksx djus ls ifj.kke Lo;afl¼ izkf;drk ls i;kZIr fHkUu

gksa] ijUrq iz;ksxksa dh la[;k ftruh c<+rh tk;sxh] ifj.kke Lo;afl¼ izkf;drk osQ mrus gh fudV vkrs tk;saxsA

lEHko gks ldrk gS fd 10 ckj flDdk mNkyus esa 8 ckj fpÙk fxjs rFkk 2 ckj iV~V fxjs tcfd izkf;drk 5

ckj fpÙk rFkk 5 ckj iV~V fxjus dh gksrh gS] ijUrq 500 ;k 1000 ckj flDdk mNkyus esa fpÙk ;k iV~V fxjus

dh la[;k 1
2  osQ vR;Ur gh fudV gksxhA

vuqHkofl¼ ;k lkis{k&vkòfÙk izkf;drk (Relative Frequency of Occurrence or Empirical

Probability)μLo;afl¼ izkf;drk dh èkkj.kk volj osQ [ksyksa ls lEcfUèkr leL;k,¡ lqy>kus esa mi;ksxh jgrh

gSa ijUrq mlesa oqQN dfe;k¡ ik;h tkrh gSa ftuosQ dkj.k vU; izdkj dh vusd leL;kvksa dk gy mlesa ugha ik;k

tk ldrk gSA mnkgj.kkFkZ] ,d mRiknu&izfØ;k esa fu£er nks"kiw.kZ bdkbZ dh izkf;drk Lo;afl¼ izkf;drk èkkj.kk

osQ vkèkkj ij ugha Kkr dh tk ldrh gSA bl izdkj dh izkf;drk fuf'pr djus osQ fy, vuqHko&fl¼ lead
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;k vko`fÙk dks lan£Hkr djuk gksrk gSA fdlh ?kVuk osQ ?kVus dh izkf;drk Hkwrdkyhu izys[kksa (Past record)

;k vko`fÙk&forj.k osQ vkèkkj ij fuèkkZfjr dh tk ldrh gSA mnkgj.kkFkZ] ;fn ,d jsyxkM+h izfrfnu vkrh&tkrh

gSA fiNys o"kZ (365 fnuksa) esa og xkM+h 13 fnu nsj ls vk;h rks mldh fdlh fnu nsj ls vkus dh izkf;drk %

P = 13
365  gksxhA

vkRe&psru izkf;drk (Subjective Probability)μizkf;drk fuèkkZj.k dh vkRe psru ;k O;fDrxr

(personalistic) èkkj.kk dk fodkl u;k gh gSA bl èkkj.kk osQ vuqlkj] fdlh ?kVuk osQ ?kVus dh izkf;drk ml

?kVuk osQ ?kVus osQ ckjs esa fdlh O;fDr dk miyCèk tkudkjh osQ vkèkkj ij fo'okl dh ek=kk ls fuèkkZfjr dh

tkrh gSA fu.kZ;dÙkkZ dks vDlj vfuf'prrk osQ eè; fu.kZ; ysuk iM+rk gSA ,slh n'kk esa vkRe&psruk ls fdlh

?kVuk osQ ?kVus dh izkf;drk Kkr dh tkrh gS rFkk mlosQ vkèkkj ij fu.kZ; fy;s tkrs gSaA ek¡x dk vuqeku yxkuk]

ewY;&Lrj D;k gksxk vkfn osQ fu.kZ; izk;% O;fDrxr vuqekfur izkf;drk ls fy;s tkrs gSaA vlEHkork (izkf;drk

= 0) ls ysdj fuf'prrk (izkf;drk = 1) osQ eè; izkf;drk dk vuqeku yxk;k tkrk gSA izkf;drk fp=k bl

rF; dks Li"V djrk gSμ

lEHkkouk&fp=k

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0

vlaHkork
50–50

volj fuf'prrk

Nk=k fØ;kdyki

1- nSo iz;ksx (Rendum Experiment) ls vki D;k le>rs gSa\

2- ^'krZiw.kZ izkf;drkvksa dk izes;* dk D;k vFkZ gS\
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3- lk{ksi&vko`fÙk izkf;drk dks mnkgj.k lfgr Li"V dhft,A

2-7 lkjka'k (Summary)

1- okLro esa izkf;drk fl¼kUr (Theory of Probability) osQ vè;;u dh izsj.kk loZ&izFke tqvkfj;ksa

ls feyh FkhA HkkX; nsoh (Goddess Fortune) vFkok vU/ fo'okl (super-stitions) ij vkLFkk j[kus okys

l=kgoha 'krkCnh osQ oqQN tqvkjh tq, esa thrus osQ voljksa ls lEcfU/r leL;kvksa dk lek/ku djkus osQ fy,

rRdkyhu izfl¼ xf.krKksa osQ ikl tkrs FksA

2- izkf;drk fl¼kUr osQ fodkl dk ,d izeq[k dkj.k thou osQ yxHkx izR;sd igyw esa nSo&rRo

(Random phenomenon) dh mifLFkfr jguk gSA ,d fLFkfr nSo gksrh gS ;fn mlosQ ifj.kke volj ij

fuHkZj djrs gSaA lHkh lEcU/ ifj.kke iwoZ gh Kkr gks ldrs gSa] ijUrq fdlh iz;ksx esa ,d ?kVuk dk D;k ifj.kke

gksxk] iwoZ&fu/kZfjr u fd;k tk ldrk gksA

3- nSo iz;ksx (random experiment) ls lEcfUèkr u;h tkudkjh feyus ij izkf;drkvksa esa la'kksèku

fd;k tk ldrk gSA izkf;drkvksa esa la'kksèku djus dk fopkj ge lHkh osQ fy, tkuk&ekuk gS] mu O;fDr;ksa osQ

fy, Hkh ftUgsa izkf;drk Kkr djus dk iwoZ vuqHko ugha gSμtks ,sls okrkoj.k esa jgrs gSa tgka volj ;k euekSth

gksus dk cksyckyk jgrk gS vkSj tks vutkus esa izkf;drk&fu.kZ; djrs gSaA

vH;kl&iz'u (Exercise Questions)

1- izkf;drk dk vFkZ Li"V djrs gq, blosQ fodkl Øe dk mYys[k dhft,A

2- izkf;drk osQ fofHkUu ekiksa dk o.kZu djksA

3- csl dk izes; (Base’s Theorem) dh foospuk dhft,A

lUnHkZ xzUFk (Reference Books)
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bdkbZμ3

vfu;fer pj ,oe~ izkf;drk forj.k
(Random variables and

probability distribution)

lajpuk (Structure)

3.1 mís'; (Objectives)

3.2 izLrkouk (Introduction)

3.3 lS¼kfUrd forj.k dh mi;ksfxrk (Utility of Theoritical Distribution)

3.4 lkekU; izkf;drk oØ (Normal Probability Curve)

3.5 lkekU; izkf;drk oØ osQ izR;; dk mi;ksx

(Use of the Concept of Normal Probability Curve)

3.6 izkIrkadksa osQ fdlh forj.k dks lkekU;hÑr djuk

(Normalizing a Distribution of Score)

3.7 lkjka'k (Summary)

• vH;kl iz'u (Exercise Questions)

• lanHkZ xzaFk (Reference Books)

3-1 mís'; (Objectives)

bl bdkbZ osQ vè;;u osQ i'pkr~ fo|kFkhZ ;ksX; gksaxsμ

• lS¼kfUrd forj.k dh mi;ksfxrk dks le>us esaA

• lkekU; izkf;drk oØ dks tkuus esaA

• fdlh forj.k dks lkekU;hdj.k djus esaA

3-2 izLrkouk (Introduction)

vko`fÙk&forj.k ;k vko`fÙk&rkfydk esa leadksa dks oxks± esa foHkDr fd;k tkrk gS rFkk izR;sd oxZ esa vkus

okys inksa dh la[;k dks vfHkfyf[kr fd;k tkrk gSA vko`fÙk&forj.k dh jpuk nks izdkj ls dh tk ldrh gSμ

(1) okLrfod ;k voyksfdr vko`fÙk forj.k (Empirical or Observed Frequency Distribution)

(2) lS¼kfUrd vFkok izR;kf'kr vko`fÙk forj.k (Theoretical or Expected Frequency Distribution)
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okLrfod vko`fÙk&forj.k dh jpuk lkaf[;dh; vuqlU/kuksa ls miyC/ leadksa ;k voyksfdr leadksa osQ

vk/kj ij dh tkrh gSA mnkgj.kkFkZ] fdlh dkj[kkus esa 100 Jfedksa dh lkIrkfgd etnwjh osQ vk/kj ij cuh

vko`fÙk rkfydk] okLrfod vko`fÙk forj.k dgyk;sxhA bl izdkj dk forj.k fuEu izdkj dk gksxkμ

lkIrkfgd etnwjh (` esa) % 0μ20 20μ40 40μ60 60μ80 80μ100 ;ksx

Jfedksa dh la[;k % 10 15 30 25 20 100

okLrfod voyksduksa osQ vk/kj ij cus vko`fÙk&forj.k osQ foijhr] izkf;drk fl¼kUr (Theory of

Probability) osQ vk/kj ij izR;kf'kr vko`fÙk;k¡ Kkr djosQ Hkh vko`fÙk&forj.k dh jpuk dh tk ldrh gSA bl

izdkj lajfpr vko`fÙk forj.k dks lS¼kfUrd vFkok izkf;drk vko`fÙk forj.k dh laKk nh tkrh gSA ¶,d nSo&pj

osQ izR;sd lEHko ewY; dh izkf;drkvksa dh lwph izkf;drk forj.k dgykrk gSA¸ ,d nSo pj (random

variable) osQ izR;sd lEHko ewY; dh izkf;drk Kkr dh tkrh gS] vr% lHkh ewY; dh izkf;drkvksa dk ;ksx 1

gksuk pkfg,A mnkgj.kkFkZ] ;fn rhu flDdksa dks ,d lkFk 128 ckj mNkyk tk; rks ;s rhu flDosQ vxz 8 izdkj

ls fxjsaxsμ

1 2 3 4 5 6 7 8

izFke flDdk % H T H H T T H T

f}rh; flDdk % H H T H T H T T

r`rh; flDdk % H H H T H T T T

;gk¡ ij H = Head (fpÙk)] T = Tail (iV~V)

lS¼kfUrd vFkok izkf;drk forj.k bl izdkj gksxkμ

fpÙk flDdksa dh la[;k izkf;drk izR;kf'kr vko`fÙk

(Number of Heads) (Probability) (Expected Frequency)

0 1
8 16

1 3
8 48

2 3
8 48

3 1
8 16

;ksx (Total) 1 128

3-3 lS¼kfUrd forj.k dh mi;ksfxdk (Utility of Theoretical Distribution)

lS¼kfUrd vko`fÙk forj.k vk/qfud lkaf[;dh esa egÙoiw.kZ vk/kj iznku djrs gSa rFkk izeq[k vko`fÙk

forj.k vusd ifjfLFkfr;ksa esa fu.kZ; ysus esa lgk;d gksrs gSaA lS¼kfUrd vko`fÙk forj.k dh mi;ksfxrk fuEu n'kkvksa

esa gksrh gSAμ

(1) fuf'pr ekU;rkvksa rFkk n'kkvksa osQ vUrxZr vko`fÙk forj.k dh izo`fÙk D;k gksxhA blls tksf[ke rFkk

vfuf'prrk dk fo'ys"k.k fd;k tk ldrk gSA

(2) izR;kf'kr vko`fÙk forj.k vfuf'prrk osQ eè; fu.kZ; ysus esa ;ksx nsrk gSA

(3) izR;kf'kr leadksa dh lgk;rk ls iwokZuqeku fd;s tk ldrs gSaA

(4) tc okLrfod vuqla/kuksa ls vf/d O;; gks rks izR;kf'kr vko`fÙk forj.k dk LFkkukiUu gks ldrk gSA



26 vFkZ'kkL=k esa lkaf[;dh; i¼fr

uksV

vfu;fer pj ,oe~
izkf;drk forj.k

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 03-1.pmd

(5) okLrfod vko`fÙk forj.k dks lS¼kfUrd vko`fÙk forj.k ls rqyuk djosQ ;g irk yxk;k tk ldrk gS

fd nksuksa esa vUrj izfrn'kZu osQ mPpkopuksa (fluctuations of sampling) osQ dkj.k gS ;k vU; fdUgha

dkj.kksa lsA

(6) vuqlU/ku djus ls iwoZ ;g vkHkkl gks tkrk gS fd vko`fÙk forj.k dh izÑfr D;k gksxhA

(7) vusd izdkj dh O;kikfjd o vU; leL;kvksa dk lek/ku bu forj.kksa osQ vk/kj ij fd;k tk ldrk

gSA mnkgj.kkFkZ] cus&cuk;s diM+s cukus okyk izlkekU; vko`fÙk caVu (Normal Distribution) osQ

vk/kj ij fofHkUu vkdkjksa esa cuk;s tkus okys diM+ksa dh ek=kk fuf'pr dj ldrk gSA xq.k&fu;U=k.k]

jsyos cq¯dx vkfn tgk¡ ‘Q’ yxrs gSa] IokW;lu forj.k osQ vk/kj ij egÙoiw.kZ fu.kZ; ys ldrs gSaA

lS¼kfUrd forj.k osQ izdkj

lkaf[;dh; vè;;uksa esa vusdksa lS¼kfUrd vko`fÙk&forj.kksa tSls] izlkekU; forj.k] f}&in forj.k] cgqin

forj.k (multinomial distribution), gk;ijtkWesfVªd forj.k (Hypergeometric Distribution),

dkbZ&oxZ forj.k vkfn dk iz;ksx fd;k tkrk gSA lkaf[;dh; fo'ys"k.k esa fuEufyf[kr rhu izdkj osQ vko`fÙk

forj.k vf/d egÙoiw.kZ gSaμ

(i) f}in&forj.k (Binomial Distribution)

(ii) IokW;lu forj.k (Poisson Distribution)

(iii) izlkekU; forj.k (Normal Distribution)

euq"; dks thou osQ fofHkUu {ks=kksa esa Hkkoh vfuf'prrkvksa (Uncertainities) osQ gksrs gq, Hkh muls

lEcfU/r fu.kZ; ysus gksrs gSaA mlosQ fu.kZ; bu vfuf'pr ?kVukvksa osQ lEcU/ esa mldh izR;k'kk (Expectations)

ij vk/kfjr gksrs gSaA okLro esa thou dk lq[k vfuf'prrkvksa rFkk izR;k'kkvksa osQ chp fufgr gksrk gSA fdlh

vfuf'pr ?kVuk osQ izfr roZQlaxr vuqeku dks lEHkkfork ;k izkf;drk (Probability) osQ }kjk O;Dr fd;k tk

ldrk gSA tSls dgk tkrk gS fdlh flDosQ dks mNkyus ij mlosQ fpÙk (Head) fxjus dh lEHkkouk 1@2 gS] ;k

N% igyw okys ikls (Six-Faced Die) osQ isaQosQ tkus ij ik¡p osQ vkus osQ lEHkkouk 1@6 gS] ;k mixzg bUlSV

2 ch osQ liQy gksus dh 99 izfr'kr lEHkkouk gSA ;s lHkh dFku izkf;drk dFku (Probability Statements)

gSa tks iwoZorhZ ?kfVr ?kVukvksa osQ vk/kj ij Hkfo"; dh ?kVukvksa osQ fy, yxk;s vuqekuksa dks O;Dr djrs gSaA è;ku

jgsa fd ;s lHkh rFkk vU; izkf;drk dFku fdlh Hkh ?kVuk osQ gksus vFkok ugha gksus osQ ckjs esa dksbZ fuf'pr

(Definite) dFku izLrqr ugha djrs gSa oju osQoy vuqeku O;Dr djrs gSa tks xyr Hkh fl¼ gks ldrk gSA

xf.krKksa dks izkf;drk fl¼kUr dk fof/or vè;;u djus dh izsj.kk l=kgoha 'krkCnh esa ml le; feyh tc ;wjksi

osQ tqvkfj;ksa rFkk lVksfj;ksa us HkkX;y{eh (Goddess of Fortune) dh piyrk ls fujk'k gksdj rRdkyhu

xf.krKksa ls viuh |wr ØhM+k lEcU/h leL;kvksa osQ lek/ku osQ fy, ijke'kZ ysuk izkjEHk fd;kA rc xf.krKksa us

Hkkoh ?kVukvksa osQ ?kfVr gksus dk fof/or vè;;u fd;k ftlosQ iQyLo:i izkf;drk fl¼kUr dk izknqHkkZo gqvkA

fdUrq vkt izkf;drk fl¼kUr dk mi;ksx tqvkfj;ksa rFkk lVksfj;ksa rd lhfer ugha gSA ;g fl¼kUr okLro esa mu

lHkh {ks=kksa esa vR;Ur egÙoiw.kZ rFkk mi;ksxh gS tgk¡ ?kVuk,¡ vfuf'pr gksrh gSa rFkk muosQ Hkfo"; esa ?kfVr gksus

osQ lEcU/ esa vuqeku yxkus dh vko';drk gksrh gSA

?kVuk,¡ dbZ izdkj dh gks ldrh gSaA tc ,d le; esa osQoy ,d gh ?kVuk gksus dh ckr dh tkrh gS

rc bls ljy ?kVuk (Simple Event) dgrs gSa fdUrq tc ,d lkFk dbZ ?kVukvksa osQ ?kfVr gksus dh ppkZ dh

tkrh gS rc ,slh ?kVukvksa dks la;qDr ?kVuk (Compound Event) dgk tkrk gSA tSls ,d flDosQ dks mNkyus

;k ,d ik¡ls dks isaQdus dh ?kVuk;sa ljy ?kVuk;sa gSa tcfd ,d lkFk dbZ flDdksa dks mNkyus ;k dbZ ik¡lksa dks

isaQdus dh ?kVuk,¡ la;qDr ?kVuk dk mnkgj.k gSA la;qDr ?kVuk,¡ ijLij Lora=k Hkh gks ldrh gSa rFkk ijLij ijrU=k

;k vkfJr Hkh gks ldrh gSaA tc ,d lkFk ?kfVr gksus okyh ?kVuk,¡ ,d nwljs dks izHkkfor ugha djrh gSa rc mUgsa

Lora=k ?kVuk;sa (Independent Events) dgrs gSaA blosQ foijhr tc ,d ?kVuk dk nwljh ?kVukvksa ij izHkko
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iM+rk gS rc ?kVukvksa dks vkfJr ?kVuk;sa (Dependent Events) dgrs gSaA tSls nks flDdksa dks ,d lkFk

mNkyuk Lora=k ?kVuk;sa gSa D;ksafd ,d flDosQ osQ fpÙk ;k iV fxjus dk nwljs flDosQ osQ fxjus ij dksbZ izHkko

ugha iM+sxkA ijUrq rk'k dh xM~Mh ls ,d iÙkk [khapus osQ ckn mls fcuk j[ks nwljk iÙkk [khapus dh ?kVuk ijLij

vkfJr ?kVuk;sa gSa D;ksafd igys [khapk x;k iÙkk iqu% ugha [khapk tk ldrk gSA vkfJr ?kVukvksa dh izkf;drk

izfrcaf/r (Conditioned) gksrh gSA tks ?kVuk;sa ,d lkFk ?kfVr ugha gks ldrh gSa mUgsa ijLij viothZ ?kVuk,¡

(Mutually Exclusive Events) dgrs gSaA tSls flDosQ osQ mNkyus ij fpÙk o iV dk vkuk ijLij viothZ

?kVuk;sa gSa D;ksafd ,d dk vkuk nwljs dks jksd nsrk gS ftlosQ dkj.k nksuksa ,d lkFk ugha vk ldrs gSaA blh rjg

ls ikls dks mNkyus ij 1] 2] 3] 4] 5 o 6 vadksa dk vkuk ijLij viothZ gS D;ksafd ikals dks mNkyus ij ;s

vad ,d lkFk dHkh ugha vk ldrs gSaA

izkf;drk fdlh ?kVuk osQ ?kfVr gksus vFkok ?kfVr u gksus osQ lEcU/ esa izR;k'kk dh |ksrd gksrh gSA nwljs

'kCnksa esa dgk tk ldrk gS fd leku :i ls lEHkkO; vusd ?kVukvksa esa fdlh ,d ?kVuk osQ ?kfVr gksus dh

izkf;drk okafNr ?kVuk osQ vuqowQy ifjfLFkfr;ksa dh la[;k osQ lkFk oqQy lEHkkO; ?kVukvksa dh la[;k dk vuqikr

gksrk gSA vr% izkf;drk ;k izkf;drk vuqikr (Probability Ratio) dks vxzkafdr lw=k ls Kkr fd;k tk ldrk

gSμ

izkf;drk vuqikr (P.R.) = 
okfa Nr ?kVukvkas dh la[;k

oqQy lEHkkO; ?kVukvkas dh l[a ; k

fdlh flDosQ dks mNkyus ij nks lEHkkO; ifj.kke gks ldrs gSaμ;k rks flDdk fpÙk (Head) fxjsxk vFkok
flDdk iV (Tail) fxjsxkA vr% fpÙk vkus dh izkf;drk 1@2 gSA blh izdkj ls iV vkus dh izkf;drk Hkh 1@2
gSA N% igyw okys ikls (Six Faced Die) osQ isaQdus ij N% fHkUu&fHkUu lEHkkouk izkIr gks ldrh gSa vFkkZr~
1] 2] 3] 4] 5 o 6 esa ls dksbZ Hkh igyw mQij vk ldrk gSA blfy, izR;sd vad osQ vkus dh izkf;drk 1@6
gksxhA blh izdkj ls 52 rk'k osQ iÙkksa dh xM~Mh (Pack of 52 Playing Cards) ls ;ksa gh ,d iÙkk [khapus
ij mldk gqDe dk ckn'kkg (King of Spade) gksus dh izkf;drk 1@52 gS tcfd mldk pkjksa esa ls dksbZ Hkh
ckn'kkg (King either of Heart, Diamond, Spade or Club) gksus dh izkf;drk 4@52 vFkkZr~ 1@13 gS
rFkk mldk gqDe dks dksbZ Hkh iÙkk gksus dh izkf;drk 13@52 vFkkZr~ 1@4 gSA

nks flDdksa dks ,d lkFk mNkyus ij pkj lEHkkouk,¡ gks ldrh gSaμ

(i) igyk rFkk nwljk nksuksa gh flDosQ fpÙk fxjs]

(ii) igyk flDdk fpÙk rFkk nwljk flDdk iV fxjs]

(iii) igyk flDdk iV rFkk nwljk flDdk fpÙk fxjs]

(iv) nksuksa gh flDosQ iV fxjsA

bu pkjksa lEHkkoukvksa dks la{ksi esa HH, HT, TH o TT ls O;Dr dj ldrs gSa ftuesa igyk v{kj
igys flDosQ osQ rFkk nwljk v{kj nwljs flDosQ osQ fxjus dh fLFkfr dks crkrk gSA ijUrq HT o TH ,d leku
gS] vr% pkj lEHkkoukvksa esa ls ,d HH dh] nks HT dh rFkk ,d TT dh gSA Li"V gS fd nksuksa fpÙk ;k nksuksa
iV dh izkf;drk 1@4 gksxh tcfd ,d fpÙk o ,d iV dh izkf;drk 2@4 vFkkZr~ 1@2 gksxhA blh izdkj ls rhu
flDdksa osQ ,d lkFk mNkyus ij oqQy vkB lEHkkouk,¡ fuEuor gksaxhμ

HHH, HHT, HTH, HTT,

THH, THT, TTH, TTT

D;ksafd HHT = HTH = THH rFkk TTH = THT = HTT, blfy, vkB lEHkkoukvksa esa HHH
o TTT osQ ,d&,d ckj rFkk HHT o TTH osQ rhu&rhu ckj vkus dh lEHkkouk,¡ gSaA vr% rhuksa fpÙk ;k
rhuksa iV dh izkf;drk 1@8 gS tcfd nks fpÙk ,d iV ;k nks iV ,d fpÙk dh izkf;drk 3@8 gSA

bl izdkj ls nks N% eq[kh ikalksa (Six Faced Die) dks ,d lkFk isaQdus ij oqQy 36 lEHkkouk,¡ gks
ldrh gSaA bUgsa lkj.kh 64 esa izLrqr fd;k x;k gSA
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lkj.kh 3-1- nks ikalksa dks ,d lkFk mNkyus ij gksus okyh 36 lEHkkouk,¡ rFkk mudh izkf;drk,¡

ikals oqQy ikals oqQy ikals oqQy ikals oqQy ikals oqQy ikals oqQy

vad vad vad vad vad vad

I II I II I II I II I II I II

1 1 2 2 1 3 3 1 4 4 1 5 5 1 6 6 1 7

1 2 3 2 2 4 3 2 5 4 2 6 5 2 7 6 2 8

1 3 4 2 3 5 3 3 6 4 3 7 5 3 8 6 3 9

1 4 5 2 4 6 3 4 7 4 4 8 5 4 9 6 4 10

1 5 6 2 5 7 3 5 8 4 5 9 5 5 10 6 5 11

1 6 7 2 6 8 3 6 9 4 6 10 5 6 11 6 6 12

lkj.kh 2-1 esa izLrqr dh x;h nks ikalksa dks ,d lkFk isaQdus ij gksus okyh 36 laHkkoukvksa dks lkjka'k :i

esa fuEuor <ax ls izLrqr fd;k tk ldrk gSμ

lkj.kh 3-2

oqQy vad 2 3 4 5 6 7 8 9 10 11 12

lEHkkoukvksa dh la[;k 1 2 3 4 5 6 5 4 3 2 1

izkf;drk
1
36

2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

lkj.kh 2-2 osQ voyksdu ls ;g Li"V gS fd nks ikalksa dks ,d lkFk mNkyus ij oqQy vadksa osQ 2] 3]

4] 5] 6] 7] 8] 9] 10] 11 o 12 gksus dh izkf;drk Øe'k% 1@36] 2@36] 3@36] 4@36] 5@36] 6@36] 5@36] 4@36]

3@36] 2@36 o 1@36 gSaA

vr% ;fn fdlh ?kVuk osQ gksus rFkk u gksus osQ lHkh <ax le&izkf;d (Equally Likely) gks ,oa og

?kVuk m ckj gks ldrh gks rFkk n ckj ugha gks ldrh gks] rc ml ?kVuk osQ ?kfVr gksus dh izkf;drk

m/(m + n) gksxh rFkk mlosQ ?kfVr u gksus dh izkf;drk n/(m + n) gksxhA ?kVuk osQ ?kfVr gksus dh izkf;drk

dks p laosQrk{kj ls rFkk ?kfVr u gksus dh izkf;drk dks q laosQrk{kj ls fy[krs gSaA vr% fdlh leizkf;d ?kVuk

osQ

?kfVr gksus dh izkf;drk]  p = 
m

m n+

?kfVr u gksus dh izkf;drk] q = 
n

m n+

Li"V gS fd p rFkk q dk ;ksx lnSo gh ,d osQ cjkcj gksxkA vr% p rFkk q esa ls ,d osQ Kkr gksus ij

nwljs dks izkIr fd;k tk ldrk gSA tSls rk'k osQ 52 iÙkksa esa ls ;kn`fPNd :i ls (Randomly) ,d iÙkk

fudkyus ij mlosQ dksbZ Hkh bDdk (Any Ace) gksus dh izkf;drk 4@52 vFkkZr~ 1@13 rFkk bDdk u gksus dh

izkf;drk 48@52 vFkkZr~ 12@13 gSA bu nksuksa izkf;drkvksa dk ;ksx ,d osQ cjkcj gSA izkf;drk vuqikr dk eku

'kwU; ls ,d osQ chp gksrk gSA 'kwU; izkf;drk dk vFkZ gS ?kVuk osQ ?kfVr gksus dh dksbZ lEHkkouk ugha gS tcfd

izkf;drk osQ ,d gksus dk vFkZ gS fd ?kVuk osQ ?kVus dh iw.kZ lEHkkouk vFkkZr fuf'prrk gSA fdUrq izkf;drk osQ
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;s nksuksa eku (Extreme Value) dHkh ugha gksrs gSa D;ksafd izkf;drk dk 'kwU; ;k ,d gksus dk vFkZ gS ?kVuk

osQ ?kfVr gksus ;k u gksus osQ lEcU/ esa fuf'pr vuqeku] tks fd izkf;drk osQ {ks=k ls ckgj gSA izkf;drk dks fHkUu

;k n'keyo ;k izfr'kr osQ :i esa izLrqr fd;k tk ldrk gSA

mQij izLrqr fd;k x;k foospu izkf;drk dk xf.krh;] lS¼kfUrd ;k rk£dd izR;; izLrqr djrk gSA ijUrq

osQoy roZQ ij vk/kfjr izkf;drk dk gh iz;ksx ugha gksrk gSA lkaf[;dh esa Hkwrdkyhu vuqHkoksa rFkk iz;ksx ls izkIr

lwpukvksa osQ vk/kj ij Hkh izkf;drk dk vuqeku yxk;k tkrk gSA tSls ej.k rkfydkvksa (Mortality Tables)

osQ vk/kj ij chek dEiuh fofHkUu vk;q okys O;fDr;ksa osQ thfor jgus dh izkf;drk Kkr djrh gSA ;k tUe

leadksa (Birth Data) ls vuqeku yxk;k tkrk gS fd tUe ysus okys f'k'kq osQ thfor jgus dh izkf;drk D;k

gS\ bl izdkj dh izkf;drk dks vkuqHkkfod izkf;drk (Empirical Probability) ;k lkaf[;dh; izkf;drk

(Statistical Probability) dgrs gSaA ;fn leku ifjfLFkfr;ksa esa ?kVh n lEHkkO; ?kVukvksa esa ls dksbZ okafNr

?kVuk oqQy r ckj ?kfVr gqbZ gS rc Hkfo"; esa bl okafNr ?kVuk osQ ?kfVr gksus dh izkf;drk dks n osQ vuUr dh

vksj izo`Ùk gksus ij izkIr r/n dh lhek ls O;Dr fd;k tk ldrk gSA vr% lw=k :i esa fy[k ldrs gSa fdμ

p = 
→∞

Limit
n

r
n

mnkgj.k osQ fy, ;fn fiNys tUe leadksa ls Kkr gksrk gS fd fiNys ,d yk[k izloksa esa ls 45 gtkj

izloksa esa dU;k dk rFkk 55 gtkj izloksa esa iq=k dk tUe gqvk] rc dgk tk ldrk gS fd dU;k osQ tUe dh

izkf;drk 45 rFkk iq=k osQ tUe dh izkf;drk -55 gSA ;kn`fPNd pjksa (Random Variables) osQ fy, n osQ

vuUr dh vksj izo`Ùk gksus ij vkuqHkkfod izkf;drk dk eku rk£dd izkf;drk osQ fudV vkrk tkrk gSA

izkf;drk vuqikr Kkr djus osQ fy, okafNr ?kVuk osQ ?kfVr gksus dh la[;k rFkk ?kVukvksa dh oqQy la[;k

dh Bhd&Bhd Kku gksuk vko';d gSA oqQy ?kVukvksa rFkk okafNr ?kVukvksa dh la[;k ljyrk ls Kkr djus osQ

fy, Øep; (Permutation) rFkk lap; (Combination) osQ izR;;ksa o lw=kksa dk iz;ksx fd;k tk ldrk gSA

vr% ;gk¡ ij Øep; rFkk lap; dh izkjfEHkd tkudkjh dh ppkZ djuk mfpr gh gksxkA

Øep; (Permutation) ls rkRi;Z mu lHkh Øeksa (Orders) ;k foU;klksa (Arrangements) ls gS

ftuesa nh xbZ oLrqvksa ;k muesa ls yh xbZ oqQN oLrqvksa dks foU;kflr (Arrange) fd;k tk ldrk gSA tSls rhu

iqLrosaQ A, B o C dks N% fHkUu&fHkUu foU;klksa ABC, ACB, BAC, BCA, CAB rFkk CBA esa O;ofLFkr

fd;k tk ldrk gSA vr% bu rhu iqLrdksa osQ fy, oqQy N% Øep; gksaxsA ijUrq ;fn pkj iqLrosaQ A, B, C o

D nh gks rFkk buesa ls nks&nks iqLrosaQ ysdj Øe cukus gksa rc oqQy 12 foU;kl AB, AC, AD, BA, BC, BD,

CA, CB, CD, DA, DB rFkk DC cusaxsA vr% 4 iqLrdksa esa ls nks&nks osQ oqQy 12 Øep; cusaxsA Øep; esa

Øe (order) dk fo'ks"k egÙo gS rFkk ,d gh oLrqvksa dks fHkUu&fHkUu Øe esa j[kus ij fHkUu&fHkUu Øep; curs

gSaA ;gh dkj.k gS fd AB rFkk BA nks fHkUu&fHkUu Øep; gSa tcfd nksuksa esa oLrq,¡ ,d gh gS ijUrq Øe fHkUu

gksus osQ dkj.k Øep; vyx&vyx gSaA n vleku oLrqvksa esa ls r oLrqvksa dks ,d lkFk ysus ij cuus okys

Øep;ksa dh la[;k fuEu lw=k ls Kkr dh tk ldrh gSμ

Øep; (Permutations) = nPr
 = 

!
( ) !

n
n r−

tgk¡ n! dks Øexqf.kr ,u (Factorial n) dgdj i<+k tkrk gS rFkk bldk eku 1 ls n rd dh lHkh

la[;kvksa osQ xq.kuiQy osQ cjkcj gksrk gSA vr%

n! = 1 × 2 × 3 × ...... × n

ijUrq lqfo/k osQ fy, n ! osQ vad foijhr Øe esa fy[ks tkrs gSa vFkkZr~

n! = n × (n – 1) × (n – 2) × ...... × 1
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vr% 4! = 4 × 3 × 2 × 1 = 24

5! = 5 × 4 × 3 × 2 × 1 = 120

Øexqf.kr 'kwU; (Factorial Zero) rFkk Øexqf.kr ,d (Factorial One) dk eku ,d osQ cjkcj

gksrk gSA vr% ;fn 8 oLrqvksa esa 5μ5 oLrqvksa dks ysdj Øep; cuk;s tk;s rc oqQy Øep;ksa dh la[;k 6720

gksxh] D;ksafd

8P5 = 
8!

(8 5)!−  = 6720

Øe dks è;ku esa j[krs gq, nh xbZ oLrqvksa esa ls oqQN oLrqvksa dks ysdj cuus okys foU;klksa dks lap;

(Combination) dgrs gSaA tSls ;fn pkj iqLrdksa A, B, C o D esa ls nks&nks iqLrdksa dks ysdj ,sls foU;kl

cuk;s tk;sa ftuesa Øe ij è;ku u fn;k tk;s rc oqQy N% foU;kl AB, AC, AD, BC, BD o CD cusaxsA Li"V

gS fd ;gk¡ lap;ksa dh la[;k Øep;ksa dh la[;k ls vk/h gSA ,slk blfy, gS D;ksafd izR;sd lap; osQ fy, nks

Øep; cu ldrs gSaA tSls AB lap; ls AB rFkk BA nks Øep; cusaxsA n vleku oLrqvksa esa ls r oLrqvksa dks

,d lkFk ysdj cuus okys lap;ksa dh la[;k fuEu lw=k ls Kkr dh tk ldrh gSμ

lap; (Combinations) = nCr = 
!

( )! !
n

n r r−

vr% ;fn 8 oLrqvksa esa ls 5μ5 oLrqvksa dks ysdj lap; cuk;s tk;sa rc oqQy lap;ksa dh la[;k 56 gksxh

D;ksafd

8C5 = 
8!

(8 5)! 5!−

Øep; ,oa lap; osQ lw=kksa osQ voyksdu ls Li"V gS fd lap;ksa dh la[;k lnSo gh Øep;ksa dh la[;k

ls de gksrh gSA

nks ;k nks ls vf/d ijLij viothZ ?kVukvksa (Mutually Exclusive Events) esa ls fdlh Hkh ,d

?kVuk (Either of the Events) osQ ?kfVr gksus dh izkf;drk] muosQ vyx&vyx ?kfVr gksus dh izkf;drkvksa

dk ;ksx gksrh gSA vr% ;fn A rFkk B ijLij viothZ ?kVuk,¡ gSa rc A vFkok B osQ ?kfVr gksus dh izkf;drk

PR (A vFkok B) = PR (A) + PR (B)

tSls ikals dks isaQdus ij izR;sd vad osQ vkus dh izkf;drk 1@6 gksrh gSA vr% 2 o 4 esa ls fdlh osQ

Hkh vkus dh izkf;drk 1@6 $ 1@6 ¾ 2@6 ¾ 1@3 gksxhA blh rjg ls 2] 4 o 6 esa ls fdlh osQ Hkh vkus dh

izkf;drk 1@2 gksxhA

nks ;k nks ls vf/d Lora=k ?kVukvksa osQ ,d lkFk ?kfVr gksus dh izkf;drk muosQ vyx&vyx ?kfVr gksus

dh izkf;drkvksa osQ xq.kuiQy osQ cjkcj gksrh gSA vr% ;fn A rFkk B Lora=k ?kVuk,¡ gSa rc A rFkk B osQ lkFk

?kfVr gksus dh izkf;drk

PR (A rFkk B) = PR (A) . PR (B)

tSls ikalsa dks nks ckj isaQdus ij igyh ckj 4 o nwljh ckj 5 vkus dh izkf;drk 1@6 × 1@6 ¾ 1@36

gksxhA blh rjg ls igyh ckj le (Even) vad rFkk nwljh ckj fo"ke (Odd) vad vkus dh izkf;drk 1@2 ×

1@2 ¾ 1@4 gksxhA

izkf;drk osQ mijksDr o£.kr fl¼kUr dk iz;ksx djosQ oSKkfud <ax ls ?kVukvksa osQ ?kfVr gksus osQ lEcU/

esa vuqeku yxk;k tk ldrk gSA blosQ fy, oSKkfud lcls igys fdlh lqfuf'pr iwoZ&dYiuk (Presumption)

vFkok ekU;rk (Assumption) osQ vk/kj ij fofHkUu ?kVukvksa osQ ?kfVr gksus ls lEcfU/r xf.krh; fun'kZ
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(Mathematical Model) dk izfriknu djrs gSa rFkk fiQj bl fun'kZ (Model) osQ vk/kj ij Hkkoh ?kVukvksa

;k vKkr ?kVukvksa dk vuqeku yxkrs gSaA oSKkfudksa osQ }kjk izfrikfnr ;s fun'kZ iw.kZr% ifjdfYir (Hypothetical)

gksrs gSaA bu fun'kks± ls izkIr izkf;drk vuqikrksa dks iz;klksa (Trials) dh la[;k (N) ls xq.kk djosQ fofHkUu ?kVukvksa

osQ ?kfVr gksus dh lEHkkfor vko`fÙk;k¡ Hkh Kkr dh tk ldrh gSaA tSls fdlh lqMkSy flDosQ dks 50 ckj mNkyus

ij fpÙk vkus dh lEHkkfor vko`fÙk 25 gksxh rFkk iV vkus dh lEHkkfor vko`fÙk Hkh 25 gh gksxhA D;ksafd PR

(H) = 1/2 ftls 50 ls xq.kk djus ij 25 izkIr gksxk rFkk PR(T) = 1/2 ftls 50 ls xq.kk djus ij 25 izkIr

gksxkA Li"V gS fd 50 ckj dh mNky esa fpÙk (H) rFkk iV (T) vkus dh vko`fÙk 25&25 gh gksxhA blh  izdkj

ls nks flDdksa rFkk rhu flDdksa dks ,d lkFk vusd ckj mNkyus ij izkIr gksus okys ifj.kkeksa dh lEHkkfor

vko`fÙk;k¡ Kkr dh tk ldrh gSaA lkj.kh 2-3 esa nks flDdksa dks rFkk lkj.kh 2-4 esa rhu flDdksa dks 200 ckj

mNkyus ij izkIr gksus okys xf.krh; fun'kZ izLrqr fd;s x;s gSaμ

lkj.kh 3-3 lkj.kh 3-4

nks flDdksa dh 200 ckj mNky dk rhu flDdksa dh 200 ckj mNky dk

xf.krh; fun'kZ xf.krh; fun'kZ

flDdksa dh fLFkfr izkf;drk vko`fÙk flDdksa dh fLFkfr izkf;drk vko`fÙk

nksuksa fpÙk HH 1/4 50 rhuksa fpÙk HHH 1/8 25

,d fpÙk rFkk HT nks fpÙk rFkk HHT

,d iV ;k 2/4 100 ,d iV HTH 3/8 75
TH THH

nksuksa iV TT ,d fpÙk rFkk HTT

1/4 50 nks iV TTT 3/8 75

oqQy 1.00 200 rhuksa iV TTT 1/8 25

oqQy 1.00 200

blh rjg ls ;fn nl flDdksa dks ,d lkFk vusd ckj (lqfo/k osQ fy, ekuk fd 1024 ckj) mNkyk

tk;s rc izkf;drk fl¼kUr osQ vk/kj ij izkIr gksus okys lEHkkfor vko`fÙk forj.k dks lkj.kh 2-5 esa fn;k x;k

gS bl lEHkkfor forj.k dks vko`fÙk cgqHkqt osQ :i esa fp=k 1 esa izLrqr fd;k x;k gSA xf.krh; fun'kZ

(Mathematical Model) osQ vk/kj ij rS;kj fd;s x;sA

lkj.kh 3-5- nl flDdksa dks 1024 ckj mNkyus ij lEHkkfor vko`fÙk forj.k

flDdksa dh fLFkfr izkf;drk vko`fÙk

nlksa flDosQ fpÙk H10 1/1024 1

ukS flDosQ fpÙk rFkk ,d flDdk iV H9T 10/1024 10

vkB flDosQ fpÙk rFkk nks flDosQ iV H8T2 45/1024 45

lkr flDosQ fpÙk rFkk rhu flDosQ iV H7T3 120/1024 120

N% flDosQ fpÙk rFkk pkj flDosQ iV H6T4 210/1024 210

ik¡p flDosQ fpÙk rFkk ik¡p flDosQ iV H5T5 252/1024 252

pkj flDosQ fpÙk rFkk Ng flDosQ iV H4T6 210/1024 210
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rhu flDosQ fpÙk rFkk lkr flDosQ iV H3T7 120/1024 120

nks flDosQ fpÙk rFkk vkB flDosQ iV H2T8 45/1024 45

,d flDdk fpÙk rFkk ukS flDosQ iV HT9 10/1024 10

nlksa flDosQ iV T10 1/1024 1

oqQy 1.00 1024

50

100

150

200

250

300

v
ko
`fÙ
k

1 10

45

120

210

252

210

120

45

10 1

H
10

H T
9

H T
8 2

H T
7 3

H T
6 4

H T
5 5

H T
4 6

H T
3 7

H T
2 8

HT
9

T
10

fp=k 1- lkj.kh esa izLrqr vko`fÙk forj.k dk js[kkfp=kh; fu:i.k

bl izdkj osQ vko`fÙk forj.k dks lS¼kfUrd vko`fÙk forj.k (Theoritical Frequency

Distribution) ;k izR;kf'kr vko`fÙk forj.k (Expected Frequency Distribution) ;k vkn'kZ

vko`fÙk forj.k (Ideal Frequency Distribution) dgrs gSaA vr% lS¼kfUrd vko`fÙk forj.k og forj.k

gS tks fdUgha iwoZ fuf'pr ekU;rkvksa (Assumptions) osQ vk/kj ij xf.krh; <ax ls rS;kj fd;k tkrk gSA Li"V

gS fd lS¼kfUrd forj.k okLrfod voyksduksa (Actual Observations) ij vk/kfjr ugha gksrs gSaA ;gk¡ ;g

dguk mfpr gh gksxk fd flDdksa dh mNky osQ fy, cus lHkh lS¼kfUrd forj.k lefer (Symmetrical) gSaA

fu%lUnsg lS¼kfUrd forj.k xf.krh; izkf;drk fl¼kUr ij vk/kfjr gksrk gS ijUrq ;fn okLro esa flDdksa dks

mNkyk tk;sxk rc Hkh yxHkx ,sls gh ifj.kke izkIr gksaxsA vusd iz;ksxksa us fl¼ dj fn;k gS fd mNkyksa dh la[;k

osQ c<+rs tkus ij okLrfod ;k voyksfdr forj.k (Real or Observed Distribution) izkf;drk ij

vk/kfjr lS¼kfUrd forj.k osQ vuq:i gksrk tkrk gSA lS¼kfUrd vko`fÙk forj.k okLro esa vk/qfud lkaf[;dh

osQ izk.k gSaA vusd ifjfLFkfr;ksa esa budk iz;ksx vifjgk;Z gksrk gSA lS¼kfUrd forj.kksa osQ izeq[k mi;ksx fuEuor

gSaμ

(i) blls Kkr gks tkrk gS fd nh xbZ fuf'pr ekU;rkvksa osQ vUrxZr leadksa osQ forj.k dh izo`fÙk D;k gksxhA

(ii) ;s foosdiw.kZ fu.kZ; ysus dk vk/kj cu ldrs gSaA

(iii) ;s Hkkoh vuqeku yxkus esa lgk;d gksrs gSaA

(iv) okLrfod forj.kksa dh izkfIr osQ vR;f/d O;;lkè; ;k vlEHko gksus ij lS¼kfUrd forj.k voyksfdr

forj.kksa osQ LFkkukiUu (Substitute) gksrs gSaA

(v) voyksfdr forj.kksa dh rqyuk lS¼kfUrd forj.kksa ls djosQ izfrp;u mPpkopuksa (Sampling

Fluctuations) dh lkFkZdrk Kkr dh tk ldrh gSA
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(vi) lS¼kfUrd forj.k okLrfod vuqla/ku dh lkFkZdrk rFkk O;; dk vuqeku yxkus esa lgk;d gksrs gSaA

(vii) lS¼kfUrd forj.k nSfud thou dh leL;kvksa osQ lek/ku esa lgk;d gksrs gSaA

vusd flDdksa dks ,d lkFk mNkyus ij vkus okys fofHkUu lEHkkfor lap;ksa dh la[;k Kkr djuk ikBdksa

dks lEHkor% oqQN tfVy lk izrhr gks jgk gksxkA ijUrq blosQ fy, fofHkUu lap;ksa dks cukus dh vko';drk ugha

gSA bl izdkj dh fLFkfr esa izkf;drk Kkr djus osQ fy, f}inh; foLrkj (Binomial Expansion) dh xf.krh;

lehdj.k dk iz;ksx fd;k tk ldrk gSA nks flDdksa dh fLFkfr esa ;g lehdj.k gksxhA

 
21 1

2 2
⎛ ⎞+⎜ ⎟
⎝ ⎠

 = 
2 21 1 1 1

2
2 2 2 2

⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ × +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 = 
1 2 1
4 4 4

+ +

bl lehdj.k osQ nk¡;s i{k osQ rhuksa in Øe'k% nks fpÙk (Two H), ,d fpÙk (One H) rFkk dksbZ fpÙk

ugha (No H) osQ vkus dh izkf;drk crkrs gSaA blh rjg ls rhu flDdksa dks mNkyus dh fLFkfr esa lehdj.k gksxhμ
31 1

2 2
⎛ ⎞+⎜ ⎟
⎝ ⎠

 = 
3 2 2 31 1 1 1 1 1

3 3
2 2 2 2 2 2

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞+ + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

 = 
1 3 3 1
8 8 8 8

+ + +

blh izdkj ls pkj flDdksa dks ,d lkFk mNkyus osQ fy, f}inh; lehdj.k (Binomial Equation)

fuEuor gksxhμ

 
41 1

2 2
⎛ ⎞+⎜ ⎟
⎝ ⎠

 = 
4 3 2 2 3 41 1 1 1 1 1 1 1

4 6 4
2 2 2 2 2 2 2 2

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

  = 
1 4 6 4 1

16 16 16 16 16
+ + + +

mijksDr lehdj.kksa esa izR;sd in dk gj (Denominator) oqQy lEHkkO; ?kVukvksa (outcomes) dh

la[;k dks rFkk va'k (Numerator) okafNr ?kVukvksa dh lEHkkO; la[;k dks O;Dr dj jgk gSA fpÙk (Head)

vkus dh izkf;drk dks p ls rFkk iV (Tail) vkus dh izkf;drk dks q ls fy[ksa] rc n flDdksa dks mNkyus ij

fofHkUu lap;ksa esa fpÙk (Head) rFkk iV (Tail) vkus dh izkf;drk dks (p + q)n osQ foLrkj ls fuEuor <ax

ls O;Dr fd;k tk ldrk gSμ

,d flDosQ osQ fy,] (p + q)1 = p + q

nks flDdksa osQ fy,] (p + q)2 = p2 + 2pq + q2

rhu flDdksa osQ fy,] (p + q)3 = p3 + 3p2q + 3pq2 + q3

pkj flDdksa osQ fy,] (p + q)4 = p4 + 4p3q + 6p2q2 + 4pq3 + q4

n flDdksa osQ fy,] (p + q)n = pn + npn–1q1 + 2 2( 1)
...n nn n

p q q
n

−− +

mijksDr lehdj.kksa dks ,d lkekU; lehdj.k (General Equation) osQ :i esa fuEuor <ax ls fy[kk
tk ldrk gSμ

= nC0p
nq0 + nC1pn–1q1 + nC2pn–2q2 + ...nCnp0qn

bl lkekU; lehdj.k dh lgk;rk ls Li"V gS fd n = 5 osQ fy, f}inh; foLrkj (Binomial
Expansion) fuEuor gksxkA

(p + q)5 = 5C0p5q0 + 5C1p
4q1 + 5C2p

2q3 + 5C4p
1q4 + 5C5p

0q5

 = 1p5 + 5p4q + 10p3q2 + 10p2q3 + 5pq4 + 1q5
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(p + q)n osQ fy, mijksDr o£.kr lkekU; foLrkj dks f}in forj.k (Binomial Distribution)

dgrs gSaA bldk izfriknu fLol xf.krK tsEl cuksZyh (James Bernoulli) us fd;k Fkk ftuosQ uke ij bls

cuksZyh forj.k Hkh dgrs gSaA f}in dk vFkZ gS nks in] ,d in ?kVuk dh liQyrk dks rFkk nwljk foiQyrk dks

bafxr djrk gSA tSls ihNs p dks fpÙk vkus (Head) osQ fy, rFkk q dks fpÙk u vkus (Non-Head) osQ fy,

iz;qDr fd;k x;k gSA mijksDr ls Li"V gS fd f}in forj.k esa (n + 1) in gksrs gSaA f}in forj.k dk izR;sd in

la[;kRed xq.kkad (Numerical Coefficient), p osQ ?kkrkad (Power of p) rFkk q osQ ?kkrkad (Power

of q) dh xq.kk ls cuk gksrk gSA izFke rFkk vfUre in dk la[;kRed xq.kkad lnSo ,d gksrk gS blfy, bls fy[kus

dh vko';drk ugha gksrhA izFke in esa p dh ?kkr n rFkk q dh ?kkr 'kwU; gksrh gS ftls pn ls fy[krs gSaA vkxkeh

inksa esa p dh ?kkr Øe'k% ,d&,d ?kVrh tkrh gS rFkk q dh ?kkr c<+rh tkrh gSA vfUre in esa p dh ?kkr 'kwU;

gksrh gS rFkk q dh ?kkr n gks tkrh gS ftls qn ls fy[krs gSaA Li"V gS fd izR;sd in esa p rFkk p dh ?kkrksa dk

;ksx n osQ cjkcj gksrk gSA f}in forj.k osQ xq.kkad lnSo leferh; (Symmetrical) gksrs gSa rFkk budk ;ksx

2n osQ cjkcj gksrk gS tks oqQy lEHkkoukvksa dh la[;k dks crkrk gSA f}in forj.k esa p rFkk q dk eku leku

gksus dh dksbZ 'krZ ugha gS ijUrq p rFkk q dk ;ksx lnSo ,d osQ cjkcj gksrk gSA f}in forj.k esa p rFkk q dk

eku leku gksus ij f}in foLrkj iw.kZr;k lefer gksrk gS ijUrq ;fn p rFkk q vleku gksrs gSa rc f}in foLrkj

osQ fofHkUu inksa dk forj.k vlefer gksrk gSA bl fLFkfr esa n osQ eku esa o`f¼ osQ lkFk vleferrk de gksrh

tkrh gSA f}in forj.k osQ fofHkUu inksa osQ la[;kRed xq.kkadksa (Numerical Coefficients) dks ikLdy

f=kHkqt (Pascal Triangle) dh lgk;rk ls ljyrk ls Kkr fd;k tk ldrk gSA

lkj.kh 3-6- (p + q)n osQ foLrkj osQ fy, la[;kRed xq.kkadksa dk ikLdy f=kHkqt

?kkr xq.kkad ;ksx
(n)

1 1 1 2
2 1 2 1 4
3 1 3 3 1 8
4 1 4 6 4 1 16
5 1 5 10 10 5 1 32
6 1 6 15 20 15 6 1 64
7 1 7 21 35 35 21 7 1 128
8 1 8 28 56 70 56 28 8 1 256
9 1 9 36 84 126 126 84 36 9 1 512

10 1 10 45 120 210 252 210 120 45 10 1 1024

ikLdy f=kHkqt osQ voyksdu ls Li"V gksxk fd izR;sd iafDr osQ nksuksa fdukjksa osQ xq.kkad ,d osQ cjkcj

gS tcfd vU; lHkh xq.kkad mlls mQij dh iafDr osQ nksuksa vksj osQ nks xq.kkadksa dk ;ksx gSA tSls pkSFkh iafDr esa

6 ¾ 3 $ 3] NBh iafDr esa 15 ¾ 5 $ 10 rFkk lkroha iafDr esa 21 ¾ 6 $ 15 vkfnA ikLdy f=kHkqt ls Li"V

gS fd n = 5 osQ fy, xq.kkadksa dk eku Øe'k% 1] 5] 10] 10] 5 o 1 gS tks iwoZor Kkr xq.kkadksa osQ leku gh

gSaA

f}in forj.k fun'kZ (Binomial Distribution Model) dk O;kogkfjd foKkuksa esa vR;Ur mi;ksxh

,oa egÙoiw.kZ LFkku gSA ftu {ks=kksa esa ?kVukvksa dh liQyrk&vliQyrk ls vk/kj ij mudk f}&foHkktu

(Dichotomous Classification) fd;k tk ldrk gS ogka f}in forj.k dk iz;ksx mfpr gksrk gSA bl fun'kZ

dk O;kogkfjd mi;ksx ,d ljy mnkgj.k ls Li"V gks losQxkA tSls ;fn fdlh Nk=k dks fdlh fo"k; ij 10

lR;klR; iz'uksa okyk ijh{k.k gy djus osQ fy, fn;k x;kA gekjh ekU;rk gS fd og Nk=k ml fo"k; esa oqQN
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Hkh ugha tkurk gS rFkk og iz'uksa dk mÙkj ;kn`fPNd <ax ls (Randomly) nsxkA Li"Vr% ml fo"k; esa oqQN tkuus

ij Nk=k dk >qdko lgh mÙkjksa dh vksj vf/d gksxk tcfd u tkuus ij lgh rFkk xyr nksuksa izdkj osQ mÙkjksa

dh vksj leku :i ls gksxkA ;g ns[kus osQ fy, fd D;k okLro esa Nk=k osQ }kjk fn;s x;s mÙkj ;kn`fPNd gSaA

vFkok mldk >qdko lgh mÙkjksa dh vksj gSa] mlosQ okLrfod izR;qÙkjksa dh rqyuk ;kn`fPNd izR;qÙkjksa ls djuh

gksxhA vr% f}in forj.k (p + q)10 osQ :i esa ;kn`fPNd ifjdYiuk cukuh gksxh tks ;kn`fPNd <ax ls mÙkj nsus

dh fLFkfr esa lgh mÙkjksa osQ fofHkUu lap;ksa dh izkf;drk dks crk losaQA fu%lUnsg n = 10 dh fLFkfr esa] tSlk

fd ikLdy f=kHkqt ls Li"V gksxk] 5 iz'uksa dks lgh djus dh izkf;drk lokZf/d (252@1024) gksxh] vr% ;fn

Nk=k 5 ls vf/d iz'u lgh gy djrk gS rc dgk tk ldrk gS fd mlosQ mÙkj nsus dh izo`fÙk ;kn`fPNd u

gksdj lgh mÙkjksa osQ izfr vf/d gSA nwljs 'kCnksa esa dgk tk ldrk gS fd bl ckr dh lEHkkouk gS fd og Nk=k

lEcfU/r fo"k; esa oqQN&u&oqQN vo'; tkurk gSA f}in forj.k fun'kZ dks cgqfodYi iz'uksa osQ fy;s Hkh iz;qDr

fd;k tk ldrk gSA tSls pkj fodYi okys nks iz'uksa osQ ijh{k.k ij p = 1/4 rFkk q = 3/4 gksxkA rc f}in forj.k

fuEuor gksxkμ

21 3 1 3 9
2

4 4 16 16 16
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ = + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

vr% ;kn`fPNd <ax ls nksuksa iz'uksa dks lgh gy djus dh lEHkkouk 1@16 gksxh] ,d iz'u lgh gy djus

dh lEHkkouk 6@16 gksxh rFkk nksuksa iz'u xyr gy djus dh lEHkkouk 9@16 gksxhA ;s nksuksa mnkgj.k f}in forj.k

dh O;kogkfjd mi;ksfxrk dh iqf"V osQ fy, i;kZIr gSaA tula[;k esa iq#"k&efgyk dk gksuk] dkj[kkus esa fu£er

oLrqvksa dk nks"kiw.kZ o nks"kjfgr gksuk tSlh }U}kRed ?kVukvksa ls lEcfU/r O;ogkfjd leL;kvksa osQ vè;;u esa

Hkh bl forj.k dk mi;ksx gks ldrk gSA

(I) f}in&forj.k (Binomial Distribution)

f}in&forj.k osQ lkFk fLol xf.krK tsEl cuksZyh (James Bernoulli, 1654&1705) dk uke tqM+k

gqvk gS rFkk bls cuksZyh forj.k (Bernaulli Distribution, Bernaulli Trial or Bernaulli Process)

Hkh dgk djrs gSaA bl lS¼kfUrd forj.k dk izfriknu cuksZyh us gh fd;k Fkk vkSj bldk izdk'ku mudh e`R;q

osQ 8 o"kZ i'pkr~ 1713 esa gqvk FkkA f}in (Binomial) dk vFkZ ^nks uke* (Two names) gS] vr% vko`fÙk

forj.k nks oxks± osQ vUrxZr vkrk gSA f}in&forj.k ,d [kf.Mr vko`fÙk forj.k gS tks }U}kRed&fodYiksaμ,d

lead lewg dh liQyrk o vliQyrk osQ :i esa lEHkkoukvksa ij vkèkkfjr gksrk gSA f}in&forj.k dh fo'ks"krk,¡

fuEufyf[kr gSaμ

(1) iz;ksxksa (trials) dh la[;k fuf'pr gksrh gSA

(2) izR;sd iz;ksx osQ ikjLifjd viothZ (mutually exclusive) ifj.kke nks gksrs gSaA

(3) iz;ksx dh liQyrk dk laosQrk{kj ‘p’ gksrk gS rFkk vliQyrk dk ‘q’ A ‘q’, 1 – p, osQ cjkcj gksrk gSA

(4) iz;ksx (trials) LorU=k (independent) gksrs gSa] vFkkZr~ fdlh ,d iz;ksx osQ ifj.kke dk izHkko vkxs

fd;s tkus okys iz;ksxksa osQ ifj.kkeksa ij ugha iM+rk gSA

lkekU; :i ls f}in forj.k dh fo'ks"krkvksa osQ dkj.k bldk iz;ksx vusd n'kkvksa esa lEHko gksrk gSA

;g forj.k fdlh Hkh n'kk esa O;ogkj esa yk;k tk ldrk gS tgk¡ fdlh nSo&iz;ksx osQ ‘n’ LorU=k iz;ksx fufgr

gksa] izR;sd iz;ksx osQ nks lEHko ifj.kke gksa] liQyrk (success), ftldh izkf;drk ‘p’ gks rFkk vliQyrk

(failure) ftldh izkf;drk ‘q’ gks tks ‘1 – p’ osQ cjkcj gksrh gSA ;gk¡ ij bl ckr ij cy fn;k tk ldrk

gS fd iz;ksx LorU=k gksuk pkfg,] rFkk liQyrk dh izkf;drk (vr% vliQyrk dh izkf;drk Hkh) fofHkUu iz;ksxksa

esa ugha cnyuh pkfg,A ^liQyrk* rFkk ^vliQyrk* dks nks lEHko ifj.kkeksa osQ :i esa ekuk tkuk pkfg, u fd

muosQ 'kkfCnd vFkZ osQ :i esaA



36 vFkZ'kkL=k esa lkaf[;dh; i¼fr

uksV

vfu;fer pj ,oe~
izkf;drk forj.k

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 03-1.pmd

flDdk mNkyus osQ iz;ksxksa osQ mnkgj.k ls f}in forj.k dh O;qRifÙk dks Hkyh&Hkk¡fr n'kkZ;k tk ldrk

gSA ,d lPpk (fair) flDdk mNkyus esa ikjLifjd viothZ nks ifj.kke fpÙk fxjuk (Head up) ;k iV~V fxjuk

(Tail up)μgks ldrs gSaA flDosQ osQ fpÙk fxjus dh izkf;drk % p = 1
2  gS rFkk mlosQ iV~V fxjus dh izkf;drk %

q = 1 – p ;k 1 – 1
2

1
2=  gSA vr% p + q = 1 bls f}in lw=k dks bl :i (p + q)n esa O;Dr fd;k tk ldrk gSA

blh izdkj ;fn nks flDosQ (A rFkk B) ,d lkFk mNkys tk;¡ rks lEHkkfor ifj.kke fuEu izdkj gksaxs %

A B
H H
T H
H T (H = Head, T = Tail)

T T

nksuksa flDdksa dks ,d lkFk mNkyus ij muosQ fpÙk fxjus (H) dh lEHkkouk 1
4  gS rFkk iV~V fxjus (T)

dh lEHkkouk Hkh 1
4  gSA lEHkkouk izes; ls Hkh ;gh ifj.kke Kkr gksrk gS %

izFke flDosQ dks mNkyus esa fpÙk (H) fxjus dh lEHkkouk = 1
2

f}rh; flDosQ dks mNkyus esa fpÙk (H) fxjus dh lEHkkouk = 1
2

nksuksa flDdksa dh ,d lkFk mNky esa nksuksa osQ fpÙk (H) fxjus dh lEHkkouk = 1
2

1
2

1
4× =  gSA iV~V fxjus

(T) dh lEHkkouk Hkh 1
4  gSA

;g fpÙk fxjus dh ?kVuk dks liQyrk ekuk tk; vkSj mldh lEHkkouk dk laosQr ‘p’ j[kk tk; rFkk iV~V

fxjus dh ?kVuk dks vliQyrk ekuk tk; vkSj mldh lEHkkouk dk laosQr ‘q’ j[kk tk; rks mi;qZDr ifj.kkeksa dks

fuEu izdkj O;Dr fd;k tk ldrk gSμ

HH HT TH TT
pp pq qp qq

or p2 2pq q2

p2  + 2 pq + q2, (p + q)2 dk foLrkj gSA vr% nks LorU=k ?kVukvksa dh lkewfgd lEHkkouk dks ljy

f}inh lw=k (p + q)2 gSA

flDosQ osQ mNkyus esa mlosQ fpÙk fxjus dh lEHkkouk (p) = 1
2

flDosQ osQ mNkyus esa mlosQ iV~V fxjus dh lEHkkouk (q) = 1
2

vr% (p + q)2 = p2 + 2 pq + q2 or 1
2

1
2

2 1
4

1
2

1
4+ + +d i or

blh izdkj rhu flDosQμA, B, C mNkyus ij 8 lEHkkfor ifj.kke gks ldrs gSaμ

A B C

H H H = p3

H H T
H T H = 3p2q
T H H
T H T
T T H
H T T = 3 pq2

T T T = q3

U
V|
W|
U
V|
W|
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,d flDosQ dh mNky esa mlosQ fpÙk fxjus (H) dh lEHkkouk = 1
2

rhu flDdksa dh mNky esa muosQ fpÙk fxjus (H) dh lEHkkouk = 1
2

1
2

1
2

1
8× × =

rhu flDdksa dh mNky esa muosQ iV~V fxjus (T) dh lEHkkouk = 1
2

1
2

1
2

1
8× × =

rhu flDdksa dh mNky esa mlesa 2 ds fpÙk rFkk 1 osQ iV~V fxjus dh lEHkkouk = 1
2

1
2

1
2

1
8× × =d i

rhu flDdksa dks rhu&rhu ckj mNkyus esa 2 osQ iV~V rFkk 1 osQ fpÙk fxjus dh lEHkkouk Hkh 3
8  gSA ;fn

p = 1
2 , q = 1

2  :

(p + q)3 = 1
2

1
2

3
+d i  = p3 + 3 p2q + 3 pq2 + q3 = 1

8
3
8

3
8

1
8+ + +

;g foLrkj chtxf.kr osQ fuEu lw=kksa ij vkèkkfjr gSaμ

(a + b)2 = a2 + b2 + 2ab

(a + b)3 = a3 + 3a2b + 3ab2 + b3

bl foLrkj&lw=k dks (p + q)n osQ :i esa O;Dr fd;k tk ldrk gSA ;fn fofHkUu ifj.kkeksa dh lEHkkfor

vko`fÙk;k¡ Kkr djuk pkgrs gSa rks N (p + q)n lw=k dh lgk;rk ls mUgsa Kkr fd;k tk ldrk gSA bl lw=k esa N

;ksx (number of trials) o n LorU=k ?kVukvksa dh la[;k dk izfrfufèkRo djrk gSA ;fn vko`fÙk;ksa dk oqQy

;ksx 100 gks rFkk LorU=k ?kVuk,¡ nks gksa rks lEHkkfor vko`fÙk fooj.k bl izdkj gksxkμ

N ( p + q)n or 100 (p + q)2

100 ( p2 + 2pq + q2) if p = 
1
2

, q = 
1
2

Then = 100 
1
4

1
2

1
4

100
1
4

100
1
2

100
1
4

+ +F
HG

I
KJ = F

HG
I
KJ + F

HG
I
KJ + F

HG
I
KJ

= 25 + 50 + 25 = 100

vU; :i esa = 25 for two successes

50 for one success and one failure

25 for no successes

;fn N = 100, LorU=k ?kVukvksa dh la[;k 3 gks rks f}in foLrkj bl izdkj gksxkμ

N(p + q)n = 100
1
2

1
2

3

+FHG
I
KJ

100(p3 + 3p2q + 3pq2 +  q3)

= 100
1
8

100
3
8

100
3
8

100
1
8

F
HG
I
KJ + F
HG
I
KJ + F
HG
I
KJ + F

HG
I
KJ  = 12.5 + 37.5 + 37.5 + 12.5 = 100

f}in&forj.k 4, 5, 6, 7, 8.........n ?kVukvksa osQ fy, (p + q)n lw=k osQ foLrkj ls Kkr fd;k tk ldrk

gSμ

(p + q)4 = p4 + 4p3q + 6p2q2 + 4pq3 + q4

(p + q)5 = p5 + 5p4q + 10p3q2 + 10p2q3 + 5pq4 + q5

(p + q)6 = p6 + 6p5q + 15p4q2 + 20p3q3 + 15p2q4 + 6pq5 + q6

(p + q)7 = p7 + 7p6q + 21p5q2 + 35p4q3 + 35p3q4 + 21p2q5 + 7pq6 + q7
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foLrkj dk lw=k bl izdkj gSμ

(p + q)n = pn + npn – 1q1 + 
n n

p q
n n n

p qn n( ) ( ) ( )−
×

+ − −
× ×

− −1
1 2

1 2
1 2 3

2 2 3

+ 
n n n n( ) ( ) ( )− − −

× × ×
1 2 3

1 2 3 4
pn – 4 q4 ... + qn

;fn n = 5, rc (p + q)n = (p + q)5

(p + q)5 = p5 + 5p5 – 1 q1 + 
5 5 1

2
5 5 1 5 2

3 2
5 2 2 5 3 3( ) ( ) ( )− + − −

×
− −p q p q

+ 
5 5 1 5 2 5 3

4 3 2
5 5 1 5 2 5 3 5 4

5 4 3 2
5 4 4 5 5 5( ) ( ) ( ) ( ) ( ) ( ) ( )− − −

× ×
+ − − − −

× × ×
− −p q p q

= p5 + 5p4q + 10p3q2 + 10p2q3 + 5pq4 + q5

la;ksx (Combination) osQ fu;eksa osQ vkèkkj ij Hkh lw=k dk foLrkj fuEu izdkj ls fd;k tk ldrk

gSμ

(p + q)5 = nC5p
5q0 + nC4 p4 q1 + nC3p3q2 + nC2 p

2 q3 + nC1p
1q4 + nC0 p0 q5

= 5C5p5q0 + 5C4 p4 q1 + 5C3p3q2 + 5C2 p2 q3 + 5C1p1q4 + 5C0 p0 q5

= 1p5 + 5p4 q + 10p3q2 + 10p2q3 + 5pq4 + 1q5

(q + p)n = nC0q
np0 + nC1qn – 1p1 + nC2q

n – 2p2 + nC3q
n – 3p3 + ... + nCnq0pn

= qn + nC1q
n – 1p1 + nC2qn – 2p2 + nC3q

n – 3p3 + ... + pn

;fn fdlh ?kVuk dh p = 1
2 , q = 1

2  rFkk n = 8, rks lw=k dk foLrkj bl izdkj gksxkμ

1
2

1
2

1
2

8
1

1
2

1
2

8 7
1 2

1
2

1
2

8 8 7 6 2

+FHG
I
KJ = FHG

I
KJ + FHG

I
KJ
F
HG
I
KJ + F

HG
I
KJ
F
HG
I
KJ

( )
( )( )

+ 
8 7 6
1 2 3

1
2

1
2

8 7 6 5
1 2 3 4

1
2

1
2

5 3 4 4( )( )
( )( )( )

( )( )( )
( )( )( )( )

F
HG
I
KJ
F
HG
I
KJ + F

HG
I
KJ
F
HG
I
KJ

+ 
8 7 6 5 4
1 2 3 4 5

1
2

1
2

8 7 6 5 4 3
1 2 3 4 5 6

1
2

1
2

3 5 2 6( )( )( )( )
( )( )( )( )( )

( )( )( )( )( )
( )( )( )( )( )( )

F
HG
I
KJ
F
HG
I
KJ + F

HG
I
KJ
F
HG
I
KJ

+ 
8(7 6 5 3 2
1 2 3 5 6 7

1
2

1
2

1
2

7 8)( )( )(4)( )( )
( )( )( )(4)( )( )( )

F
HG
I
KJ
F
HG
I
KJ + FHG

I
KJ

ljy djus ijμ

1
2

1
2

1
256

8
256

28
256

56
256

70
256

56
256

28
256

8
256

1
256

8

+FHG
I
KJ = + + + + + + + +

;fn 8 flDdksa dks ,d lkFk mNkyk tk; rks fofHkUu ifj.kkeksa dh izkf;drk bl izdkj gksxh

H T p p

8 0
1

256
.004

7 1
8

256
.031

6 2 28
256

.109
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5 3 56
256

.219

4 4 70
256

.273

3 5 56
256

.219

2 6 28
256

.109

1 7 8
256

.031

0 1 1
256

.004

Total 256
256

1.000

(II) IokW;lu forj.k

(Poisson Distribution)

vius le; osQ izfl¼ isazQp xf.krK lkbeu Msful IokW;lu (Simon Denis Poission) (1781&1840)

us 1837 esa ,d vko`fÙk forj.k dk izfriknu fd;k ftls IokW;lu forj.k dh laKk nh x;h gSA ;g ,d egÙoiw.kZ

izkf;drk vko`fÙk&forj.k gSA IokW;lu us bl vko`fÙk&forj.k dk fopkj ml le; [kkstk tcfd os iQkSt osQ

fMohtuksa esa] tgk¡ [kPpjksa dk mi;ksx flikfg;ksa o lkeku <ksus osQ fy, fd;k tkrk Fkk] [kPpjksa dh ykrksa ls ejus

okys O;fDr;ksa dk vè;;u dj jgs FksA R;kW;lu forj.k Hkh mUgha ekU;rkvksa ij vkèkkfjr gS ftu ij f}in forj.kA

blls rkRi;Z ;g gS fd IokW;lu iz;ksx esa liQyrk rFkk vliQyrk ls O;ogkj fd;k tkrk gS] liQyrk,¡ ,d&nwljs

ls LorU=k gksrh gSa] vkSj bl izdkj lEiw.kZ iz;ksx esa liQyrk dh izkf;drk leku jgrh gSA IokW;lu dks f}in

forj.k dh lhek osQ ,d Lo:i osQ :i esa ns[kk tk ldrk gS tcfd n vuUr dh vksj tk jgk gks (n → ∞)

rFkk p 'kwU; dh vksj tk jgk gks (p → 0), bl izdkj fd mudk xq.kuiQy ,d fuf'pr la[;k (m) gks vFkkZr~

og fLFkj jgsA vU; 'kCnksa esa] R;k;lu forj.k dk O;ogkj ml n'kk esa gksrk gS tgk¡ ij vusd nSo&n'kk,¡ gksa] tgk¡

,d liQyrk dh izkf;drk cgqr gh de gks rFkk iz;ksxksa dh la[;k dkiQh vfèkd gksA bl izdkj osQ izkf;drk

forj.k dk O;ogkj chek osQ nkoksa] e'khuksa dk #d tkuk] izfr i`"B Vad.k&=kqfV;k¡] xzkgdksa dk vkxeu vkfn esa

fo'ks"k :i ls fd;k tkrk gSA IokW;lu fofèk ls l`ftr ?kVukvksa esa ,d fuf'pr vUrjky (le;] nwjh ;k LFkku

dk) gksuk pkfg, ftls NksVs&NksVs vUrjkyksa esa ck¡Vk tk ldrk gks] rFkk izR;sd dks ,d iz;ksx ekuk tk,A

mi&vUrjky (sub-interval) dkiQh NksVs gksus pkfg, ftlls ,d mi&vUrjky esa ,d ls vfèkd liQyrk u

?kV losQA mi&vUrjkyksa dh la[;k gh ?kVukvksa dh la[;k gksxhA ;g ekU;rk gksrh gS fd ?kVuk,¡ LorU=k gksaxhA

IokW;lu forj.k dk Lo:i

(Form of Poission Distribution)

f}in forj.k dh Hkk¡fr gh R;kW;lu forj.k osQ pj&ewY; (variate) [kf.Mr (discrete) gksrs gSa]

vFkkZr~ os iw.kk±d (integer) gksrs gSaA 0] 1] 2] 3---------liQyrkvksa dh izkf;drk,¡ fuEu lw=k osQ foLrkj ls Kkr

dh tk ldrh gSaμ

p = e–m 1
1 2 3 4

2 3 4
+ + + +
L
N
MM

O
Q
PP

m m m m m
r

r

! ! ! !
.........

!
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bldks bl izdkj Hkh fy[kk tk ldrk gSμ

No. of successes : 0 1 2 3 4 ...... r

Probabilities (p) : e–m me–m m2e–m m3e–m m4e–m ...... mre–m

x.ku&fØ;k

IokW;lu forj.k osQ fy, 0] 1] 2] 3---------liQyrkvksa dh izkf;drk,¡ fuEu izdkj Kkr dh tkrh gSaμ

(i) leadksa dk ekè; (m) fudkyk tkrk gSA

(ii) e–m dk eku Kkr fd;k tkrk gSA

e (izkÑfrd y?kqx.kd dk vkèkkj) dk eku 2-7183 gksrk gSA

e – m = 
1

em  =
1

2 7183
1

2 7183( . ) ( . )m m
=

×Antilog Log

=
1
4343Antilog (. )× m

 = Reciprocal of [Antilog (.4343 × m)]

∴ e–m = Reciprocal [Antilog (.4343 × m)]

(iii) fuEu lw=k osQ iz;ksx ls IokW;lu forj.k esa 0] 1] 2] 3] 4---------liQyrkvksa dh izkf;drk,¡ Kkr dh

tk;saxhμ

 P(r) = e – m m
r

r

!

IokW;lu forj.k dh fo'ks"krk,¡

(Characteristics of Poission Distribution)

I;kWolu forj.k esa fuEufyf[kr fo'ks"krk,¡ ik;h tkrh gSaμ

(1) [kf.Mr forj.kμf}in forj.k dh Hkk¡fr IokW;lu forj.k Hkh [kf.Mr forj.k (discrete

distribution) gksrk gS] vFkkZr~ mldk lEcUèk mu ?kVukvksa ls gksrk gS ftudk [kf.Mr nSo&pj ls forj.k fn;k

tk ldrk gSA ;s nSo&pj liQyrkvksa dh la[;k 0] 1] 2] 3---ls bafxr fd;s tkrs gSaA ;gk¡ ij ;g crkuk mfpr

gksxk fd IokW;lu nSo&pj 0] 1] 2]---ls ysdj vuUr la[;k rd gks ldrs gSa tcfd f}in pjksa dh lhek gksrh

gSμ0] 1] 2]---nA

(2) ‘p’ rFkk ‘q’ dk ekuμbl forj.k dk O;ogkj mu n'kkvksa esa gksrk gS tgk¡ fdlh ?kVuk osQ ?kVus

dh izkf;drk (p) vR;Ur gh de gksrh gS rFkk ml ?kVuk osQ u ?kVus dh izkf;drk (q) dkiQh vfèkd (1 osQ

yxHkx) gksrh gSA blesa ‘n’ Hkh vfèkd gksrk gSA

(3) eq[; ekikadμIokW;lu forj.k osQ eq[; ekikad (Parameter) ekè; (m = np) gksrk gSA ;fn

m Kkr gks rks vU; ekikadksa osQ ewY; Kkr fd;s tk ldrs gSaA

(4) vpjksa osQ ewY;μIokW;lu forj.k esa vpjksa (Constants) osQ ewY; bl izdkj gksrs gSaμ

X  or m = np, σ = m np= ,

  μ1 = 0,  μ2 = m, μ3 = m, μ4 = m(3m + 1).

(5) forj.k dk Lo:iμIokW;lu forj.k fo"ke forj.k gksrk gSA m dk eku c<+us osQ lkFk&lkFk

forj.k nk;ha vksj c<+rk tkrk gS rFkk fo"kerk de gksrh tkrh gSA

(6) ekU;rk,¡μIokW;lu forj.k fuEufyf[kr ekU;rkvksa ij vkèkkfjr gksrk gSμ(i) fdlh ?kVuk dk ?kVuk

;k u ?kVuk vU; osQ ?kVus ;k u ?kVus dks izHkkfor ugha djrk gSA (ii) ,d NksVs le;] {ks=k ;k LFkku dk vUrjky

le;] {ks=k ;k LFkku dh yEckbZ osQ vuqikr esa gSA (iii) ,d ls vfèkd ?kVuk osQ y?kq&vUrjky esa ?kVus dh

izkf;drk ux.; gksrh gSA
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(7) mi;ksfxrkμIokW;lu forj.k ,sls nSo&pjksa ls lEcfUèkr izkf;drk,¡ fuèkkZfjr djus esa vfèkd mÙke

fun'kZ (model) jgrk gS tgk¡ ‘p’ vR;Ur gh de gks rFkk n dk ifjek.k vfèkd gks] tSls] VsyhiQksu fLopcksMZ

ij VsyhiQksu dkWy vkus dh la[;k] fu£er ikVZ esa nks"kksa dh la[;k] nq?kZVukvksa dh la[;k] fdlh lsok&lqfoèkk ij

vkus okys xzkgdksa dh la[;k vkfnA

3-4 lkekU; izkf;drk oØ (Normal Probability Curve)

Åij o£.kr f}in forj.k ,d [kf.Mr forj.k (Discrete Distribution) gS ftldk iz;ksx osQoy

mUgha ifjfLFkfr;ksa esa fd;k tk ldrk gS tc fdlh ?kVuk osQ osQoy nks gh lEHkkfor ifj.kke liQyrk o

vliQyrk gksrs gSa ijUrq O;ogkj esa vusd ,slh ?kVuk,sa gksrh gSa ftuosQ ifj.kke lrr~ (Continuous) :i esa

izkIr gksrs gSaA tSls fdlh ijh{k.k ij Nk=kksa osQ izkIrkad dk vFkok O;fDr;ksa osQ Hkkj o m¡QpkbZ ekikad vkfn dk

forj.k lrr gksrk gSA ,slh ?kVukvksa osQ lEcUèk esa vuqeku yxkus osQ fy, lkekU; izkf;drk forj.k fun'kZ

(Normal Probability Distribution Model) dk iz;ksx fd;k tkrk gSA f}in forj.k esa tc p o q dk

eku leku gksrk gS rFkk ?kkrkad (Exponent) dk eku vuUr (Infinity) dh vksj vxzlj gksrk gS rc lkekU;

izkf;drk forj.k izkIr gksrk gSA ;g ,d v[kf.Mr] lrr o lefer forj.k gSA vkèkqfud lkaf[;dh esa lkekU;

izkf;drk forj.k dk osQUnzh; LFkku gSA lkekU; izkf;drk forj.k Hkh ,d lS¼kfUrd forj.k gSA n osQ vuUr dh

vksj vxzflr gksus osQ dkj.k bl forj.k dk js[kkfp=kh; :i lrr oØ tSlk gksrk gSA blfy, bls izk;% lkekU;

izkf;drk oØ (Normal Probability Curve) vFkok ,u- ih- lh- (N.P.C.) osQ uke ls lEcksfèkr fd;k

tkrk gSA

lkekU; izkf;drk oØ dk bfrgkl

(History of Normal Probability Curve)

lkekU; izkf;drk oØ (Normal Probability Curve) okLro esa ,d lS¼kfUrd (Theoritical),

vkn'kZ (Ideal) rFkk xf.krh; (Mathematical) oØ gSA bls lkekU; oØ (Normal Curve) ;k ,u- ih-

lh- (N.P.C.) osQ uke ls Hkh iqdkjk tkrk gSA lkekU; izkf;drk oØ dks Kkr djus dk Js; yUnu esa jg jgs

,d Úkalhlh 'kj.kkFkhZ vczkge Mh eksboj (Abraham De Moivre) dks tkrk gS ftUgksaus lu~ 1733 esa bl oØ

dh xf.krh; lehdj.k izLrqr dh FkhA ijUrq bl oØ dk O;kogkfjd mi;ksx Úkalhlh xf.krK ih;js lkbeu

(Pierre Simon), tks ekjowQl Mh ykIykl (Marquis De laplace) Hkh dgykrk Fkk] rFkk teZu [kxksyfoK

dkyZ izsQMfjp xkWl (Carl Freidrich Gauss) us mUuhloha 'krkCnh osQ izkjEHk esa fd;kA xkWl us ik;k fd

[kxksyfonksa osQ }kjk dh tkus okyh vadu =kqfV;ksa (Recording Errors) dk forj.k lkekU; izkf;drk oØ osQ

vuq:i gksrk gS rFkk lkekU; izkf;drk oØ dks f}in forj.k (Binomial Distribution) esa ?kkrkad n dks

vuUr (Infinity) rd c<+kdj izkIr fd;k tk ldrk gSA mlosQ bl dk;Z dks bruh [;kfr feyh fd lkekU;

izkf;drk oØ dks xkWfl;u oØ (Gaussian Curve) vFkok =kqfV;ksa dk lkekU; oØ (Normal Curve

of Errors) Hkh dgk tkus yxkA lkekU; izkf;drk oØ osQ O;kogkfjd mi;ksx dks csfYt;e osQ ,MksYiQh D;wVysV

(Adolphe Quetlet) us mUuhloha 'krkCnh osQ eè; Hkkx esa vR;fèkd foLrkj fn;kA mldk fopkj Fkk fd

lkekU; izkf;drk oØ dk mi;ksx ekuo'kkL=k rFkk ekuoh; ?kVukvksa ls lEcfUèkr leL;kvksa osQ vè;;u esa ekMy

(Model) osQ :i esa fd;k tk ldrk gSA mldk fo'okl Fkk fd ekis tkus ij fofHkUu ekufld rFkk uSfrd xq.k

(Mental and Moral Traits) lkekU; izkf;drk oØ osQ :i esa forfjr ik;s tk;saxsA mldk ;g fo'okl

dkykUrj esa lR; fl¼ gqvkA dkykUrj esa tc fofHkUu ekufld o uSfrd xq.kksa dk ekiu lEHko gqvk rc mudk

forj.k lkekU; izkf;drk oØ osQ vuq:i gh ik;k x;kA mUuhloha 'krkCnh osQ vfUre o"kks± esa lj ÚkfUll xkYVu

(Sir Fransis Galton) us O;fDrxr fofHkUurkvksa ls lEcfUèkr vius iz;ksxksa esa ik;k fd vusd ekufld rFkk

'kkjhfjd fo'ks"krkvksa (Mental and Physical traits) osQ forj.k lkekU; izkf;drk oØ osQ leku gksrs gSaA
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os izkÑfrd ?kVukvksa (Natural Phenomena) esa lkekU; izkf;drk oØ osQ mi;ksx dh lEHkkouk ls Hkh cgqr

izHkkfor gq,A

xf.krh; n`f"V ls lkekU; izkf;drk oØ ,d ,slk f}inh; oØ gS ftlesa ?kkrkad n dk eku vuUr

(Infinity) rFkk p o q osQ eku leku vFkkZr~ -5 gksrk gSA D;ksafd ;g oØ izkf;drk fl¼krksa ij vkèkkfjr gS

blfy, bls lkekU; izkf;drk oØ dk uke fn;k x;kA Mh eksboj osQ }kjk izfrikfnr gksus osQ dkj.k bls Mh eksboj

oØ (De Moivre Curve) Hkh dgk tkrk gSA vkèkqfud lkaf[;dh esa lkekU; izkf;drk oØ dk ,d vR;Ur

egÙoiw.kZ LFkku gSA fofHkUu pjksa rFkk =kqfV;ksa dk ,d gh izdkj osQ lS¼kfUrd oØ (lkekU; izkf;drk oØ) osQ

:i esa forfjr gksus dk lkaf[;dhfonksa us ykHk mBk;k ,oa bl oØ dks ekMy eku dj vusd lk¡f[;dh; fofèk;ksa

dk fodkl dj fy;kA okLro esa lkekU; izkf;drk oØ fu"d"kkZRed lkaf[;dh (Inferential Statistics) dk

izk.k gSA ;fn lkekU; izkf;drk oØ osQ izR;; dks fudky fn;k tk;s] rks lEiw.kZ fu"d"kkZRed lkaf[;dh dk Kku

oqQN i`"Bksa ek=k esa lhfer gksdj jg tk;sxkA

;|fi O;ogkj esa lkekU; izkf;drk oØ dh izkfIr laHko ugha gS D;ksafd dksbZ Hkh pj iw.kZ :i ls lkekU;

izkf;drk oØ osQ :i esa forfjr ugha gksrk gS rFkkfi voyksfdr oØksa dh izo`fÙk lkekU; izkf;drk oØ osQ vkdkj

dks izkIr djus dh gksrh gSA tSls&tSls N c<+rk tkrk gS oSls&oSls voyksfdr vko`fÙk oØ dk vkdkj lkekU;

izkf;drk oØ osQ vuq:i gksrk tkrk gSA voyksfdr oØksa dh bl izo`fÙk osQ dkj.k N osQ cM+k gksus ij O;kogkfjd

leL;kvksa osQ vè;;u esa fofHkUu pjksa dks lkekU; izkf;drk oØ osQ vuq:i forfjr ekuk tk ldrk gSA ifj.kker%

lkekU; oØ dh fo'ks"krkvksa dh lgk;rk ls bl izdkj dh leL;kvksa dks gy fd;k tk ldrk gSA Li"V gS fd

lkekU; izkf;drk oØ ,d ,slk lS¼kfUrd] xf.krh; rFkk vkn'kZ oØ gS] ftldh O;ogkj esa iw.kZ izkfIr yxHkx

vlEHko gh gS ijUrq ftldk O;kogkfjd mi;ksx vR;Ur vfèkd gSA

lkekU; izkf;drk oØ dh fo'ks"krk,¡

(Characteristics of Normal Probability Curve)

iz;qDr lkaf[;dh esa lkekU; izkf;drk oØ (NPC) osQ mi;ksx dks è;ku esa j[kdj ;g mfpr gh gksxk

fd bl oØ dk xgu vè;;u fd;k tk;sA vr% lkekU; izkf;drk oØ dh oqQN izeq[k fo'ks"krk,¡ vxzkafdr izLrqr

dh xbZ gSaμ

1- vkÑfr (Shape)μlkekU; izkf;drk oØ (NPC) okLro esa ?kaVk?kj (Bell Shaped), iw.kZ

lefer (Symmetrical), ,dy cgqykadh (Unimodal), lkekU; oØrk okyk (Mosokurtic) oØ gSA

bl oØ esa nksuksa fljksa ij vko`fÙk;k¡ de gksrh gS rFkk osQUnz dh vksj vfèkd vko`fÙk;k¡ gksrh gSaA vfèkdre

vko`fÙk;k¡ osQUnz esa fLFkr gksrh gS tgk¡ oØ dk 'kh"kZ fcUnq fLFkr gksrk gSA

v
ko
`fÙ
k

–3 � –2 � –1 � 00 +1 � +2 � +3 �

fp=k 2
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2- xf.krh; lehdj.k (Mathematical Equation)μlkekU; izkf;drk oØ (NPC) dh

xf.krh; lehdj.k (Mathematical Equation) fuEuor~ gksrh gSμ

  y = 
N

σ π
σ

2

2 22e x− /

tgk¡ y = X fcUnq ij fLFkfr dksfV dh Å¡pkbZ

x = eè;eku ls izkIrkad X dh nwjh vFkkZr~ x = X – M

σ = izkIrkadksa dk ekud fopyu

N = oqQy vko`fÙk

π = fLFkjkad] ftldk eku 3.1416 gksrk gSA

e = fLFkjkad] ftldk eku 2.71828 gksrk gSA

3- osQUnzh; ekukas dh lekurk (Equality of Measures of Central Tendencey)μlkekU;

izkf;drk oØ (NPC) esa osQUnzh; izo`fÙk osQ rhuksa eku vFkkZr~ eè;eku] eè;kad o cgqyk¡d leku gksrs gSa rFkk

oØ osQ eè; fcUnq ij fLFkr gksrs gSaA vr% lkekU; izkf;drk oØ esa

M = Md = M0

4- fo"kerk xq.kkad (Coefficient of Skewness)μlkekU; izkf;drk oØ (NPC) dksfV v{k

osQ lkis{k lefer (Symmetrical) gksrk gS ftlosQ dkj.k bl dk fo"kerk xq.kkad (Coefficient of

Skewness) dk eku 'kwU; gksrk gS vFkkZr~

Sk = 0

5- oØrk xq.kkad (Coefficient of Kurtosis)μlkekU; izkf;drk oØ (NPC) u rks cgqr

piVk vkSj u gh cgqr uqdhyk gksrk gSA ;g oØ vkSlr Å¡pkbZ okyk oØ gksrk gS rFkk blosQ fy, oØrk xq.kkad

(Coefficient of Kurtosis) dk eku -263 gksrk gS vFkkZr~

Ku = .263

6- vuUrLi'khZ (Agymptotic)μlkekU; izkf;drk oØ (NPC) nksuksa fn'kkvksa esa vuUr (Infinity)

dh vksj vxzlj gksrk gSA blosQ nksuksa fljs vkèkkj js[kk osQ fudV rks vkrs jgrs gSa ijUrq os vkèkkj js[kk dks dHkh

Hkh Li'kZ ugha djrs gSaA nwljs 'kCnksa esa dg ldrs gSa fd lkekU; izkf;drk oØ vkèkkj js[kk dks vuUr ij Li'kZ

djrk gSA

7- oØrk fn'kk ifjorZu fcUnq (Point of Inflection)μoØrk fn'kk ifjorZu fcUnq os fcUnq gksrs

gSa tgk¡ oØ viuh oØrk fn'kk (Curvature) esa ifjorZu djrk gSA lkekU; izkf;drk oØ (NPC) eè;eku

ls ,d ekud fopyu Åij o uhps vFkkZr~ ± 1σ ij viuh fn'kk ifjo£rr djrk gSA ;g oØ +1σ ls – 1σ
osQ chp vk/kj js[kk dh vksj vory (Concave) gksrk gS tcfd +1σ osQ Åij o –1σ osQ uhps vFkkZr~ nksuksa

fljksa (Tails) ij vkèkkj js[kk dh vksj mÙky (Convex) gksrk gSA

vory

mÙk
y

mÙky

–1 � +1 �

fp=k 3
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8- prqFkk±dksa esa leku vUrj (Equal Difference of Quartiles from Median)μlkekU;

izkf;drk oØ (NPC) esa izFke o r`rh; prqFkk±dksa dk eè;kad ls vUrj leku gksrk gSA ;g vUrj prqFkk±d

fopyu osQ cjkcj gksrk gS ftls laHkkO; =kqfV (Probable Error–PE) Hkh dgrs gSaA vFkkZr~

Q3 – Md = Md – Q1 = Q ;k PE

9- prqFkk±d fopyu rFkk ekud fopyu esa lEcUèk (Relationship between Q.D. and

S.D.)μlkekU; izkf;drk oØ (NPC) esa prqFkk±d fopyu dk eku ekud fopyu osQ eku dk yxHkx 2@3

gksrk gSA lw=k osQ :i esa fy[k ldrs gSa fdμ

Q = .6745 σσσσσ rFkk σσσσσ = 1.482 Q

10- loksZPp dksfV (Highest Ordinate)μlkekU; izkf;drk oØ (NPC) esa vkèkkj js[kk osQ

fcYoqQy eè; esa vFkkZr~ eè;eku fcUnq ij fLFkr dksfV dh Å¡pkbZ vfèkdre gksrh gS rFkk ;g oqQy vko`fÙk;ksa

vFkkZr~ N dh -3989 gksrh gSA bl dksfV dks loksZPp dksfV dgrs gSaA

.3989

fp=k 4

34.13%

M +1 �

34.13%

M–1 � +1 �–1 �

68.26%

47.72%

M +2 �

42.72%

M

95.44%

–2 � –2 � +2 �

49.87%

M +3 � M–3 �

49.87%

–3 � +3 �

99.74%

fp=k 5- lkekU; izkf;drk oØ esa {ks=kiQy (Area Under Normal Probability Curve)



vFkZ'kkL=k esa lkaf[;dh; i¼fr 45

uksV

vfu;fer pj ,oe~
izkf;drk forj.k

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 03-2.pmd

11- {ks=kiQy lEcUèk (Area under N.P.C.)μlkekU; izkf;drk oØ (NPC) rFkk vkèkkj js[kk osQ

chp dk {ks=kiQy lkekU; izkf;drk oØ dk {ks=kiQy dgykrk gS rFkk ;g oqQy vko`fÙk;ksa dks izdV djrk gSA

lkekU; izkf;drk oØ (NPC) dh fdUgha Hkh nks dksfV;ksa osQ chp dk {ks=kiQy mu dksfV;ksa osQ lkis{k izkIrkadksa

osQ chp vad ikus okys Nk=kksa dh la[;k dks izn£'kr djrk gS rFkk ;g oqQy {ks=kiQy dk ,d fuf'pr izfr'kr

gksrk gSA eè;eku ls ,d ekud fopyu nwjh ij fLFkr dksfV o eè;eku ij fLFkr dksfV osQ chp oqQy izkIrkadksa

osQ 34-13» izkIrkad gksrs gSaA eè;eku ls nks ekud fopyu nwjh ij fLFkr dksfV o eè;eku ij fLFkr dksfV osQ

chp oqQy izkIrkadksa osQ 47-72» izkIrkad gksrs gSa eè;eku ls rhu ekud fopyu ij fLFkr dksfV o eè;eku ij

fLFkr dksfV osQ chp oqQy izkIrkadksa osQ 49-87» izkIrkad gksrs gSaA eè;eku osQ nksuksa rjiQ 50»&50» izkIrkad

gksrs gSaA

Li"V gS fd lkekU; oØ esaμ

(i) eè;eku ls ± 1σσσσσ osQ chp 68-26» izkIrkad gksrs gSaA

(ii) eè;eku ls ± 2σσσσσ osQ chp 95-44» izkIrkad gksrs gSaA

(iii) eè;eku ls ± 3σσσσσ osQ chp 99-74» izkIrkad gksrs gSaA

D;ksafd ± 3σ osQ chp 99-74» vFkkZr~ yxHkx lHkh izkIrkad vk tkrs gSaA vr% O;kogkfjd leL;kvksa osQ

lekèkku osQ fy, eku fy;k tkrk gSA fd lkekU; izkf;drk oØ esa ± 3σ osQ chp lHkh (vFkkZr~ 100») izkIrkad

vk tkrs gSaA

ekud lkekU; izkf;drk oØ

(Standard Normal Probability Curve)

lkekU; izkf;drk oØ (NPC) dh lehdj.k ls Li"V gS fd lkekU; izkf;drk oØ osQ fuèkkZj.k osQ fy,

osQoy lewg osQ vkdkj (N), eè;eku (M) rFkk ekud fopyu (σ) dh vko';drk gksrh gS] D;ksafd lehdj.k

esa iz;qDr vU; in fLFkjkad (Constants) gSA bu rhuksa osQ Kkr gksus ij lkekU; izkf;drk oØ dh jpuk dh

tk ldrh gSA fofHkUu forj.kksa osQ fy, lewg dk vkdkj] eè;eku rFkk ekud fopyu izk;% fHkUu&fHkUu gksrs

gSa] vr% muosQ lkis{k lkekU; izkf;drk oØ Hkh fHkUu&fHkUu gksaxsA ;fn ,sls forj.kksa dks lkekU; :i ls forfjr

ekudj oqQN x.kuk,¡ djuh gksa] rc buosQ lkis{k fHkUu&fHkUu lkekU; izkf;drk oØksa dk iz;ksx djuk gksxkA Li"V

gS fd ,sls oØksa dh fofHkUu dksfV;ksa (Ordinates) osQ chp osQ {ks=kiQy ;k izkIrkadksa dh la[;k dks Kkr djus

osQ fy, fHkUu&fHkUu lkjf.k;ksa dh vko';drk gksxh] tks u osQoy ,d dfBu cfYd yxHkx vlEHko lk dk;Z

gksxkA lkekU; izkf;drk oØ dh {ks=kiQy lEcUèkh fo'ks"krkvksa essa Li"V fd;k tk pqdk gS fd eè;eku ij fLFkr

dksfV rFkk eè;eku ls ekud fopyu dh bdkb;ksa esa nwj fLFkr dksfV;ksa osQ chp dk {ks=kiQy oqQy {ks=kiQy dk

,d fuf'pr izfr'kr gksrk gSA nwljs 'kCnksa esa dgk tk ldrk gS fd ;fn izkIrkadksa dks ekud tsM izkIrkadksa (Z-

Scores) osQ :i esa O;Dr djs rc fofHkUu dksfV;ksa osQ chp dk {ks=kiQy oqQy {ks=kiQy dk ,d fuf'pr izfr'kr

vFkok vuqikr gksrk gSA tsM ekud izkIrkadksa osQ :i esa izLrqr lkekU; izkf;drk oØ dks ekud lkekU; izkf;drk

oØ (Standard Normal Probability Curve) dgrs gSaA vr% ekud lkekU; izkf;drk oØ ,d ,slk

lkekU; izkf;drk oØ gS ftlosQ fy, eè;eku dk eku 'kwU; osQ cjkcj rFkk ekud fopyu dk eku ,d osQ

cjkcj gksrk gSA rc ekud lkekU; izkf;drk oØ dh lehdj.k fuEu gks tk;sxhμ

Y = N
2

2 2

π
e z− /

tc N = 1 gksrk gS rc ekud lkekU; izkf;drk oØ dks bdkbZ lkekU; izkf;drk oØ (Unit Normal

Probability Curve) dgk tkrk gSA Li"V gS fd bdkbZ lkekU; izkf;drk oØ dk oqQy {ks=kiQy ,d bdkbZ

osQ cjkcj gksrk gSA bdkbZ lkekU; izkf;drk oØ dh lehdj.k fuEu gksrh gSμ

y = 
1

2
e z /22

π
−
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D;ksafd bdkbZ lkekU; izkf;drk oØ] eè;eku] ekud fopyu ;k lewg osQ vkdkj ij vkèkkfjr ugha gksrk

gS blfy, blosQ lkis{k ,d ,slh lkj.kh cukbZ tk ldrh gS ftldk iz;ksx fofHkUu O;kogkfjd leL;kvksa osQ

lekèkku esa fd;k tk losQA lkaf[;dh dh iqLrdksa esa nh xbZ lkekU; izkf;drk oØ dh {ks=kiQy lEcUèkh lkjf.k;k¡

izk;% bdkbZ oØ osQ fy, gksrh gS tks fdUgha nks dksfV;ksa osQ chp osQ {ks=kiQy ;k vko`fÙk;ksa dks vuqikr

(Proportion) osQ :i esa O;Dr djrh gSA ekud lkekU; izkf;drk oØ dh lkj.kh dh lgk;rk ls fdlh Hkh

lkekU; izkf;drk forj.k dh fdUgha Hkh nks dksfV;ksa osQ chp osQ {ks=kiQy@vko`fÙk;ksa dks Kkr fd;k tk ldrk gSA

blosQ fy, fn;s x;s eè;eku rFkk ekud fopyu okys forj.k dks ,sls forj.k esa ifjo£rr dj ysrs gSa ftldk

eè;eku 'kwU; rFkk ekud fopyu ,d gks] nwljs 'kCnksa esa dg ldrs gSa fd ekud lkekU; izkf;drk oØ lkj.kh

ekud izkIrkadksa osQ fy, gh iz;qDr dh tk ldrh gSA vr% ekud lkekU; izkf;drk oØ dh lkj.kh dk mi;ksx

djus osQ fy, igys fofHkUu izkIrkadksa dks ekud izkIrkadksa (Standard Scores), ftUgsa tsM izkIrkad

(Z-Scores) vFkok flxek eku (σ Values) Hkh dgrs gSa] esa cny ysrs gSaA rRi'pkr bu tSM izkIrkadksa ;k

flxek ekuksa osQ lkis{k fofHkUu dksfV;ksa osQ chp dk {ks=kiQy lkj.kh ls Kkr dj ysrs gSaA D;ksafd eè;eku lkekU;

izkf;drk oØ dh vkèkkj js[kk osQ eè; fcUnq ij fLFkr gksrk gS rFkk eè;eku osQ fy, tSM izkIrkad ;k flxek

eku lnSo 'kwU; gksrk gS blfy, dgk tk ldrk gS fd ekud lkekU; izkf;drk oØ esa vkèks tSM izkIrkad (flxek

eku) 'kwU; ls de gksrs gSa rFkk vkèks tSM izkIrkad (flxek eku) 'kwU; ls vfèkd gksrs gSaA ;fn tSM izkIrkad ;k

flxek eku èkukRed gksrk gS rks ;g eè;eku fcUnq ;k 'kwU; tSM izkIrkad ;k 'kwU; flxek eku osQ nk¡;h rjiQ

(Right Side) esa fLFkr gksrk gS tcfd Í.kkRed tSM izkIrkad ;k flxek eku ck¡;h rjiQ (Left Side) esa fLFkr

jgrk gSA D;ksafd fdlh ewy izkIrkad dks tSM izkIrkad esa cnyus osQ fy, mlesa ls eè;eku dks ?kVkdj ekud

fopyu ls Hkkx nsrs gSa (Z = (X – M)/σ), blfy, izkIrkad osQ eè;eku ls cM+k gksus ij èkukRed tSM izkIrkad

;k flxek eku izkIr gksrk gS tcfd izkIrkad osQ eè;eku ls NksVk gksus ij Í.kkRed tSM izkIrkad ;k flxek eku

izkIr gksrk gSA fdlh tSM izkIrkad ;k flxek eku dks eè;eku o ekud fopyu osQ Kkr gksus ij ewy izkIrkad

esa lehdj.k (X = M + Zσ) dh lgk;rk ls cnyk tk ldrk gSA

lkekU; izkf;drk oØ lkj.kh

(Table of NPC)

ifjf'k"V&1 esa nh xbZ lkekU; izkf;drk oØ dh {ks=kiQy lEcUèkh lkj.kh osQ izFke LrEHk (Column)
esa Z izkIrkad ;k σ eku osQ fofHkUu eku n'keyo osQ ,d LFkku rd fy[ks x;s gSa rFkk izFke iafDr (Row) esa
blosQ fy, n'keyo dk nwljk LFkku fy[kk x;k gSA izFke LrEHk esa -0 ls 5-0 rd osQ vad rFkk izFke iafDr esa

-00 ls -09 rd osQ nl vad fy[ks gq, gSaA lkj.kh osQ 'ks"k Hkkx esa eè;eku dksfV o vU; fofHkUu Z izkIrkadksa
(;k σ ekuksa) ij fLFkr dksfV;ksa osQ chp O;fDr;ksa osQ izkIrkadksa dk vuqikr fn;k gqvk gSA ;gk¡ ;g ckr è;ku nsus
dh gS fd oqQN lkjf.k;ksa esa izfr'kr fn;k gksrk gSA vr% fdlh izdkj dh 'kadk gksus ij lkj.kh osQ lkFk dh xbZ

fVIi.kh dk voyksdu djuk pkfg;sA bl lkj.kh dh lgk;rk ls eè;eku ij fLFkr dksfV rFkk fdlh fn;s x;s
Z izkIrkad (;k σ eku) ij fLFkr dksfV osQ chp vkus okys izkIrkadksa dk vuqikr ljyrk ls Kkr fd;k tk ldrk
gSA tSls ;fn fdlh izkIrkad dk σ eku 1-54 gS rFkk eè;eku o 1-54 σ ij fLFkr dksfV;ksa osQ chp izkIrkadksa

dk vuqikr@izfr'kr Kkr djuk gks rks izFke LrEHk esa 1-5 rFkk izFke iafDr esa -04 ns[ksaxsA rc 1-5 okyh iafDr
o -04 okys LrEHk osQ dVko ij fy[kh la[;k i<+ ysaxsA lkj.kh ls Li"V gS fd ;g la[;k -4382 gSA bldk vFkZ
gS fd eè;eku dksfV o 1-54 σ eku okyh dksfV osQ chp izkIrkadksa dk vuqikr -4382» izkIrkad gSA nwljs 'kCnksa

esa eè;eku o 1-54 σ eku osQ lkis{k izkIrkad osQ chp vad izkIr djus okys Nk=kksa dh la[;k 43-82 izfr'kr gSA
D;ksafd lkekU; oØ ,d lefer oØ gS blfy, eè;eku ls nka;h vksj o cka;h vksj cjkcj nwjh ij fLFkr dksfV
v{kksa rFkk eè;eku ij fLFkr dksfV osQ chp izkIrkadksa dh la[;k cjkcj gksrh gSA vr% ;fn σ eku Í.kkRed gksxk

rks lkekU; izkf;drk oØ esa {ks=kiQy eè;eku osQ cka;h vksj gksxk] rFkk ;fn σ eku èkukRed gksxk rks {ks=kiQy
eè;eku osQ nka;h vksj gksxk] fdUrq os nksuksa {ks=kiQy cjkcj gksaxsA
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blosQ vfrfjDr ifjf'k"V&2 esa fofHkUu Z ekuksa (σ ekuksa) osQ lkis{k lkekU; izkf;drk oØ esa dksfV;ksa
dh Å¡pkbZ ,oa ifjf'k"V&3 esa fofHkUu {ks=kiQy foHkktu osQ lkis{k dksfV;ksa dh Å¡pkbZ rFkk izekihÑr izkIrkadksa
(Z) osQ eku fn;s x;s gSaA

43.82%

–1.54 � M

43.82%

–1.54 � M +1.54 �

fp=k 6

3-5 lkekU; izkf;drk oØ osQ izR;; dk mi;ksx
(Use of the Concept of Normal Probability Curve)

tSlk fd Li"V fd;k tk pqdk gS fd f'k{kk] euksfoKku] lekt 'kkL=k vkfn osQ vfèkdka'k pj lkekU;

izkf;drk oØ osQ :i esa forfjr gksrs gSaA ekiu o ewY;kadu osQ {ks=k esa lkekU; izkf;drk oØ osQ izR;; dk vR;Ur

egÙo gSA vè;kidx.k lkekU; izkf;drk oØ dk mi;ksx viuh O;kogkfjd leL;kvksa osQ lekèkku osQ fy, dj

ldrs gSaA ;fn fdlh pj ij izkIrkadksa osQ forj.k dks lkekU; izkf;drk forj.k osQ :i esa Lohdkj fd;k tk losQ

rks lkekU; izkf;drk oØ dh lgk;rk ls fuEu izdkj dh leL;kvksa dk lekèkku fd;k tk ldrk gS %

1- fdlh lewg esa fdlh fn;s x;s izkIrkad ls vfèkd ;k de vad ikus okys Nk=kksa dh la[;k Kkr djukA

2- fdlh lewg esa fn;s x;s fdUgha nks izkIrkadksa osQ chp vad izkIr djus okys Nk=kksa dh la[;k Kkr djukA

3- fdlh lewg esa fdlh fo'ks"k fLFkfr okys Nk=kksa osQ fy, izkIrkad lhek,¡ Kkr djukA

4- fdlh ijh{k.k osQ fofHkUu iz'uksa dk lkisf{kd dfBukbZ Lrj Kkr djukA

5- fdlh lewg dks bl izdkj ls oqQN milewgksa (Subgroups) esa foHkkftr djuk fd izR;sd milewg esa

;ksX;rk dk izlkj (Range of ability) cjkcj jgsaA

bu lHkh izdkj dh leL;kvksa osQ lekèkku esa lkekU; izkf;drk oØ osQ mi;ksx dks oqQN mnkgj.kksa dh

lgk;rk ls Li"V fd;k x;k gSA blosQ vfrfjDr izfrn'kZtksa osQ izfrp;u forj.kksa osQ lkekU; izkf;drk oØ osQ

vuq:i gksus dk ykHk mBkdj lkaf[;dh;fon lkFkZdrk ijh{k.kksa esa Hkh lkekU; izkf;drk oØ osQ izR;; dk mi;ksx

djrs gSaA bldh ppkZ vkxs osQ vè;k;ksa esa dh xbZ gSA

1- fdlh izkIrkad ls vfèkd ;k de vad izkIr djus okys O;fDr;ksa dh la[;k Kkr djuk

(Determination of the Number of Individuals getting Scores above or
below the given Score)

dHkh&dHkh fdlh lewg osQ fy, fdlh pj ij eè;eku o ekud fopyu Kkr gksrk gS rFkk fdlh

izkIrkad ls vfèkd ;k de vad izkIr djus okys Nk=kksa dh la[;k Kkr djuh gksrh gSA ;fn ml ij pj izkIrkadksa

osQ forj.k dks lkekU; forj.k Lohdkj fd;k tk losQ rks lkekU; izkf;drk oØ lkj.kh dh lgk;rk ls bl izdkj

dh leL;kvksa dks gy dj ldrs gSaA blosQ fy, lcls igys izkIrkad dh] vko';drkuqlkj] mPp ;k fuEu lhek

dks σ eku esa ifjo£rr dj ysrs gSa rFkk bl eku ij fLFkr dksfV o eè;eku dksfV osQ chp osQ izkIrkadksa dk izfr'kr

Kkr dj ysrs gSaA rRi'pkr σ eku uhps ;k Åij osQ izkIrkadksa dh izfr'kr la[;k Kkr dj ysrs gSaA
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D;ksafd lkekU; izkf;drk oØ oLrqr% fdlh lrr~ pj (Continuous Variable) dk oØ gS] blfy,

lkekU; izkf;drk oØ dh lgk;rk ls leL;k gy djrs le; fofHkUu izkIrkadksa dh mPp ;k fuEu lhek ij (tks

Hkh mi;qDr gks) fLFkr dksfV osQ nk,a ;k ck,a vksj fLFkr Nk=kksa dh izfr'kr la[;k Kkr djrs gSa u fd ml izkIrkad

ij fLFkr dksfV osQ nk,a ;k ck,a vksj fLFkr Nk=kksa dh la[;kA tSls ;fn 29 ls de vad izkIr djus okys Nk=kksa

dh la[;k Kkr djuh gksa rks lkekU; izkf;drk oØ esa 28-5 osQ lkis{k σ ewY; ij fLFkr dksfV osQ ck¡;h vksj fLFkr

Nk=kksa dks ns[ksaxsA lrr pj gksus osQ dkj.k okLro esa mu lHkh Nk=kksa dks 29 vad fn;s tkrs gSa ftuls izkIrkad

28-5 ls ysdj 29-5 rd gksrs gSaA vr% tc 29 ls de vad okys Nk=kksa dh ppkZ djrs gSa rks bldk vFkZ gS fd

28-5 ls de okys Nk=kA blh izdkj ls tc 29 ls vfèkd vad okys Nk=kksa dh ppkZ dh tkrh gS rks bldk vFkZ

gS fd 29-5 ls vfèkd okys Nk=kA vr% tc fdlh izkIrkad ls de vad izkIr djus okys Nk=kksa dh la[;k Kkr

djuh gksrh gS rks ml izkIrkad dh fuEu lhek ij fopkj djrs gSa rFkk tc fdlh izkIrkad ls vfèkd vad izkIr

djus okys Nk=kksa dh la[;k Kkr djuh gksrh gS rks ml izkIrkad dh mPp lhek ij fopkj djrs gSaA

mnkgj.kμ200 Nk=kksa osQ ,d lewg dks fgUnh ijh{k.k fn;k x;k] ftl ij eè;eku 50 rFkk ekud

fopyu 12 FkkA fgUnh ijh{k.k ij izkIrkadksa osQ forj.k dks lkekU; :i ls forfjr ekudj Kkr dfj;s fd

(i) fdrus Nk=kksa us 60 ls vfèkd vad izkIr fd;s gksaxs\

(ii) fdrus Nk=kksa us 35 ls vfèkd vad izkIr fd;s gksaxs\

(iii) fdrus Nk=kksa us 55 ls de vad izkIr fd;s gksaxs\

(iv) fdrus Nk=kksa us 30 ls de vad izkIr fd;s gksaxs\

gyμLi"V gS ;gk¡ ij N = 200, M = 50 σ = 12

(i) D;ksafd 60 ls vfèkd vad izkIr djus okys Nk=kksa dh la[;k Kkr djuh gS] blfy, lkekU; izkf;drk

oØ esa 60 dh mPp lhek vFkkZr~ 60-5 osQ σ eku ij fLFkr dksfV osQ nka;h vksj dk {ks=kiQy mu Nk=kksa dh la[;k

dks O;Dr djsxk ftuosQ izkIrkad 60 ls vfèkd gSaA 60-5 dks σ osQ eku esa ifjo£rr djus ij

X dk σσσσσ eku =
X M−

σ

60-5 dk σσσσσ eku =
60.5 50

12
−

 = -88 σσσσσ

+88 �

50%
31.06%

18.94%

31.06%

50%

18.94%

fp=k 7

vr% lkekU; izkf;drk oØ esa] +-88 σ ij fLFkr dksfV osQ nka;h vksj fLFkr Nk=k gh okafNr Nk=k gksaxs]

ftUgsa vkM+h js[kkvksa ls izn£'kr fd;k x;k gSA lkekU; izkf;drk oØ lkj.kh ls Li"V gS fd

eè;eku ;k 0 σ osQ nka;h vksj Nk=k = 50»

eè;eku ;k 0 σ ls -88 σ rd Nk=k = 31-06»
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vr% -84 σ osQ nkb± vksj oqQy Nk=k 50 – 31-06 = 18-94»

vr% dgk tk ldrk gS fd 18-94» Nk=kksa us 60 ls vfèkd vad izkIr fd;s gksaxsA

D;ksafd 100 Nk=kksa esa ls 18-94 Nk=k 60 ls vfèkd vad izkIr djrs gSaA

vr% 1 Nk=kksa esa ls 
18 94
100

.
 Nk=k 60 ls vfèkd vad izkIr djsaxsA

vr% 200 Nk=kksa esa ls 18 94
100

.  × 200 = 37.88 Nk=k 60 ls vfèkd vad izkIr djsaxsA

D;ksafd Nk=k la[;k iw.kk±d esa gh gks ldrh gS blfy, dgsaxs fd 200 Nk=kksa esa ls 38 Nk=kksa us 60 ls

vfèkd vad izkIr fd;s gksaxsA

(ii) D;ksafd 35 ls vfèkd vad izkIr djus okys Nk=kksa dh la[;k Kkr djuh gSA blfy, lkekU; izkf;drk

oØ esa 35 dh mPp lhek vFkkZr~ 35-5 osQ σ eku ij fLFkr dksfV osQ nkb± vksj dk {ks=kiQy bu Nk=kksa dh la[;k

dks izn£'kr djsxk ftuosQ izkIrkad 35 ls vfèkd gSaA 35-5 dks σ eku esa ifjo£rr djus ij

35.5 dk σσσσσ eku = 35 5 50
12

. −  – 1.21 σ

vr% lkekU; izkf;drk oØ esa – 1.21 σ ij fLFkr dksfV osQ nk,a vksj dk {ks=kiQy okafNr Nk=kksa dks

izn£'kr djsxkA Li"V gS fd fp=k esa –1.21 σ eè;eku osQ ckb± vksj fLFkr Nk=kksa dks frjNh js[kkvksa ls izn£'kr

fd;k x;k gSA lkekU; izkf;drk oØ lkj.kh ls Li"V gS fdμ

88.69%

–1.21 �

38.69%
50%

fp=k 8

eè;eku ;k 0 σ ls nkb± vksj Nk=k = 50»

– 1.21 σ ls 0 σ rd Nk=k = 38-69»

– 1.21 σ ls nkb± vksj oqQy Nk=k 50 + 38.69 = 88.69%

vr% 88.69% Nk=kksa us 35 ls vfèkd vad izkIr fd;s gksaxsA

D;ksafd 100 Nk=kksa esa ls 88.69 Nk=k 35 ls vfèkd vad izkIr djrs gSaA

vr% 1 Nk=k esa ls 
88 69
100

.
 Nk=k 35 ls vfèkd vad izkIr djsaxsA

200 Nk=kksa esa ls 
88 69
100

.
 × 200 = 177.38 Nk=k 35 ls vfèkd vad izkIr djsaxsA

vr% dgk tk ldrk gS fd 200 Nk=kksa esa ls 177 Nk=kksa osQ vad 35 ls vfèkd gksaxsA

(iii) D;ksafd 55 ls de vad izkIr djus okys Nk=kksa dh la[;k Kkr djuh gS blfy, lkekU; izkf;drk

oØ esa 55 dh fuEu lhek vFkkZr~ 54.5 osQ σ eku ij fLFkr dksfV osQ ckb± vksj dk {ks=kiQy bu Nk=kksa dh la[;k

dks crk;sxk tks 55 ls de vad izkIr djrs gSaA 54.5 dks σ eku esa cnyus ij
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54.5 dk σ eku = 
54 5 50

12
. −

 = .38 σ

64.80%

.38 �

14.80%50%

fp=k 9

vr% lkekU; izkf;drk oØ esa .38 ij fLFkr dksfV osQ cka;h vksj osQ Nk=k gh okafNr Nk=k gksaxs ftUgsa

frjNh js[kk ls O;Dr fd;k x;k gSA lkekU; izkf;drk oØ lkj.kh ls Li"V gS fd

eè;eku ;k 0 σ ls ckb± vksj Nk=k = 50%

eè;eku ;k 0 σ ls .38 rd Nk=k = 14.80%

vr% .37 σ ls cka;h vksj oqQy Nk=k 50 + 14.80 = 64.80%

vr% 64.80% Nk=kksa us 55 ls de vad izkIr fd;s gksaxsA

D;ksafd 100 Nk=kksa esa ls 64.80 Nk=kksa osQ izkIrkad 55 ls de gSA

vr% 1 Nk=k esa ls 
64 80
100

.
 Nk=kksa osQ izkIrkad 55 ls de gksaxsA

blfy, 200 Nk=k esa ls 
64 80
100

.
 × 200 = 129.60 Nk=kksa osQ izkIrkad 55 ls de gksaxsA

vr% dgk tk ldrk gS fd 200 Nk=kksa esa ls 129 Nk=kksa osQ izkIrkad 55 ls de gksaxsA

(iv) D;ksafd 30 ls de vad izkIr djus okys Nk=kksa dh la[;k Kkr djuh gS] blfy, lkekU; izkf;drk

oØ esa 30 dh fuEu lhek vFkkZr~ 29.5 osQ σ eku ij fLFkr dksfV osQ ckb± vksj dk {ks=kiQy mu Nk=kksa dh la[;k

crk;sxk tks 30 ls de vad izkIr djrs gSaA izkIrkad 29.5 dks σ eku esa cnyus ij

29.5 dk σ eku = 
29 5 50

12
. −

 = – 1.71 σ

45.64%

–1.71 �

50%

4.36%

fp=k 10
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vr% lkekU; izkf;drk oØ esa – 1.71 σ ij fLFkr dksfV osQ ckb± vksj osQ Nk=k gh okafNr Nk=k gksaxs] ftUgsa

frjNh js[kk ls izdV fd;k x;k gSA lkekU; izkf;drk oØ lkj.kh ls

eè;eku ;k 0 σ osQ ckb± vksj Nk=k = 50%

eè;eku ;k 0 σ ls – 1.71 σ rd Nk=k = 45.64%

vr% – 1.71 σ osQ ckb± vksj oqQy Nk=k = 50 – 45.64 = 4.36%

vr% 4.36% Nk=kksa osQ izkIrkad 30 osQ de gksaxsA

D;ksafd 100 Nk=kksa esa ls 4.36 Nk=kksa osQ izkIrkad 30 ls de gSaA

vr% 1 Nk=k esa ls 
4 36
100
.

 Nk=kksa osQ izkIrkad 30 ls de gksaxsA

blfy, 200 Nk=kksa esa ls 
4 36
100
.

 × 200 = 8.72 Nk=kksa osQ izkIrkad 30 ls de gksaxsA

vr% dgk tk ldrk gS fd 200 Nk=kksa esa ls 9 Nk=kksa osQ izkIrkad 30 ls de gksaxsA

2- nks izkIrkadksa osQ chp vad izkIr djus okys O;fDr;ksa dh la[;k Kkr djuk

(Determination of the Number of Individuals getting Scores within given
limits of Scores)

fdlh lewg dk eè;eku o ekud fopyu Kkr gksus ij fdUgha Hkh nks izkIrkadksa osQ chp vad izkIr djus

okys Nk=kksa dh izfr'kr la[;k dks lkekU; izkf;drk oØ dh lgk;rk ls Kkr fd;k tk ldrk gSA blosQ fy, NksVs

izkIrkad dh fuEu lhek o cM+s izkIrkad dh mPp lhek dks σ ekuksa esa ifjo£rr djosQ bu nksuksa σ ekuksa ij fLFkr

dksfV;ksa osQ chp dk {ks=kiQy Kkr dj ysrs gSaA ;g {ks=kiQy gh bu nksuksa izkIrkadksa osQ chp vad izkIr djus okys

Nk=kksa dh izfr'kr la[;k dks O;Dr djsxkA NksVs izkIrkadkas dh fuEu lhek o cM+s izkIrkad dh mPp lhek blfy,

ysrs gSa D;ksafd bu nksuksa izkIrkadksa osQ cjkcj (okLro esa 0.5 ls de ;k vfèkd) izkIrkad okys Nk=k Hkh nksuksa

izkIrkadksa osQ chp vad izkIr djus okys Nk=kksa osQ lewg esa vk;saxsA ;gk¡ ;g bafxr djuk mfpr gh gksxk fd xSjV

o fxyiQksMZ vkfn vusd fo}kuksa us nks izkIrkadksa osQ chp osQ Nk=kksa dh la[;k Kkr djrs le; izkIrkad dks gh flxek

uke esa ifjo£rr djus dk lq>ko fn;k gS ijUrq ys[kd bl ckr ls lger ugha gSA ys[kd dk roZQ gS fd ;fn

fdlh lewg osQ Nk=kksa dks 40 ls uhps] 40 o 50 osQ chp rFkk 50 ls vfèkd vad ikus okys Nk=kksa dks rhu oxks±

esa ck¡Vrs le; ;fn lkekU; izkf;drk oØ esa ;s milewg 39.5 ls uhps] 40 o 50 osQ chp rFkk 50.5 ls Åij

osQ cuk;s tk;saxs rc 39.5 ls 40 osQ chp rFkk 50 ls 50.5 osQ chp okys Nk=k dgk¡ tk;saxsA

mnkgj.kμ,d cqf¼ ijh{k.k 400 Nk=kksa osQ lewg dks fn;k x;k ftldk eè;eku 100 rFkk ekud

fopyu 15 ik;k x;kA Nk=kksa osQ cqf¼yCèkkad dks lkekU; :i ls forfjr ekudj Kkr djks fd

(i) fdrus Nk=k osQ cqf¼yCèkkad 115 o 130 osQ chp gksaxs\

(ii) fdrus izfr'kr Nk=kksa osQ cqfa¼yCèkkad 80 o 112 osQ chp gksaxs\

gyμLi"V gS fd ;gk¡ ij N = 400 M = 100 σ = 15

(i) D;ksafd 115 o 130 osQ chp cqf¼yCèkkad okys Nk=kksa dh la[;k Kkr djuh gS blfy, lkekU;

izkf;drk oØ esa 115 dh fuEu lhek vFkkZr~ 114.5 rFkk 130 dh mPp lhek vFkkZr~ 130.5 ij fLFkr dksfV;ksa

osQ chp dk {ks=kiQy bu Nk=kksa dks izn£'kr djsxk ftuosQ izkIrkad 115 o 130 osQ chp gksaxsA vr% 114.5 o

130.5 dks σ ewY;ksa esa cnyus ij
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.97 �

33.40%

2.03 �

47.88%

14.48%

fp=k 11

114.5 dk σσσσσ eku = 
114 5 100

15
. −

 = .97 σ

130.5 dk σσσσσ eku = 1305 100
15

. −  = 2.03 σ

vr% lkekU; izkf;drk oØ esa .96 σ o 2.03 σ ij fLFkr dksfV;ksa osQ chp dk {ks=kiQy okafNr Nk=kksa

dks izn£'kr djsxk] ftUgsa frjNh js[kkvksa ls O;Dr fd;k x;k gSA lkekU; oØ lkj.kh ls Li"V gS fd

0 σ ls 2.03 σ rd Nk=k = 47.88%

0 σ ls .97 rd Nk=k = 33.40%

vr% .97 σ ls 2.03 σ rd Nk=k = 47.88 – 33.40 = 14.48%

vr% 14.48% Nk=kksa ls cqf¼yfCèkkad 115 o 130 osQ chp gksaxsA

D;ksafd 100 Nk=kksa esa ls 14.48 Nk=kksa osQ izkIrkad 115 o 130 osQ chp gSaA

vr% 1 Nk=kksa esa ls 
14 48
100

.
 Nk=kksa osQ izkIrkad 115 o 130 osQ chp gksaxsA

blfy, 400 Nk=kksa esa ls 
14 48
100

.
 × 400 = 57.92 Nk=kksa osQ izkIrkad 115 o 130 osQ chp gksaxsA

vr% lkekU; izkf;drk oØ osQ vkèkkj ij dgk tk ldrk gS fd 400 esa ls osQoy 58 Nk=kksa dh

cqf¼yfCèk 115 o 130 osQ chp gksaxhA

(ii) D;ksafd 80 o 112 osQ chp vad izkIr djus okys Nk=kksa dh izfr'kr la[;k Kkr djuh gS] blfy,

lkekU; izkf;drk oØ esa 80 dh fuEu lhek vFkkZr~ 79.5 rFkk 112 dh mPp lhek vFkkZr~ 112.5 osQ σ ekuksa

ij fLFkr dksfV;ksa osQ chp dk {ks=kiQy mu Nk=kksa dks O;Dr djsxk ftuosQ izkIrkad 80 o 112 osQ chp gSaA vr%

79.5 o 112 σ dks σ ekuksa esa cnyus ijA

79.5 dk σσσσσ eku = 
79 5 100

15
. −

 = – 1.37 σ

112.5 dk σσσσσ eku = 
112 5 100

15
. −

 = + .83 σ
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.83 �

41.47%

–1.37 �

29.67%
71.14%

fp=k 12

vr% lkekU; izkf;drk oØ esa – 1.37 σ o .83 σ ij fLFkr dksfV;ksa osQ chp dk {ks=kiQy okafNr Nk=kksa

dks izn£'kr djsxk] ftUgsa frjNh js[kkvksa ls O;Dr fd;k x;k gSA vr% lkekU; oØ lkj.kh ns[kus ls

0 σ ls – 1.37 rd Nk=k = 41.47 σ %

0 ls +.83 σ rd Nk=k = 29.67%

vr% lkekU; izkf;drk oØ osQ izR;; osQ vkèkkj ij dgk tk ldrk gS fd – 1.37 σ ls + .83 σ rd

oqQy Nk=k = 71.14%

vr% 71.14 Nk=kksa osQ izkIrkad 80 o 112 osQ chp gksaxsA

3- fn;s x;s izfr'kr ;k la[;k okys O;fDr;ksa osQ izkIrkadksa dh mPp o fuEu lhek,¡ Kkr djuk

(Determination of the Limits of Scores which include a given Percentage
or Number of Individuals)

fdlh lewg dk eè;eku o ekud fopyu Kkr gksus ij lkekU; izkf;drk oØ osQ izR;; dh lgk;rk

ls os izkIrkad Kkr fd;s tk ldrs gSa ftuosQ chp fdlh fn;s x;s izfr'kr ;k la[;k osQ Nk=k vad izkIr djrs gSaA

bl izdkj dh leL;kvksa esa lcls igys lkekU; izkf;drk oØ esa Nk=kksa dk okafNr izfr'kr nks dksfV;ksa osQ chp

osQ {ks=kiQy osQ :i esa O;Dr dj fy;k tkrk gS rFkk fiQj bu dksfV;ksa osQ lkis{k σ ewY;ksa dks lkekU; izkf;drk

oØ lkj.kh ls Kkr djosQ ewy izkIrkadksa esa cny ysrs gSaA ;s izkIrkad gh okafNr Nk=kksa osQ izkIrkadksa dh lhek,¡ izdV

djrs gSaA fdlh σ eku dks ewy izkIrkad esa cnyus osQ fy, fuEu lw=k dk iz;ksx fd;k tkrk gSμ

ewy izkIrkad] X = M + (σσσσσ eku x S.D.)

nwljs 'kCnksa esa] fdlh σ eku dks ewy izkIrkad esa cnyus osQ fy, mls ekud fopyu ls xq.kk djosQ

eè;eku esa tksM+ nsrs gSaA

mnkgj.kμNk=kksa osQ ,d lewg esa 500 Nk=k Fks] ftudk lkekU; Kku ijh{k.k ij eè;eku 40 rFkk ekud

fopyu 12 izkIr gqvkA Kkr dfj;s fdμ

(i) lkekU; Kku ijh{k.k ij 20% Js"Bre~ Nk=k fdl izkIrkad ls vfèkd vad izkIr djsaxs\

(ii) lkekU; Kku ijh{k.k ij eè; osQ 50% Nk=k fdl&fdl izkIrkadksa osQ chp vad izkIr djsaaxs\

(iii) lkekU; Kku ijh{k.k ij uhps osQ 350 Nk=kksa osQ izkIrkad fdl izkIrkad ls de gksaxs\

gyμLi"V gS fd N = 500 M = 40 σ = 12

(i) D;ksafd 20% Js"B Nk=k gh okafNr Nk=k gS] blfy, ;s lkekU; izkf;drk oØ esa nka;h vksj fLFkr gksaxs

rFkk oØ osQ lcls nka;h vksj dk 20% {ks=kiQy bu Nk=kksa dks izdV djsxkA lkekU; izkf;drk oØ esa bl {ks=kiQy

dks frjNh js[kkvksa ls O;Dr fd;k x;k gSA Li"V gS fd tks dksfV bl 20% {ks=kiQy dks 'ks"k 80% {ks=kiQy ls
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vyx dj jgh gS ml dksfV osQ lkis{k ewy izkIrkad gh 20% Js"B Nk=kksa osQ izkIrkadksa dh fuEu lhek gksxhA vr%

bl dksfV osQ lkis{k ekud izkIrkad lkekU; izkf;drk oØ lkj.kh dh lgk;rk ls Kkr djosQ mls ewy izkIrkad

esa cnysaxsA ijUrq lkekU; izkf;drk oØ lkj.kh esa 0 σ ij fLFkr dksfV o 0 σ ls fdlh nwjh ij fLFkr dksfV osQ

chp fLFkr izkIrkadksa dh izfr'kr la[;k nh xbZ gksrh gSa] blfy, igys okafNr dksfV o 0 σ ij fLFkr dksfV osQ

chp Nk=kksa dk izfr'kr Kkr djasxsA D;ksafd 0 σ osQ nka;h vksj 50% Nk=k gksrs gSa rFkk okafNr dksfV osQ nka;h vksj

20% Nk=k gS] blfy, 0 σ o okafNr dksfV osQ chp 30% Nk=k gksaxsA vc lkekU; oØ lkj.kh dh lgk;rk ls

ns[kk tk;sxk fd bu 30% (;k blosQ lokZfèkd fudV izfr'kr) osQ fy, σ eku D;k gSA lkj.kh esa 29.95% osQ

fy, flxek eku .84 σ gSA D;ksafd okafNr dksfV 0 σ osQ nk¡;h vksj fLFkr gS blfy, bldk σ eku èkukRed gksxkA

vr% .0 σ o +.84 σ osQ chp yxHkx 30% Nk=k gksaxs rFkk +.84 σ osQ Åij yxHkx 20% Nk=k gksaxsA vc

+.84 σ dks ewy izkIrkad esa cnyuk gksxkμ

0 � + .84 �

30%

20%

fp=k 13

ewy izkIrkad] X = M +  (σ eku × S.D.)

vr% .84 osQ fy, ewy izkIrkad] X = 40 + (.84 × 12)

= 50.08

vr% dgk tk ldrk gS fd Åij osQ 20% Nk=kksa osQ izkIrkad 50.08 ls vfèkd gksaxsA nwljs 'kCnksa esa] Js"B

20% Nk=k de ls de 50 ;k blls vfèkd vad izkIr djsaxsA

(ii) D;ksafd chp osQ 50% Nk=k gh ok¡fNr Nk=k gSa] vr% blosQ vkèks vFkkZr~ 25% eè;eku ;k 0 σ ls
uhps gksaxs rFkk vkèks vFkkZr 25% eè;eku ;k 0 σ ls Åij gksaxsA lkekU; izkf;drk oØ esa bu Nk=kksa dks frjNh

js[kkvksa ls izn£'kr fd;k x;k gSA Li"V gS fd bu Nk=kksa dks izn£'kr djus okys {ks=kiQy dks 'ks"k {ks=kiQy ls vyx

djus okyh dksfV;ksa osQ lkis{k izkIrkad gh ok¡fNr izkIrkad gksaxsA 0 σ o ok¡fNr dksfV;ksa osQ chp 25% Nk=k gS]
vr% lkekU; oØ lkj.kh esa 25% osQ fy, σ eku ns[kk tk;sxk] tks fd .67 σ gSA Li"V gS fd 0 σ osQ nka;h
vksj dh dksfV osQ fy, ;g + .67 σ gksxk rFkk cka;h vksj dh dksfV osQ fy, ;g – .67 σ gksxkA

+ .67 �– .67 �

25%

25%

fp=k 14
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vr% – .67 σ rFkk + .67 σ dks ewy izkIrkadksa esa cnyus ij

– .67 σσσσσ osQ fy, ewy izkIrkad = 40 + (– .67 × 12) = 31.96

+ .67 σσσσσ osQ fy, ewy izkIrkad = 40 + (.67 × 12) = 48.04

D;ksafd – .67 σ o + .67 σ osQ chp eè; osQ 50% Nk=k gksaxs] vr% – .67 σ dk ewy izkIrkad vFkkZr~

31.96 chp osQ 50 Nk=kksa dh fuEu lhek gksxh rFkk +.67 σ dk ewy izkIrkad vFkkZr~ 48.04 chp osQ 50% Nk=kksa
dh mPp lhek gksxhA nwljs 'kCnksa esa dgk tk ldrk gS fd chp osQ 50% Nk=k 32 rFkk 48 osQ chp vad izkIr
djsaxsA

(iii) D;ksafd uhps osQ 350 Nk=k gh okafNr Nk=k gS bldk vFkZ gS fd uhps osQ (350/500) × 100
= 70% Nk=k gh okafNr Nk=k gSa rFkk ;s lkekU; izkf;drk oØ esa cka;h vksj fLFkj gksaxs vr% oØ osQ cka;h vksj

dk 70% {ks=kiQy bu Nk=kksa dks izn£'kr djsxkA D;ksafd lkekU; izkf;drk oØ esa 0 σ ls uhps Hkh rFkk Åij Hkh
50% Nk=k gksrs gSa] blfy, okafNr Nk=kksa esa ls 50% Nk=k 0 σ osQ ckb± vksj rFkk 20% Nk=k 0 σ osQ nkb± vksj
gksaxsA bu Nk=kksa dks frjNh js[kkvksa ls izdV fd;k x;k gSA Li"V gS fd uhps osQ 70% Nk=kksa dks 'ks"k 30% Nk=kksa

ls vyx djus okyh dksfV osQ lkis{k izkIrkad gh uhps osQ 70% Nk=kksa osQ izkIrkadksa dh mPp lhek gksxhA D;ksafd
0 σ ij fLFkr dksfV o okafNr dksfV osQ chp 20% Nk=k gS vr% lkekU; izkf;drk oØ lkj.kh esa 20% osQ fy,
σ eku ns[ksxsaA Li"V gS fd 19.85% osQ fy, σ eku .52 σ gSA D;ksafd okafNr dksfV 0 σ osQ nkb± vksj fLFkr gS

vr% okafNr dksfV dk σ eku + .52 σ gksxkA

0 � + .52 �

20%
50%

fp=k 15

vc + .52 σ dks ewy izkIrkad esa cnyus ijA

+ .52 σσσσσ osQ fy, ewy izkIrkad = 40 + .52 × 12 = 46.24

vr% lkekU; izkf;drk oØ osQ vkèkkj ij dgk tk ldrk gS fd uhps osQ 350 Nk=k 46 ;k blls de
vad izkIr djsaxsA

4- ijh{k.k osQ iz'uksa dk lkisf{kd dfBukbZ Lrj Kkr djuk

(Determination of the Relative Difficulty of Test Items)

lkekU; izkf;drk oØ osQ izR;; dh lgk;rk ls fdlh ijh{k.k osQ fofHkUu iz'uksa dk lkisf{kd dfBukbZ
Lrj Kkr djosQ mudh rqyuk Hkh dh tk ldrh gSA blosQ fy, izR;sd iz'u osQ fy, ml iz'u dks lgh gy djus
okys rFkk lgh gy u dj ikus okys Nk=kksa dks ,d nwljs ls vyx djus okyh dksfV Kkr dh tkrh gSA bl dksfV

osQ lkis{k σ eku dks ml iz'u dk dfBukbZ Lrj dgk tkrk gSA ;g dfBukbZ Lrj vFkkZr~ σ eku ftruk vfèkd
gksrk gS] iz'u mruk gh vfèkd dfBu gksrk gSA

mnkgj.kμfdlh ijh{k.k osQ rhu iz'uksa dks lgh gy djus okys Nk=kksa dh la[;k fuEuor~ FkhA iz'uksa osQ
lkisf{kd dfBukbZ Lrj dh rqyuk djksA

iz'u lgh gy djus okys Nk=kksa dk izfr'kr

1 50%
2 71%
3 40%
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gyμiz'u 1 dks 50% Nk=k gy djrs gSaA Li"V gS fd ;s 50% Nk=k Js"B Nk=k gksaxs rFkk lkekU; oØ

esa nkb± vksj fLFkr gksaxsA blh izdkj ls iz'u 2 o 3 dks lgh gy djus okys 71% o 40% Nk=k Js"B Nk=k gksus

osQ dkj.k lkekU; oØ esa nkb± vksj fLFkr gksaxsA lkekU; oØ lkj.kh ls mu dksfV;ksa dk] tks lgh gy djus okys

Nk=kksa dks 'ks"k Nk=kksa ls vyx djrh gS] σ eku Kkr djus ij iz'uksa dk dfBukbZ Lrj Kkr gks tk;sxkA vr%

iz'u 1 dk dfBukbZ Lrj = 0 σ

iz'u 2 dk dfBukbZ Lrj = – .55 σ

iz'u 3 dk dfBukbZ Lrj = + .25 σ

Li"V gS fd bu rhuksa iz'uksa esa iz'u 2 lcls ljy rFkk iz'u 3 lcls dfBu gSA iz'u 1 iz'u 2 dh vis{kk

.55 σ vfèkd dfBu gS rFkk iz'u 3 iz'u 1 dh vis{kk .25 σ vfèkd dfBu gSA tcfd iz'u 3 iz'u 2 dh vis{kk

.80 σ vfèkd dfBu gSA

+ .25 �

40%

ç'u 3

– .55 �

71%
ç'u 2

0 �

50%
ç'u 1

fp=k 16

5- fdlh lewg dks ;ksX;rk osQ vkèkkj ij oqQN Hkkxksa esa foHkDr djuk

(Division of a Group into Sub-Groups on the basis of Ability)

lkekU; izkf;drk oØ osQ izR;; dk mi;skx Nk=kksa osQ cM+s lewgksa dks ,sls Øec¼ milewgksa esa foHkkftr

djus osQ fy, Hkh fd;k tk ldrk gS fd izR;sd milewg esa ;ksX;rk dk foLrkj vFkkZr~ Nk=kksa osQ izkIrkadksa dk izlkj

cjkcj&cjkcj gksA ,slk djus osQ fy, lkekU; izkf;drk oØ dh {kSfrt nwjh dks mrus gh cjkcj Hkkxksa esa ck¡V ysrs

gSa ftrus fd milewg cukus gksrs gSa rFkk bu Hkkxksa ls lEcfUèkr dksfV;ksa osQ lkis{k σ eku Kkr djosQ mUgsa ewy

izkIrkadksa esa cny ysrs gSaA ;s ewy izkIrkad gh fofHkUu milewgksa osQ Nk=kksa dh mPp o fuEu lhek crkrs gSaA ;fn

fofHkUu milewgksa esa Nk=kksa dh la[;k Kkr djuh gksrh gS rks fofHkUu ekuksa osQ fy, lkekU; izkf;drk oØ lkj.kh

ls Nk=kksa dk izfr'kr Kkr djosQ fofHkUu milewgksa esa Nk=kksa dh izfr'kr la[;k Kkr dj ysrs gSaA D;ksafd lkekU;

izkf;drk oØ esa – 3 σ ls + 3 σ osQ chp vFkkZr~ 6 σ dh nwjh esa 99.74% Nk=k vk tkrs gSa] blfy, O;kogkfjd

leL;kvksa esa lkekU; izkf;drk oØ dh {kSfrt nwjh 6 σ gh ekuh tkrh gSA nwljs 'kCnksa esa eku fy;k tkrk gS fd

– 3 σ ls + 3 σ osQ chp lHkh 100% Nk=k vk tkrs gSaA

mnkgj.kμNk=kksa osQ ,d lewg dk Hkk"kk ijh{k.k ij eè;eku 60 o ekud fopyu 10 FkkA vè;kid

Nk=kksa dks N% xzsM A, B, C, D, E o F bl izdkj ls nsuk pkgrk gS fd izR;sd xzsM dks izkIr djus okys Nk=kksa

osQ izkIrkadksa dk foLrkj leku gksA izkIrkadksa osQ forj.k dks lkekU; izkf;drk oØ osQ vuq:i ekurs gq, Kkr dfj;s

fd

(i) izR;sd xzsM dks fdrus&fdrus izfr'kr Nk=k izkIr djsa\

(ii) izR;sd xzsM esa fdu&fdu izkIrkadksa okys Nk=k vk;saxs\

gyμKkr gS fd M = 60 rFkk σ = 10

D;ksafd O;kogkfjd ifjfLFkfr;ksa esa ekuk tk ldrk gS fd lEiw.kZ lewg – 3σ ls + 3σ osQ chp vFkkZr~

6σ nwjh esa forfjr gksrk gSA vr% – 3 σ ls + 3 σ rd dh 6 σ nwjh dks fofHkUu milewgksa esa cjkcj&cjkcj ckaVk
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tk;sxkA D;ksafd leLr Nk=kksa dks 6 milewgksa esa ckaVuk gS vr% izR;sd milewg esa 1 σ nwjh vk;sxhA vr% lkekU;

izkf;drk oØ esa fofHkUu milewgksa dh fLFkfr fp=k 58 osQ vuqlkj gksxhA fp=k ls Li"V gS fd

milewg A esa + 2 σσσσσ ls Åij okys Nk=k gksaxsA

milewg B esa + 1 σσσσσ ls + 2 σσσσσ rd osQ Nk=k gksaxsA

milewg C esa 0 σσσσσ ls + 1 σσσσσ rd osQ Nk=k gksaxsA

milewg D esa – 1 σσσσσ ls 0 σσσσσ rd osQ Nk=k gksaxsA

milewg E esa – 2 σσσσσ ls – 1 σσσσσ rd osQ Nk=k gksaxsA

milewg F esa – 2 σσσσσ ls uhps okys Nk=k gksaxsA

0 � +1 � +2 � +3 �–1 �–2 �–3 �

34.13%34.13%

47.72%

50% 50%

47.72%

2.28% 13.59% 34.13% 34.13% 13.59% 2.28%

A

B
C

D

E

F

fp=k 17

(i) D;ksafd izR;sd xzsM dks izkIr djus okys Nk=kksa dk izfr'kr Kkr djuk gS blfy, fofHkUu σ ekuksa osQ

lkis{k Nk=kksa dh la[;k lkekU; izkf;drk oØ lkj.kh ls ns[ksxsa] tks fd fp=k 58 esa izLrqr dh xbZ gSA Li"V gS fd

xzsM A dks 2.28%, xzsM B dks 13.59%, xzsM C dks 34.13%, xzsM D dks 34.13%, xzsM E dks 13.59 o xzsM

F dks 2.28% Nk=k izkIr djsaxsA

(ii) D;ksafd fofHkUu xzsMksa dks izkIr djus okys Nk=kksa osQ izkIrkadksa dh mPp o fuEu lhek Hkh Kkr djuh

gSa blfy, fofHkUu σ ekuksa dks ewy izkIrkad esa cnysaxsμ

+ 2 σ dk ewy izkIrkad = 60 + (2 × 10) = 80

+ 1 σ dk ewy izkIrkad = 60 + (1 × 10) = 70

0 σ dk ewy izkIrkad = 60 + (0 × 10) = 60

– 1 σ dk ewy izkIrkad = 60 – (1 × 10) = 50

– 2 σ dk ewy izkIrkad = 60 – (2 × 10) = 40

vr% dgk tk ldrk gS fd

80 ls vfèkd izkIrkad ikus okys Nk=k A xzsM ik;saxsA

70 ls 80 osQ chp vad ikus okys Nk=k B xzsM ik;saxsA
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60 ls 70 osQ chp vad ikus okys Nk=k C xzsM ik;saxsA

50 ls 60 osQ chp vad ikus okys Nk=k D xzsM ik;saxsA

40 ls 50 osQ chp vad ikus okys Nk=k E xzsM ik;saxsA

40 ls de izkIrkad ikus okys Nk=k F xzsM ik;saxsA

mnkgj.kμ400 Nk=kksa osQ ,d lewg dks lkewfgd cqf¼ ijh{k.k fn;k x;kA Nk=kksa osQ bl lewg dks ik¡p

Hkkxksa μ rhoz cqf¼] vfèkd cqf¼] lkekU; cqf¼] vYi cqf¼ rFkk {kh.k cqf¼ esa bl izdkj ls ck¡Vuk gS fd fofHkUu

Hkkxksa esa cqf¼ izkIrkadksa dk foLrkj leku jgsA lkekU; izkf;drk oØ osQ vuq:i forj.k dh ifjdYiuk ekurs gq,

Kkr dfj;s fd fofHkUu Hkkxksa esa fdrus&fdrus Nk=k vk;saxs\

gyμlkekU; izkf;drk oØ dh O;kogkfjd nwjh 6 σ dks ik¡p cjkcj Hkkxksa esa ck¡Vus ij izR;sd Hkkx esa

1.2 σ dh nwjh vk;sxhA vr% lkekU; izkf;drk oØ esa fofHkUu Hkkxksa dh fLFkfr fuEuor gksaxhμ

+ 1.8 σ ls Åij osQ Nk=k rhoz cqf¼ okys lewg esa vk;saxsA

+ .6 σ ls + 1.8 rd osQ Nk=k vfèkd cqf¼ okys lewg esa vk;saxsA

– .6 σ ls + .6 σ rd osQ Nk=k lkekU; cqf¼ okys lewg esa vk;saxsA

– 1.8 σ ls – .6 σ rd osQ Nk=k vYi cqf¼ okys lewg esa vk;saxsA

– 1.8 σ ls uhps dks Nk=k {kh.k cqf¼ okys lewg esa vk;saxsA

fofHkUu lewgksa dks fp=k 18 esa iznf'kZr fd;k x;k gSA lkekU; oØ lkj.kh osQ voyksdu ls Li"V gS fd

0 σ o .6 σ osQ chp 22.57% Nk=k rFkk 0 σ o 1.8 σ osQ chp 46.41% Nk=k gksaxsA vr% dgk tk ldrk gS

fd

rhoz cqf¼ okys lewg esa 50 – 46.41 = 3.59% Nk=k gksaxsA

vfèkd cqf¼ okys lewg esa 46.41 – 22.57 = 23.84% Nk=k gksaxsA

lkekU; cqf¼ okys lewg esa 22.57 + 22.57 = 45.14% Nk=k gksaxsA

vYi cqf¼ okys lewg esa 46.41 – 22.57 = 23.84% Nk=k gksaxsA

{kh.k cqf¼ okys lewg esa 50 – 46.41 = 3.59% Nk=k gksaxsA

+6 � +1.8 �–6 �–1.8 �

22.57%

46.41%

50% 50%

3.59% 23.84%

22.57%

45.14% 23.84% 3.59%

46.41%

lkekU; cqf¼ lewg

{kh.k cqf¼ lewg
rhoz cqf¼ lewg

vYi cqf¼ lewg
vf/d cqf¼ lewg

fp=k 18
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D;ksafd oqQy 400 Nk=k gSa vr%

rhoz cqf¼ okys lewg esa 3.59
400

100
×  = 14.36 vFkkZr~ 14 Nk=k gksaxsA

vf/d cqf¼ okys lewg esa 23.84
400

100
×  = 95.36 vFkkZr~ 95 Nk=k gksaxsA

lkekU; cqf¼ okys lewg esa 
45.14

400
100

×  = 180.56 vFkkZr~ 181 Nk=k gksaxsA

vYi cqf¼ okys lewg esa 
23.84

400
100

×  = 95.36 vFkkZr~ 95 Nk=k gksaxsA

{kh.k cqf¼ okys lewg esa 
3.59

400
100

×  = 14.36 vFkkZr~ 14 Nk=k gksaxsA

3-6 izkIrkadksa osQ fdlh forj.k dks lkekU;hÑr djuk
(Normalizing a Distribution of Scores)

tSlk fd Li"V fd;k tk pqdk gS lkekU; izkf;drk oØ (N.P.C.) osQ izR;; dk mi;ksx osQoy mUgha

ifjfLFkfr;ksa esa fd;k tk ldrk gS tc leadksa dk forj.k lkekU; izkf;drk oØ osQ vuq:i gksrk gSA ijUrq

dHkh&dHkh ,slh ifjfLFkfr;k¡ mRiUu gksrh gSa fd ladfyr leadksa dk forj.k lkekU; izkf;drk oØ ls dkiQh fHkUu

gksrk gS ftlosQ dkj.k mUgsa lkekU; :i ls forfjr ekuuk lEHko ugha gks ikrk gSA ,sls leadksa osQ lkFk lkekU;

izkf;drk oØ osQ izR;; rFkk ml ij vk/kfjr lkaf[;dh; x.kukvksa dk iz;ksx djuk fdlh Hkh n`f"V ls mfpr

ugha gSaA fdlh forj.k dh lkekU;rk dk fu'p; djus osQ fy, ;g vko';d gks tkrk gS fd ml forj.k osQ

lkis{k lkekU; izkf;drk forj.k rS;kj fd;k tk;sA forj.kksa dh lkekU;rk (Normalcy) dk ijh{k.k fd;s tkus

okys fofHkUu izdkj osQ lkaf[;dh; ijh{k.kksa (tSls dksbZ&oxZ ijh{k.k] osQ- ,l- ijh{k.k vkfn) esa voyksfdr

forj.k dh mlosQ lkisf{kd lkekU; izkf;drk forj.k ls rqyuk djosQ ns[kk tkrk gS fd D;k n`f"Vxr vUrj dks

la;ksxo'k Lohdkj fd;k tk ldrk gSA blosQ vfrfjDr dHkh&dHkh vuqla/kudrkZ viuh vuqla/ku leL;k dk

lek/ku izkIr djus osQ fy, vFkok vuqla/ku ifjdYiukvksa dk ijh{k.k djus osQ fy, fdUgha ,slh lkaf[;dh;

izkfof/;ksa dk iz;ksx djus osQ fy, dfVc¼ gksrk gS ftuesa leadksa dk forj.k lkekU; gksuk vko';d gksrk gSA

leadksa osQ vlkekU; :i ls forfjr gksus dh fLFkfr esa ,slh izkfof/;ksa osQ iz;ksx ls izkIr ifj.kkeksa dks oS/ Lohdkj

ugha fd;k tk ldrk gSA ,slh ifjfLFkfr esa ;fn vuqla/kudrkZ roZQiw.kZ <ax ls eku ldrk gS fd lef"V esa leadksa

dk forj.k oLrqr% lkekU; gS rFkk fdlh dkj.ko'k izfrn'kZ osQ fy, leadksa dk forj.k vlkekU; vk x;k gS rc

voyksfdr forj.k osQ fy, lkekU; forj.k dk vklatu (Fitting of Normal Distribution) fd;k tk

ldrk gS rFkk bl izdkj ls izkIr vklaftr lkekU; forj.k ij okafNr lkaf[;dh; izkfof/;ksa dk iz;ksx oS/ <ax

ls fd;k tk ldrk gSA mijksDr dkj.kksa ls dHkh&dHkh izkI; ;k voyksfdr forj.k dks lkekU; izkf;drk forj.k

osQ :i esa cnyuk vFkok vklaftr djuk vko';d rFkk mi;ksxh gksrk gSA leadksa osQ fdlh forj.k osQ fy,

ifjo£rr vFkok vklaftr lkekU; forj.k og forj.k gS tks lkekU; izkf;drk oØ osQ vuq:i gksrk gS rFkk

ftldk eè;eku] ekud fopyu rFkk O;fDr la[;k (N) vius ewy forj.k osQ lerqY; gksrh gSaA vlkekU; :i

ls forfjr izkIrkadksa dks lkekU;hÑr djus ij gksus okys izHkko dks fp=k 19 esa n'kkZ;k x;k gSA fp=k ls Li"V gksxk

fd lkekU;hdj.k osQ mijkUr izkIrkadksa dk forj.k yxHkx lkekU; izkf;drk oØ osQ vuq:i gh gSA

fdlh izkI; vlkekU; vko`fÙk forj.k (Observed Non-Normal Frequency Distribution)

dk lkekU;hdj.k (Normalizing) ;k lkekU; forj.k vklatu (Fitting of Normal Distribution) nks

fof/;ksa ls fd;k tk ldrk gSμ
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(i) dksfVv{k fof/ (Method of Ordinates)

(ii) {ks=kiQy fof/ (Method of Areas)

nksuksa gh fof/;ksa esa iz;qDr fd;s tkus okys fofHkUu lksikuksa dks vkxs Li"V fd;k x;k gS ijUrq ;gk¡ ;g
ckr è;ku nsus dh gS fd ,d gh forj.k osQ fy, dksfV v{k fof/ rFkk {ks=kiQy fof/;ksa ls izkIr lkekU;hÑr
forj.kksa dh vko`fÙk;ksa esa ekewyh lk vUrj gks ldrk gSA

dksfVv{k fof/

(Method of Ordinates)

dksfVv{k fof/ osQ }kjk fdlh fn;s x;s vlkekU; forj.k osQ fy, lkekU; forj.k dk vklatu djus osQ
fy, fuEu lksikuksa dk fopyu vuqlj.k fd;k tkrk gSμ

(i) loZizFke fn;s x;s forj.k osQ fy, eè;eku (M) rFkk ekud forj.k (S.D.) dh x.kuk dh tkrh gSA

(ii) fofHkUu oxks± osQ eè;fcUnq (X) Kkr fd;s tkrs gSaA

(iii) oxks± osQ eè;fcUnq (X) esa ls eè;eku (M) dks ?kVk fn;k tkrk gS ftlls fopfyr izkIrkad (x) izkIr gks

tkrs gSaA

(iv) fopfyr izkIrkadksa (x) dks ekud fopyu (S.D.) ls Hkkx nsdj tsM izkIrkad (Z) Kkr dj ysrs gSaA

(v) ifjf'k"V esa nh xbZ lkekU; izkf;drk oØ dh dksfV;ksa dh lkj.kh (Table of Ordinates of Normal
Probability Curve) ls fofHkUu Z izkIrkadksa osQ lkis{k dksfV;ksa dh m¡Qpkb;k¡ (Hights of Ordinates)

vFkkZr~ y Kkr dj yh tkrh gSaA

oxZ 15&19 20&24 25&29 30&34 35&39 40&44 45&49 50&54 55&59 60&64 65&69

voyksfdr 0 13 42 36 100 168 70 40 24 7 0
vko`fÙk

lkekU;hÑr 2 9 30 66 107 117 93 50 20 5 1
vko`fÙk

07 12 17 22 27 32 37 42 47 52 57 62 72
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fp=k 19- lkekU;hdj.k dk izHkko (Effect of Normalizing)
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(vi) fofHkUu dksfV;ksa dh m¡Qpkb;ksa (y) dks oxZ vUrjky (i) o N ls xq.kk djosQ rFkk ekud fopyu ls Hkkx
nsdj fofHkUu oxks± dh visf{kr vko`fÙk;k¡ (fN) Kkr dj ysrs gSaA

vxzkafdr mnkgj.k ls fdlh fn;s x;s vko`fÙk forj.k osQ lkekU; forj.k vklatu dh dksfV v{k fof/
Li"V gks losQxhA

mnkgj.kμfuEu forj.k osQ fy, lkekU; forj.k dk vklatu dksfV v{k fof/ ls dhft,A

lkj.kh 2-7

vko`fÙk forj.k

oxZ vko`fÙk f

55μ59 1

50μ54 4

45μ49 12

40μ44 25

35μ39 41

30μ34 22

25μ29 10

20μ24 3

15μ19 2

oqQy 120

gyμlcls igys eè;eku rFkk ekud fopyu dh x.kuk dh tk;sxhA x.kuk djus ij eè;eku dk eku

37-25 rFkk ekud fopyu dk eku 7-15 izkIr gqvkA vc lkj.kh cukdj X, x, Z, y rFkk fN Kkr fd;s tk;saxsA

bUgsa lHkh dks lkj.kh 2-8 esa izLrqr fd;k x;k gSA

lkj.kh 2-8

dksfVv{k fof/ ls fdlh fn;s x;s forj.k dks lkekU;hÑr forj.k esa cnyuk

oxZ vko`fÙk eè; fcUnq fopfyr izkIrkad tsM izkIrkad dksfV v{k lkekU;hÑr vko`fÙk

f X x Z y N
i × N × y

f =
S.D.

55μ59 1 57 19-75 2-76 -0088 -74 ¾ 1

50μ54 4 52 14-75 2-06 -0478 4-01 ¾ 4

45μ49 12 47 9-75 1-36 -1582 13-28 ¾ 13

40μ44 25 42 4-75 -66 -3209 26-93 ¾ 27

35μ39 41 37 μ-25 μ-03 -3988 33-47 ¾ 33

30μ34 22 32 μ5-25 μ-73 -3056 25-64 ¾ 26

25μ29 10 27 μ10-25 μ1-43 -1435 12-04 ¾ 12

20μ24 3 22 μ15-25 μ2-13 -0413 3-47 ¾ 3

15μ19 2 17 μ20-25 μ2-83 -0073 -61 ¾ 1

i ¾ 5 N ¾ 120 M ¾ 37-25 S.D. ¾ 7-15 N ¾ 120
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lkj.kh 2.8 esa lkekU;hÑr vko`fÙk okys LrEHk osQ voyksdu ls Li"V gS fd vc vko`fÙk;ksa dk forj.k

lkekU; izkf;drk oØ osQ leku gSA lkekU;hÑr vko`fÙk forj.k osQ fy, M = 37.25 rFkk S.D. = 7.18 gS

tksfd ewy forj.k osQ yxHkx leku gh gSA bl LFkku ij ;g ckr è;ku j[kus dh gS fd ;fn lcls mQij osQ

oxZ osQ fy, Z dk eku +3σ ls de gksrk gS rc mQij dh vksj vfrfjDr oxZ cukdj mudh izkI; vko`fÙk 'kwU;

eku ysrs gSaA blh izdkj ls lcls uhps osQ oxZ osQ fy, Z eku – 3.00 ls de gksus ij vfrfjDr oxZ cukdj mudh

vko`fÙk 'kwU; eku yh tkrh gSA

{ks=kiQy fof/

(Method of Areas)

{ks=kiQy fof/ ls fdlh fn;s x;s vlkekU; forj.k osQ fy, lkekU; forj.k dk vklatu djrs le;

fuEukafdr lksikuksa dk vuqxeu fd;k tkrk gSμ

(i) loZizFke fn;s x;s forj.k osQ fy, eè;eku (M) rFkk ekud fopyu (S.D.) dh x.kuk dh tkrh

gSA

(ii) fofHkUu oxks± dh mPp lhek,¡ (Upper Limits) Kkr dh tkrh gSaA

(iii) oxks± dh mPp lhekvksa esa ls eè;eku ?kVkdj mlosQ fy, fopfyr izkIrkad x Kkr fd;s tkrs gSaA

(iv) izkIr x ekuksa dks ekud fopyu ls Hkkx nsdj tsM eku (Z) esa cny fn;k tkrk gSA

(v) lkekU; izkf;drk oØ dh {ks=kiQy lkj.kh (Table of Areas under Normal Probability

Curve) ls fofHkUu Z ekuksa osQ fy, izkf;drk lkekU; izkf;drk oØ osQ v/huLFk izfr'kr

{ks=kiQy (A) ns[k ysrs gSaA

(vi) fofHkUu oxks± osQ v/huLFk izfr'kr {ks=kiQy (Ac) Kkr dj ysrs gSaA

(vii) fofHkUu oxks± osQ v/huLFk {ks=kiQy (Ac) dks N ls xq.kk djosQ rFkk 100 ls Hkkx djosQ

lkekU;hÑr vko`fÙk (fN) Kkr dj ysrs gSaA

fdlh fn;s x;s forj.k dks lkekU;hÑr forj.k esa ifjo£rr djus dh {ks=kiQy fof/ (Method of

Areas) vxzkafdr mnkgj.k ls Li"V gks losQxhA

mnkgj.kμfuEu lkj.kh esa fn;s tk jgs vko`fÙk forj.k dks {ks=kiQy fof/ ls lkekU;hÑr vko`fÙk forj.k

esa ifjo£rr djksA

lkj.kh 3-9

oxZ 15–17 18–20 21–23 24–26 27–29 30–32 33–35 36–38 39–41 oqQy

N

vko`fÙk 2 4 16 25 43 30 17 8 5 150
f

gyμloZizFke eè;eku rFkk ekud fopyu dh x.kuk djuh gksxhA x.kuk djus ij eè;eku 28.62 rFkk

ekud fopyu 4.90 izkIr gksrk gSA vc lkj.kh cukdj fofHkUu x.kuk dh tk;sxh ftUgsa lkj.kh 2.10 esa izLrqr

fd;k x;k gSA
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lkj.kh 3.10

{ks=kiQy fof/ ls fn;s x;s forj.k dks lkekU;hÑr forj.k esa cnyuk

eè; dksfV oxZ osQ

vko`fÙk oxZ dh x = UL – M Z = LU - M
S.D.

ls Z osQ lkis{k v/huLFk lkekU;hÑr

oxZ f mPp lhek  dksfV {ks=kiQy {ks=kiQy dk vko`fÙk

UL  dk vuqikr  vuqikr fN = Ac × N
100

A Ac

39–41 5 41.5 12.88 2.63 .5000 .0217 3.26 = 3

36–38 8 38.5 9.88 2.02 .4783 .0591 8.87 = 9

33–35 17 35.5 6.88 1.40 .4192 .0134 20.10 = 20

30–32 30 32.5 3.88 .79 .2852 .2138 32.07 = 32

27–29 43 29.5 .88 .18 .0714 .2378 35.67 = 36

24–26 25 26.5 –2.12 –.43 .1664 .1844 27.66 = 28

21–23 16 23.5 – 5.12 –1.04 .3508 .1007 15.11 = 15

18–20 4 20.5 –8.12 –1.66 .4515 .0369 5.54 = 5

15–17 2 17.5 –11.12 –2.27 .4884 .0116 1.74 = 2

12–14 0 14.5 –14.12 –2.88 .5000

i = 3 N = 150 M = 28.62 S.D. = 4.90 N = 150

lkj.kh 2.10 esa lkekU;hÑr vko`fÙk okys LrEHk osQ voyksdu ls Li"V gS fd vko`fÙk;ksa dk ;g forj.k

lkekU; forj.k osQ leku gSA bl lkekU;hdj.k forj.k eè;eku dk eku 28.60 rFkk ekud fopyu 4.90 gS

tks fd ewy forj.k osQ yxHkx leku gSA

ewy izkIrkadksa dks lkekU;hÑr izkIrkadksa esa ifjo£rr djuk

(Converting Raw Scores into Normalized Scores)

ihNs leadksa osQ fdlh vlkekU; forj.k osQ fy, lkekU; izkf;drk oØ osQ vklatu dh vko';drk rFkk

fof/ dk o.kZu fd;k tk pqdk gSA ;|fi vusd ifjfLFkfr;ksa esa bl izdkj dk vklatu mi;ksxh gksrk gS fiQj Hkh

oqQN ifjfLFkfr;ksa esa bl izdkj dk vklatu i;kZIr ugha gksrk gSA ihNs o£.kr vklatu fof/ esa voyksfdr forj.k

osQ eè;eku rFkk ekud fopyu dks fLFkj j[krs gq, lkekU;hÑr forj.k dh fLFkfr esa fofHkUu oxks± dh vko`fÙk;k¡

Kkr dh tkrh gSaA ijUrq ewy izkIrkadksa osQ lkis{k lkekU;hÑr forj.k osQ izkIrkadksa dks Kkr djus dk dksbZ iz;kl

ugha fd;k x;k gSA dHkh&dHkh vlkekU; :i ls forfjr ewy izkIrkadksa dks bl izdkj ls lkekU;hÑr izkIrkadksa esa

ifjo£rr djus dh vko';drk gksrh gS fd ifjo£rr lkekU;hÑr izkIrkadksa dk eè;eku rFkk ekud fopyu ewy

izkIrkadksa osQ eè;eku rFkk ekud fopyu osQ cjkcj gksaA izkIrkadksa dh O;k[;k djus osQ fy, izk;% ekiu osQ {ks=k

esa bl izdkj dh vko';drk gksrh gS tSls ewy izkIrkadksa dks lkekU;hÑr Vh&izkIrkadksa esa cnyrs le; ekiudrkZ

dks izkIrkadksa dks lkekU;hÑr djuk gksrk gSA vlkekU; :i ls forfjr pjksa osQ fy, xq.kuiQy vk?kw.kZ lglEcU/

Kkr djrs le; Hkh bl izdkj dh ifjfLFkfr mRiUu gks ldrh gSA izkIrkadksa osQ fdlh leqPp; dks lkekU;hÑr

izkIrkadksa osQ :i esa cnyuk oqQN tfVy rFkk le;lkè; gS fiQj Hkh bldh mi;ksfxrk o vko';drk dks ns[krs

gq, izkIrkadksa dks lkekU;hÑr izkIrkadksa esa ifjo£rr djus dh fof/ dk o.kZu fd;k tk jgk gSA fdUgha fn;s x;s

izkIrkadksa dks lkekU;hÑr izkIrkadksa esa ifjo£rr djus osQ fy, vxzkafdr lksikuksa dk vuqxeu fd;k tkrk gSμ
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(i) loZizFke fn;s x;s izkIrkadksa osQ fy, eè;eku (M) rFkk ekud fopyu (S.D.) dh x.kuk dh tkrh gSA

(ii) blosQ mijkUr izkIrkadksa dks Øec¼ djosQ izR;sd izkIrkad dh vko`fÙk (f) rFkk lap;h vko`fÙk (cf) Kkr

dh tkrh gSA

(iii) rRi'pkr izR;sd izkIrkad dk 'krka'kh; Øe (PR) Kkr fd;k tkrk gSA blosQ fy, izkIrkad dh lap;h

vko`fÙk (;k Øe) esa ls 5 ?kVkdj 100/N ls xq.kk dj nsrs gSaA bl izdkj ls izkIr 'krka'kh; Øe crkrk

gS fd ml izkIrkad osQ uhps vko`fÙk;ksa dk oqQy fdruk izfr'kr fLFkr gSA

(iv) 'krka'kh; Øe (PR) esa ls 50 dks ?kVkdj ewy izkIrkad dh eè;fcUnq ls fLFkfr Kkr dj ysrs gSaA Li"V

gS fd PR-50 dk /ukRed fpUg crk;sxk fd lkekU; izkf;drk forj.k dh fLFkfr esa ewy izkIrkad

eè;eku ls mQij fLFkr gksrk gS tcfd ½.kkRed fpUg crk;sxk fd ewy izkIrkad eè;eku ls uhps fLFkr

gksrkA

(v) lkekU; izkf;drk oØ dh {ks=kiQy lkj.kh dh lgk;rk ls (PR-50)% Hkkx osQ lkis{k Z eku Kkr dj

fy;s tkrs gSaA ;s Z eku gh ewy izkIrkadksa osQ lkis{k lkekU;hÑr ekud izkIrkad (Normalized

Z-scores) gksaxsA

(vi) tc bu Z ekuksa dks ekud fopyu (S.D.) ls xq.kk djosQ eè;eku esa tksM+ nsrs gSa ftlls lkekU;hÑr

(X) izkIr gks tkrs gSaA

vkxs izLrqr fd;s x;s mnkgj.k ls izkIrkadksa dks lkekU;hÑr izkIrkadksa esa ifjo£rr djus dh fof/ osQ

mijksDr o£.kr lksiku Li"V gks losaQxsA

mnkgj.kμfuEu izkIrkadksa dks lkekU;hÑr izkIrkadksa esa ifjo£rr dhft,μ

66 69 65 72 65 66 69 65 67 68 68 66 64 68 64

70 45 67 68 64 67 62 68 70 64 64 71 50 65 69

64 68 67 61 66 72 62 69 58 66 67 65 67 60 65

64 69 60 71 67 65 67 68 64 68 69 68 53 64 68

67 64 70 64 71 61 69 64 72 53 67 61 67 71 68

70 55 68 59 69 68 66 70 54 69 66 69 45 68 66

65 69 56 69 65 61 71 66 60 70 62 72 65 70 67

68 50 67 68 67 69 68 62 68 59 68 53 60 62 69

61 69 61 71 66 58 70 47 69 62 70 67 68 71

52 68 65 61 68 46 66 52 70 59 66 66 62 69 62

gyμloZizFke izkIrkadksa dks Øec¼ djosQ mudk eè;eku rFkk ekud fopyu Kkr fd;k tk;sxk tks

Øe'k% 64.9267 rFkk 5.65587 izkIr gqvk gSA lkekU;hÑr vklatu dk x.kuk dk;Z lkj.kh 2.11 esa izLrqr

fd;k x;k gSA lkj.kh osQ voyksdu ls Li"V gS fd lkekU;hÑr vklatu dh fLFkfr ls 72 vad okys Nk=k dks

80 tcfd 45 vad ikus okys Nk=k dks 52 vad fn;s tk;saxsA
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lkj.kh 3.11

fn;s x;s ewy izkIrkadksa dks lkekU;hÑr izkIrkadksa esa ifjo£rr djuk

ewy vko`fÙk lap;h 'krkadh; eè; fcUnq lkekU;hÑr lkekU;hÑr izkIrkad

izkIrkad vko`fÙk Øe ls fLFkfr ekud izkIrkad X′′′′′ = M + Zσσσσσ
X f cf PR PR-50 (lkj.kh ls)

Z

72 5 150 99.67 49.67 2.72 80.31 = 80

71 7 145 96.33 46.33 1.79 75.06 = 75

70 10 138 91.67 41.67 1.38 72.73 = 73

69 17 128 85.00 35.00 1.04 70.81 = 71

68 22 111 73.67 23.67 0.63 68.49 = 68

67 15 89 59.00 9.00 0.23 66.23 = 66

66 13 74 49.00 – 1.00 – 0.03 64.76 = 65

65 11 61 40.33 – 9.67 – 0.24 63.57 = 64

64 12 50 33.00 – 17.00 – 0.44 62.44 = 62

62 8 38 25.00 – 25.00 – 0.67 61.14 = 61

61 7 30 19.67 – 30.33 – 0.85 60.12 = 60

60 4 23 15.00 – 35.00 – 1.04 59.05 = 59

59 3 19 12.33 – 37.67 – 1.16 58.37 = 58

58 2 16 10.33 – 39.67 – 1.26 57.80 = 58

56 1 14 9.00 – 41.00 – 1.34 57.35 = 57

55 1 13 8.33 – 41.67 – 1.38 57.12 = 57

54 1 12 7.67 – 42.33 – 1.43 56.84 = 57

53 3 11 7.00 – 43.00 – 1.48 56.56 = 57

52 2 8 5.00 – 45.00 – 1.65 55.59 = 56

50 2 6 3.67 – 46.33 – 1.79 54.80 = 55

47 1 4 2.33 – 47.67 – 1.99 53.67 = 54

46 1 3 1.67 – 48.33 – 2.13 52.88 = 53

45 2 2 1.00 – 49.00 – 2.33 51.75 = 52

M = 65.6667 S.D. = 5.9907

vU; izkIrkadksa osQ fy, fn;s tkus okys lkekU;hÑr izkIrkad lkj.kh esa fn;s x;s gSaA lkekU;hÑr izkIrkadksa

osQ fy, eè;eku dk eku 65.6667 rFkk ekud fopyu dk eku 5.9907 gS tks dkiQh gn rd ewy izkIrkadksa

osQ eè;eku rFkk ekud fopyu osQ cjkcj gSA ewy izkIrkadksa rFkk lkekU;hÑr izkIrkadksa osQ eè;ekuksa o ekud

fopyuksa osQ chp n`f"Vxksfpr vUrj eq[;r% vusd ckj gksus okyh lfUudVhdj.k =kqfV;ksa (Rounding Errors)

osQ dkj.k gSA

Nk=k fØ;kdyki (Student Activity)

1- f}in&forj.k ls vki D;k le>rs gSa\
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2- IokW;lu izkf;drk vko`fÙk forj.k dk ifjp; nhft,A

3- lkekU; izkf;drk oØ osQ bfrgkl dk laf{kIr mYys[k dhft,A

4- izkIrkad ls de ;k T;knk vad izkIr djus okys O;fDr;ksa dh la[;k oSQls Kkr djrs gSa\

3-7 lkjka'k (Summary)

1- lS¼kfUrd vko`fÙk forj.k vk/qfud lkaf[;dh esa egÙoiw.kZ vk/kj iznku djrs gSa rFkk izeq[k vko`fÙk

forj.k vusd ifjfLFkfr;ksa esa fu.kZ; ysus esa lgk;d gksrs gSaA

2- ?kVuk,¡ dbZ izdkj dh gks ldrh gSaA tc ,d le; esa osQoy ,d gh ?kVuk gksus dh ckr dh tkrh gS

rc bls ljy ?kVuk (Simple Event) dgrs gSa fdUrq tc ,d lkFk dbZ ?kVukvksa osQ ?kfVr gksus dh

ppkZ dh tkrh gS rc ,slh ?kVukvksa dks la;qDr ?kVuk (Compound Event) dgk tkrk gSA

3- f}in&forj.k osQ lkFk fLol xf.krK tsEl cuksZyh (James Bernoulli, 1654&1705) dk uke tqM+k

gqvk gS rFkk bls cuksZyh forj.k (Bernaulli Distribution, Bernaulli Trial or Bernaulli
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Process) Hkh dgk djrs gSaA bl lS¼kfUrd forj.k dk izfriknu cuksZyh us gh fd;k Fkk vkSj bldk

izdk'ku mudh e`R;q osQ 8 o"kZ i'pkr~ 1713 esa gqvk FkkA

4- lkekU; izkf;drk oØ (Normal Probability Curve) okLro esa ,d lS¼kfUrd (Theoritical),

vkn'kZ (Ideal) rFkk xf.krh; (Mathematical) oØ gSA bls lkekU; oØ (Normal Curve) ;k

,u- ih- lh- (N.P.C.) osQ uke ls Hkh iqdkjk tkrk gSA

5- fdlh lewg dk eè;eku o ekud fopyu Kkr gksus ij fdUgha Hkh nks izkIrkadksa osQ chp vad izkIr djus

okys Nk=kksa dh izfr'kr la[;k dks lkekU; izkf;drk oØ dh lgk;rk ls Kkr fd;k tk ldrk gSA

6- fdlh lewg dk eè;eku o ekud fopyu Kkr gksus ij lkekU; izkf;drk oØ osQ izR;; dh lgk;rk

ls os izkIrkad Kkr fd;s tk ldrs gSa ftuosQ chp fdlh fn;s x;s izfr'kr ;k la[;k osQ Nk=k vad izkIr

djrs gSaA

7- lkekU; izkf;drk oØ (N.P.C.) osQ izR;; dk mi;ksx osQoy mUgha ifjfLFkfr;ksa esa fd;k tk ldrk gS

tc leadksa dk forj.k lkekU; izkf;drk oØ osQ vuq:i gksrk gSA

vH;kl&iz'u (Exercise Questions)

1- lkekU; izkf;drk oØ osQ iz;ksx ls ftu leL;kvksa dk gy <wa<+k tk ldrk gS] mudk o.kZu djsaA

2- ^lS¼kfUrd vko`fÙk forj.k vk/qfud lkaf[;dh esa egÙoiw.kZ vk/kj iznku djrs gSaA* foospu dhft,A

3- IokW;lu forj.k dh fo'ks"krkvksa dk mYys[k dhft,A

4- lkekU; izkf;drk oØ D;k gS\ bldk ,sfrgkfld ifjp; nhft,A

5- izkIrkadksa osQ fdlh forj.k dks fdl izdkj lkekU;hÑr fd;k tkrk gS\

lUnHkZ xzUFk (Reference Books)
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bdkbZμ4

lglaca/ ,oa izrhixeu
(Correlation and Regression)

lajpuk (Structure)

4.1 mís'; (Objectives)

4.2 izLrkouk (Introduction)

4.3 vkaf'kd lglEcU/ xq.kkad (Partial correclation coefficient)

4.4 cgq&lglEcU/ xq.kkad (Multiple correction coefficient)

4.5 cgq&izrhixeu lehdj.k (Multiple Regression Equation)

4.6 nks ls vf/d LorU=k pjksa osQ fy, cgq&izrhixeu

4.7 chVk xq.kkadksa dh lkFkZdrk (Significance of Beta)

4.8 lkjka'k (Summary)

• vH;kl iz'u (Exercise Questions)

• lanHkZ xzaFk (Reference Books)

4.1 mís'; (Objectives)

bl bdkbZ osQ vè;;u osQ i'pkr~ fo|kFkhZ ;ksX; gksaxsμ

• vkaf'kd lglEcU/ xq.kkad vkSj cgq&lglEcU/ xq.kkadA

• cgq&izrhixeu lehdj.k dks le>us esaA

• chVk xq.kkdksa dh lkFkZdrk dks tkuus esaA

4-2 izLrkouk (Introduction)

lglEcU/ ,d fooj.kkRed lkaf[;dh; eki (descriptive statistics) gS tks nks pjksa osQ eè; ik;s

tkus okys lEcU/ dh ek=kk dk fooj.k nsrh gSA oqQN izdkj osQ pjksa esa ikjLifjd lEcU/ ik;k tkrk gS tSls ewY;

rFkk ek¡x] mRiknu rFkk jkstxkj] etnwjh rFkk ewY; funsZ'kkad vkfn pjksa esa lEcU/ gksrk gSA fnu&izfrfnu osQ vuqHko

ls ;g Li"V gksrk gS fd fdl izdkj fofHkÂ rF; ikjLifjd :i ls lEcfU/r gksrs gSaA mnkgj.kkFkZ] ifr&ifRu;ksa
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dh vk;qvksa esa] firk&iq=k dh Å¡pkb;ksa esa] ;qok O;fDr;ksa dh Å¡pkbZ ,oa Hkkj esa] fofu;ksftr iw¡th ,oa v£tr ykHk

esa rFkk vU; ,sls gh rF;ksa esa fudV dk lEcU/ ik;k tkrk gSA lglEcU/ nks pjksa osQ eè; vUrjfuHkZjrk

(interdependence) bafxr djrk gSA eq[; :i ls lglEcU/ nks pjksa osQ eè; lEcU/ dh eki gSA

lglEcU/ dh ifjHkk"kk

(Definiton of Correlation)

tc nks rF;ksa esa ,d lkFk ,d gh fn'kk esa vFkok foijhr fn'kkvksa esa ifjorZu gks rFkk ,d rF; esa

ifjorZu nwljs rF; esa ifjorZu dk dkj.k gks rks ;g dgk tkrk gS fd mu nksuksa rF;ksa esa lglEcU/ gSA MsouiksVZ

(E .Davenport) osQ erkuqlkj] ¶lglEcU/ ;k lEiw.kZ fo"k; i`Fkd~ fo'ks"krkvksa osQ eè; ik;s tkus okys ml

ikjLifjd lEcU/ dh vksj laosQr djrk gS ftlosQ vuqlkj os oqQN lhek rd lkFk&lkFk ifjorZu gksus dh izo`fÙk

j[krs gSaA¸ vr% lglEcU/ nks pjksa osQ eè; vUrjfuHkZjrk (interdependence) vFkok lEcU/ dk vè;;u

djrk gSA ;g ,d lkaf[;dh; rduhd gS tks nks ;k vf/d pjksa osQ eè; lEcU/ dh izÑfr o ek=kk ekirh gSA

lkaf[;dh&fo'ys"k.k esa lglEcU/ fl¼kUr ,oa rduhd dk cgqr egÙo gSA bl fl¼kUr osQ ewy rRoksa

dk izfriknu loZizFke Úkal osQ [kxksy'kkL=kh czkos'k (Bravais) us fd;k Fkk] ijUrq fcUnq&js[kh; :i ls

lglEcU/ rduhd dk vUos"k.k loZizFke lj Úkafll xkYVu (Sir Francis Galton) us fd;k FkkA 1896 esa

izfl¼ la[;k'kkL=kh dkyZ fi;lZu (Karl Pearson) us lglEcU/ xq.kkad (Coefficient of Correlation)

}kjk lglEcU/ Kkr djus dh xf.krh; fof/ dk izfriknu fd;kA bu nksuksa la[;k'kkfL=k;ksa (xkYVu rFkk fi;lZu)

us bl rduhd dh lgk;rk ls izkf.k'kkL=k (Biology) rFkk tuu&fo|k (Genetics) dh vusd leL;kvksa dk

foospu fd;kA vFkZ'kkL=k esa Hkh bl rduhd dk fo'ks"k egÙo gSA vFkZ'kkL=k esa lglEcU/ osQ mi;ksx osQ ckjs esa

uhlosatj (Neiswanger) fy[krs gSa] ¶lglEcU/&fo'ys"k.k vk£Fkd O;ogkj dks le>us esa ;ksx nsrk gS] fo'ks"k

egÙoiw.kZ pjksa] ftu ij vU; pj fuHkZj djrs gSa] dks [kkstus esa lgk;rk nsrk gS_ vFkZ'kkL=kh dks mu lEcU/ksa dks

Li"V djrk gS ftuls xM+cM+h iSQyrh gS rFkk mls mu mik;ksa dk lq>ko nsrk gS ftuosQ }kjk fLFkjrk ykus okyh

'kfDr;k¡ izHkkoh gks ldrh gSaA¸ izrhixeu (regression) rFkk fopj.k&vuqikr (ratio of variation) osQ

fopkj lglEcU/ dh eki ij gh vk/kfjr gSA lglEcU/ dh eki ;g Hkh vk'oLr djrh gS fd lEcfU/r pjksa

esa vkUrjx.ku vFkok ckáx.ku ,oa iwokZuqeku fo'oluh; gksxkA

lglEcU/ osQ izdkj

(Types of Correlation)

lEc¼ pjksa osQ eè; ifjorZuksa dh fn'kk] vuqikr vkfn osQ vk/kj ij lglEcU/ fuEUkfyf[kr izdkjksa dk

gks ldrk gSμ

(1) /ukRed vFkok Í.kkRed lglEcU/ (Positive or Negative Correlation)

(2) ljy] vkaf'kd vFkok cgqx.kh lglEcU/ (Simple, Partial or Multiple Correlation)

(3) js[kh; vFkok v&js[kh; lglEcU/ (Linear or Non-linear Correlation)

(1) /ukRed vFkok Í.kkRed lglEcU/ (Positive or Negative Correalation)μnks pjksa esa

;fn ,d gh fn'kk vFkok foijhr fn'kkvksa esa ifjorZu gksrs gksa rks muosQ eè; lglEcU/ gksrk gSA ;fn ,d

pj&ewY; ?kVus ij nwljk pj&ewY; Hkh ?kVs vFkok ,d pj&ewY; osQ c<+us ij nwljk pj&ewY; Hkh c<+s rks ,slk

lglEcU/ /ukRed (Positive) gksrk gSA ewY; ,oa iw£r esa bl izdkj dk lEcU/ ik;k tkrk gSA ;fn fdlh oLrq

dk ewY; c<+rk gS rks mldh iw£r (supply) Hkh c<+ tkrh gS vkSj oLrq dk ewY; ?kVus ij mldh iw£r Hkh ?kV

tkrh gSA Í.kkRed lglEcU/ ml n'kk esa gksrk gS tc ,d pj&ewY; osQ ?kVus ij nwljk pj&ewY; c<+rk gks rFkk

ml pj&ewY; osQ c<+us ij nwljs pj&ewY; esa deh gksrh gksA bl izdkj osQ lglEcU/ dks foykse (inverse)

lglEcU/ Hkh dgrs gSaA bl izdkj dk lglEcU/ ewY; ,oa ek¡x esa ik;k tkrk gSA fdlh oLrq dk ewY; c<+us

ij mldh ek¡x (demand) de gks tkrh gS vkSj ewY; de gks tkus ij ek¡x c<+ tkrh gSA
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(2) ljy] vkaf'kd vFkok cgqxq.kh lglEcU/ (Simple, Partial or Multiple Correlation)μ

LorU=k ,oa vkfJr pj&ewY;ksa (independent and dependent variables) dh la[;k rFkk lglEcU/ Kkr

djus esa fufgr rduhd osQ vk/kj ij lglEcU/ ljy vkaf'kd vFkok cgqxq.kh izdkj dk gks ldrk gSA nks

pj&ewY;ksa osQ lglEcU/ dks ljy lglEcU/ (simple correlation) dgrs gSaA buesa ,d Js.kh] ftls vk/kj

Js.kh (subject series) dgrs gSa] osQ pj&ewY; LorU=k (independent variables) gksrs gaS rFkk nwljh Js.kh]

ftls lEc¼ Js.kh (relative series) dgrs gSa] osQ pj&ewY; vkfJr (dependent variables) gksrs gSaA

vkaf'kd lglEcU/ (Partial Correlation) esa nks ewY;ksa esa ,d vU; LorU=k pj&ewY; dk lekos'k djosQ]

lglEcU/ Kkr fd;k tkrk gSA cgqxq.kh lglEcU/ (Multiple Correlation) esa rhu ;k vf/d pj&ewY;ksa osQ

eè; ikjLifjd lglEcU/ dk vè;;u fd;k tkrk gSA mnkgj.kkFkZ] Ñf"k mit] o"kkZ rFkk iz;qDr [kkn osQ ifj.kkeksa

osQ eè; lglEcU/ cgqxq.kh lglEcU/ dgykrk gSA

(3) js[kh; vFkok v&js[kh; lglEcU/ (Linear or Non-Linear Correlation)μjs[kh; vFkok

v&js[kh; lglEcU/ osQ eè; vUrj dk vk/kj fopkjxr pj&ewY;ksa osQ eè; ifjorZu&vuqikr dh fu;ferrk gksrh

gSA ;fn nks pj&ewY;ksa osQ eè; ifjorZu dk vuqikr leku gksrk gS rks muesa js[kh; lglEcU/ gksxkA mudk lEcU/

,d ljy js[kk ls O;Dr fd;k tk ldrk gSA muosQ lEcU/ esa vadxf.krh; o`f¼ (arithmetic progression)

>ydrh gS tks /ukRed vFkok Í.kkRed gks ldrh gSA bu pj&ewY;ksa dks ;fn fcUnq&js[kh; i=k ij izkafdr fd;k

tk; rks fcUnq ,d lh/h js[kk osQ :i esa gksaxsA v&js[kh; lglEcU/] ftls oØ&js[kh; lglEcU/ (Curvilinear

Correlation) Hkh dgrs gSa] esa ,d pj&ewY; osQ ifjorZuksa dh ek=kk o nwljs pj&ewY; osQ ifjorZuksa dh ek=kk

,d vuqikr esa ugha gksxhA bu pj&ewY;ksa dks fcUnqjs[kk ij izkafdr djus ij oØ cu tkrk gSA fuEu rkfydk bl

izo`fÙk dks bafxr djrh gSμ

js[kh; lglEcU/ v&js[kh; lglEcU/

X Y X Y

20 50 50 10
40 100 55 12
60 150 60 22
80 200 90 34

100 250 98 45
120 300 120 56

js[kh; rFkk v&js[kh; lEcU/ j[kus okys pjksa dk fo{ksi fp=k vFkok fcUnqjs[kh; fp=k dk Lo:i bl izdkj

gksxkμ

Y

O X
Positive linear
relationship

Y

O X
Negative linear

relationship

Y

O X
Positive curvilinear

relationship

Y

O X
Negative curvilinear

relationship

;gk¡ ;g Li"V djuk mfpr gksxk fd O;ogkj esa vf/dka'k pjksa esa v&js[kh; lEcU/ ik;k tkrk gS] ijUrq

v&js[kh; lglEcU/ rduhd vR;f/d tfVy gksus osQ dkj.k] gekjh ;g ekU;rk jgrh gS fd fopkjxr pjksa osQ

eè; js[kh; lEcU/ gSA
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vusd vuqla/ku dk;ks± esa nks ls vf/d pjksa (More than two variables) osQ fy, fdlh izfrn'kZ

ls lead ladfyr fd;s tkrs gSaA bl izdkj osQ leadksa dks cgq&pjh; lead (Multi-Variate Data) dgrs

gSaA vuqla/kudrkZ dks dHkh&dHkh bl izdkj osQ cgq&pjh; leadksa dk ,d lkFk fo'ys"k.k djosQ ifj.kke Kkr

djus gksrs gSa D;ksafd ,slh fLFkfr esa lead fo'ys"k.k osQ dk;Z esa ,d lkFk nks ls vf/d pj lfEefyr gksrs gSa

blfy, bl izdkj osQ lead fo'ys"k.k dks cgq&pjh; lead fo'ys"k.k (Multi-Variate Data Analysis)

dgrs gSaA fofHkÂ izdkj dh ifjfLFkfr;ksa osQ fy, fofHkÂ cgq&pjh; lead fo'ys"k.k fof/;ksa dk izfriknu

lkaf[;dhfonksa osQ }kjk fd;k tk pqdk gSA ;gk¡ cgq&pjh; leadkssa osQ lglEcU/kRed fo'ys"k.k (Correlational

Analysis) osQ fy, iz;qDr dh tkus okyh izeq[k cgq&pjh; lglEcU/kRed fof/;ksa (Multivariate

Corrlational Methods) vFkkZr vkaf'kd lglEcU/ (Partial Correlation) rFkk cgq&lglEcU/

(Multiple Correlation) dh ppkZ dh tk jgh gSA tc fdlh izfrn'kZ osQ fy, de ls de rhu vFkok vf/

d pjksa osQ fy, izkIrkad miyC/ gksrs gSa vFkok mu pjksa osQ lHkh lEHko nks&nks ;qXeksa osQ chp lglEcU/ xq.kkad

Kkr gksrs gSa rc vkaf'kd lglEcU/ rFkk cgq&lglEcU/ xq.kkad Kkr fd;s tk ldrs gSaA

4-3 vkaf'kd lglEcU/ xq.kkad (Partial Correlation Coefficient)

nks pjksa osQ eè; lglEcU/ xq.kkad ,d pj osQ ?kVus ;k c<+us ij nwljs pj osQ ?kVus&c<+us dh izo`fÙk dks

crkrk gS ijUrq nks pjksa osQ eè; ifjxf.kr lglEcU/ xq.kkad dk eku Hkzked (Misleading) Hkh gks ldrk gSA

dHkh&dHkh nksuksa pjksa osQ eè; okLro esa lglEcU/ ux.; vFkok 'kwU; gksrk gS ijUrq nksuksa pjksa osQ fdlh rhljs

pj ij fuHkZj (Depend) djus osQ dkj.k mu nksuksa pjksa osQ chp ifjfer ;k mPp lglEcU/ xq.kkad izkIr gks

tkrk gSA tSls Å¡pkbZ (Height), Hkkj (Weight,) 'kkjhfjd {kerk (Physical Strength), 'kCn Hk.Mkj

(Vocabulary), ekufld ;ksX;rk (Mental Ability), lkekU; Kku (General Knowledge), twrs dk

vkdkj (Size of Shoe), iks'kkd ij fd;k O;; (Money Spent on Dresses), fo"ke ¯yxh vkd"kZ.k

(Interest in Opposite Sex) vkfn oqQN ,sls pj gSa tks nl o"kZ ls ysdj chl o"kZ dh vk;q rd vk;q (Age)

osQ lkFk&lkFk c<+rs gSa ;fn vk;q dh n`f"V ls i;kZIr izlkj (Variation) okys fdlh izfrn'kZ osQ fy, buesa ls

fdUgha Hkh nks pjksa osQ eè; lglEcU/ xq.kkad dh x.kuk dh tk;sxh rc lEHkor% mPp /ukRed lglEcU/

(High Positive Correlation) xq.kkad gh izkIr gksxk ijUrq ;fn yxHkx leku vk;q okys iz;ksT;ksa ls ;qDr

izfrn'kZ osQ fy, ,sls nks pjksa osQ eè; lglEcU/ xq.kkad Kkr fd;k tk;sxk rc lEHkor% yxHkx 'kwU; (Almost

Zero) ;k ux.; (Negligible) lglEcU/ xq.kkad gh izkIr gksxkA izFke fLFkfr esa nks pjksa tSls Å¡pkbZ rFkk Hkkj

osQ chp izkIr mPp /ukRed lglEcU/ okLro esa vk;q osQ c<+us ij Å¡pkbZ rFkk Hkkj nksuksa osQ c<+us osQ dkj.k

izkIr gks jgk gSA ;|fi Å¡pkbZ rFkk Hkkj esa fdlh fo'ks"k lEcU/ gksus dk vkSfpR; ugha gS ijUrq izfrn'kZ esa lfEefyr

iz;ksT;ksa dh vk;q esa i;kZIr fofHkÂrk gksus osQ dkj.k Å¡pkbZ rFkk Hkkj osQ chp mPp /ukRed lglEcU/ izkIr gks

tkrk gS tks nwljh fLFkfr esa vk;q dks fLFkj (Constant) djus ij yqIr (Eliminate) gks tkrk gSA vr% ;fn

bl izdkj osQ nks pjksa osQ chp okLrfod lglEcU/ (Real Correlation) dks Kkr djuk gS rc vk;q pj (Age

Variable) osQ izHkko dks lekIr vFkok fu;fU=kr djuk gksxkA fdUgha nks pjksa osQ chp osQ lglEcU/ dks ,d

lkFk dbZ vokafNr pj (Undesirable Variables) izHkkfor dj ldrs gSa blfy, nks pjksa osQ chp okLrfod

lglEcU/ dk vè;;u djus osQ fy, ,sls vokafNr pjksa osQ izHkko dks lekIr djuk vko';d gks tkrk gSA ;gk¡

ij iz;qDr vokafNr pj ls rkRi;Z fdlh ,sls pj ls ugha gS tks oLrqr% vokafNr gks oju~ osQoy bruk gh rkRi;Z

gS fd ;g pj vè;;u fd;s tk jgs nks pjksa osQ chp osQ lglEcU/ dks izHkkfor dj jgk gS rFkk lglEcU/ dks

le>us osQ fy, blosQ izHkko dks lekIr djuk vko';d gSA oLrqr% tc rd nks pjksa osQ chp dk lglEcU/

xq.kkad vU; vokafNr pjksa (Undesirable Variables) osQ izHkko ls eqDr ugha gksxk rc rd mldh lgh <ax

ls O;k[;k djuk lEHko ugha gks losQxkA
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vU; pjksa osQ izHkko ls ;qDr lglEcU/ xq.kkad Hkzked lglEcU/ dks okLrfod lglEcU/ crkrs gq,

=kqfViw.kZ fu"d"kZ iznku dj ldrk gSA ftu pjksa osQ chp okLrfod lglEcU/ xq.kkad Kkr djuk gksrk gS mUgsa

izkFkfed pj (Primary Variables) dgrs gSa rFkk ftu vokafNr pjkas osQ izHkko dks lekIr ;k fu;fU=kr djuk

gksrk gS mUgas fu;fU=kr pj (Controlled Variables) dgrs gSaA cgq&pjh; lglEcU/ fo'ys"k.k esa nks izkFkfed

pjksa osQ eè; okLrfod lglEcU/ xq.kkad dks vokafNr pjksa osQ izHkko ls eqDr j[kus osQ fy, vok¡fNr pjksa dks

nks <ax ls izFke] iz;ksxkRed <ax ls (Experimentally) rFkk f}rh;] lkaf[;dh; <ax ls (Statistically)

fu;fU=kr fd;k tk ldrk gSA fdlh pj dks iz;ksxkRed <ax ls fu;fU=kr djus osQ fy, ml pj dks fLFkj

(Constant) j[kk tkrk gS vFkkZr izfrn'kZ osQ iz;ksT;ksa dks bl izdkj ls NkaVrs gSa fd fu;fU=kr fd;s tkus okys

pj ij lHkh iz;ksT;ksa osQ yxHkx leku izkIrkad gksaA fdlh pj dks lkaf[;dh; <ax ls fu;fU=kr djus osQ fy,

vkaf'kd lglEcU/ fof/ dk iz;ksx fd;k tkrk gSA D;ksafd izFke fof/ esa leku izkIrkad okys iz;ksT;ksa dk p;u

djuk dfBu gksrk gS blfy, O;kogkfjd n`f"V ls izFke fof/ dh rqyuk esa nwljh fof/ dks vf/d ilUn fd;k

tkrk gSA lkaf[;dh; <ax ls fu;fU=kr djus osQ fy, pj dks fLFkj j[kdj tc nks pjksa osQ eè; lglEcU/ Kkr

fd;k tkrk gS rc bls vkaf'kd lglEcU/ xq.kkad (Partial Correlation Cofficient) dgrs gSaA vr% nks pjksa

osQ chp vkaf'kd lg&lEcU/ xq.kkad dks fdlh rhljs vFkok vf/d pjksa osQ izHkko dks lekIr djus osQ mijkUr

mu nksuksa pjksa osQ chp n`f"Vxksfpr lglEcU/ xq.kkad osQ :i esa ifjHkkf"kr fd;k tk ldrk gSA tSls ;fn vk;q

osQ izHkko dks lekIr djus osQ mijkUr ckydksa dh Å¡pkbZ rFkk Hkkj osQ chp lglEcU/ xq.kkad Kkr fd;k tk;s

rc bls vk;q dks vizHkkoh djus ij izkIr Å¡pkbZ rFkk Hkkj osQ chp izkIr vkaf'kd lglEcU/ xq.kkad dgsaxsA bl

vkaf'kd lglEcU/ xq.kkad dh O;k[;k vk;q dh n`f"V ls letkrh; (Homogeneous in Age) vusd izfrn'kks±

osQ fy, Å¡pkbZ rFkk Hkkj osQ chp izkIr lglEcU/ xq.kkadksa osQ vkSlr osQ :i eas Hkh dh tk ldrh gSA

vkaf'kd lglEcU/ xq.kkad osQoy ,d vFkok vusd pjksa osQ izHkko dks lekIr djosQ Kkr fd;k tk

ldrk gSA nks pjksa osQ chp ifjxf.kr fdlh vkaf'kd lglEcU/ xq.kkad dks ftrus vU; pjksa osQ izHkkoksa ls eqDr

j[kk tkrk gS og la[;k ml vkaf'kd lglEcU/ xq.kkad dk Lrj (Order) dgykrh gS] vr% tc osQoy ,d

pj osQ izHkko dks lekIr fd;k tkrk gS rc izkIr vkaf'kd lglEcU/ xq.kkad dks izFke Lrj dk vkaf'kd lglEcU/

xq.kkad (First Order Partial Correlation Cofficient) dgrs gSaA tc nks pjksa osQ izHkko dks lekIr fd;k

tkrk gS rc nks Lrj dk vkaf'kd lglEcU/ xq.kkad (Second Order Partial Correlation Coefficient)

izkIr gksrk gSA Li"V gS fd ftrus pjksa osQ izHkko ls lglEcU/ dks eqDr j[kk tkrk gS mrus gh Lrj (Order)

dk lglEcU/ xq.kkad izkIr gksrk gSA lglEcU/ xq.kkadksa osQ Lrj (Order) osQ lEcU/ esa ;g Li"V djuk mfpr

gh gksxk fd lk/kj.k lglEcU/ xq.kkad (Simple Correlation Coefficient) dks 'kwU; Lrj dk lglEcU/

xq.kkad (Zero Order Correlation Coefficient) Hkh dgrs gSaA ;g rF; bl ckr ls Hkh Li"V gS fd lkèkkj.k

lglEcU/ esa fdlh Hkh vU; pj osQ izHkko dks lekIr ugha djrs gSaA

vkaf'kd lglEcU/ xq.kkad okLro esa nks pjksa (X1 rFkk X2) ij izkIr vadksa esa ls rhljs pj (X3) ftlosQ

izHkko dks foyx djuk gS] osQ }kjk Li"V fd;s tk ldus okys va'kksa dks fudkydj cps vof'k"V izkIrkadksa

(Residual Scores) osQ chp ifjxf.kr lglEcU/ gksrk gSA vof'k"V izkIrkadksa dks fuEu <ax ls izkIr fd;k tk

ldrk gSμ

(i) pj X1 osQ fy, vof'k"V izkIrkad

d1 = X1 – X′1
tgk¡ X′1 =

  pj X3 dh lgk;rk ls pj X1 dk iwoZdfFkr eku] ftls fuEu lehdj.k ls Kkr fd;k tk

ldrk gSμ

X′1 =  M1 + r13 
σ
σ

1

3
 (X3 – M3)
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(ii) pj X2 osQ fy, vof'k"V izkIrkad

d2 = X2 – X′2
tgk¡ X2 =  pj X3 dh lgk;rk ls pj X2 dk iwoZdfFkr eku] ftls fuEu lehdj.k ls Kkr fd;k

tk ldrk gSμ

X′2 =  M2 + r23 
σ
σ

2

3
(X3 – M3)

ijUrq vof'k"V izkIrkad (Residual Scores) izkIr djosQ muosQ chp lglEcU/ xq.kkad dh x.kuk

djosQ vkaf'kd lglEcU/ xq.kkad Kkr djuk ,d tfVy dk;Z gSA O;ogkj esa ,slk djus dh vko';drk ugha gSA

oLrqr% vkaf'kd lglEcU/ xq.kkad dh x.kuk fofHkUu pjksa osQ chp 'kwU; Lrjh; lk/kj.k lglEcU/ xq.kkadksa osQ

Kkr gksus ij ljyrk ls dh tk ldrh gSA izFke Lrj osQ vkaf'kd lglEcU/ xq.kkad (First Order Partial

Correlation) dh x.kuk djus dk lw=k fuEuor gSμ

r12.3 = 
r r r

r r

12 13 23

13
2

23
21 1

−

− −( ) ( )

tgk¡ r12.3 = pj 3 osQ izHkko dks lekIr djus ij pj 1 rFkk pj 2 osQ chp vof'k"V vkaf'kd

lglEcU/ xq.kkad

r12 = pj 1 rFkk pj 2 osQ chp lk/kj.k lglEcU/ xq.kkad

r13 = pj 1 rFkk pj 3 osQ chp lk/kj.k lglEcU/ xq.kkad

r23 = pj 2 rFkk pj 3 osQ chp lk/kj.k lglEcU/ xq.kkad

blh izdkj ls r13.2 rFkk r23.1 osQ lw=k vxzkafdr gksaxsμ

r13.2 = 
r r r

r r

13 12 32

12
2

32
21 1

−

− −( ) ( )

r23.1 = 
r r r

r r

23 21 31

21
2

31
21 1

−

− −( ) ( )

;fn pjksa dks 1, 2, 3 osQ LFkku ij x, y rFkk z ls izn£'kr djsa rc izFke Lrjh; vkaf'kd lglEcU/

xq.kkad osQ lw=k gkasxsμ

rxy.z = 
r r r

r r

xy xz yz

xz yz

−

− −( ) ( )1 12 2

rxz.y = 
r r r

r r

xz xy zy

xy zy

−

− −( ) ( )1 12 2

ryz.x = 
r r r

r r

yz yx zx

yx zx

−

− −( ) ( )1 12 2

f} Lrjh; vkaf'kd lglEcU/ xq.kkad (Second Order Partial Correlation Cofficient) dks

fuEu lw=k ls Kkr fd;k tk ldrk gSμ

r12.34 = r r r

r r

12 3 14 3 24 3

14 3
2

24 3
21 1

. . .

. .( ) ( )

−

− −

tgk¡ r12.34 = pj 3 rFkk pj 4 osQ izHkko dks lekIr djus ij pj 1 rFkk pj 2 osQ chp vof'k"V

vkaf'kd lglEcU/ xq.kkad
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r12.3 = pj 3 osQ izHkko dks lekIr djus ij pj 1 rFkk pj 2 osQ chp vof'k"V vkaf'kd

lglEcU/ xq.kkad

r14.3 = pj 3 osQ izHkko dks lekIr djus ij pj 1 rFkk pj 4 osQ chp vof'k"V vkaf'kd

lglEcU/ xq.kkad

r24.3 = pj 3 osQ izHkko dks lekIr djus ij pj 2 rFkk 4 osQ chp vof'k"V vkaf'kd

lglEcU/ xq.kkad

r12.3 , r14.3  rFkk r24.3 dh x.kuk iwoZor izLrqr izFke Lrjh; vkaf'kd lglEcU/ xq.kkad osQ lw=kksa dh

lgk;rk ls dh tk ldrh gSA

blh izdkj ls fdlh Hkh Lrj (Order) osQ vkaf'kd lglEcU/ xq.kkad dks mlls ,d de Lrj osQ

vkaf'kd lglEcU/ xq.kkadksa (Next lower Order Partial Correlation Coffcients) dh lgk;rk ls Kkr

fd;k tk ldrk gSA vr% ;fn n = (k – 2) rc nosa Lrj (nth order) osQ vkaf'kd lglEcU/ xq.kkad dh x.kuk

osQ fy, iz;qDr fd;k tkus okyk lw=k gksxkμ

r12.34......k = 
r r r

r r

k k k k k

k k k k

12 345 1 1 345 1 2 345 1

1 3345 1
2 2

2 345 11 1

. ...... ( ) . ......( ) . ......( )

. ...... ( ) . ......( )

− − −

− −

−

− −e j e j
vkaf'kd lglEcU/ xq.kkad dks bafxr djus okys laosQrk{kjksa osQ voyksdu ls ;g Li"V gks x;k gksxk fd

vkaf'kd lglEcU/ xq.kkad dks r osQ uhps pjksa dks bafxr djus okys vad ;k v{kj izR;; (Suffix) dh rjg ls

yxkdj fy[krs gSaA fcUnq (Point) ls iwoZ osQ nks vad ;k v{kj mu pjksa dks bafxr djrs gSa ftuosQ eè; vof'k"V

lglEcU/ Kkr djuk gS tcfd ckn osQ vad ;k v{kj mu pjksa dks bafxr djrs gSa ftuosQ izHkko dks lekIr fd;k

x;k gSA Li"V gS fd fcUnq osQ ckn fy[ks vadksa vFkok v{kjksa dh la[;k vkaf'kd lglEcU/ xq.kkad osQ Lrj

(Order) dh |ksrd gksrh gSA fcUnq osQ iwoZ rFkk ckn esa fy[ks pjksa osQ Øe dk dksbZ fo'ks"k egÙo ugha gksrk gS

tSls f}&Lrjh; vkaf'kd lglEcU/ dh fLFkfr esa

r12.34 = r12.43 = r21.34 = r21.43

tSl&tSls vkaf'kd lglEcU/ xq.kkad dk Lrj (Order) c<+rk tkrk gS oSls&oSls mldh O;k[;k djuk

tfVy gksrk tkrk gSA ;gh dkj.k gS fd izk;% osQoy izFke vFkok f}rh; Lrjh; vkaf'kd lglEcU/ xq.kkad dh

x.kuk dh tkrh gSA izFke rFkk f}rh; Lrjh; vkaf'kd lglEcU/ xq.kkadksa dh x.kuk fof/ dks vkxs fn;s mnkgj.kksa

ls Li"V fd;k x;k gSA mPp Lrjh; vkaf'kd lglEcU/ xq.kkad (High Order Partial Correlation

Coefficient) dh x.kuk esa #fp j[kus okys ikBd lw=kksa dk iz;ksx djosQ x.kuk dk;Z Lo;a dj losaQxs] ,slh

vk'kk gSA

mnkgj.kμ;fn r12 = .45, r13 = –.40 rFkk r23 = .62  gks rks r12.3 dh x.kuk dhft;sA

gyμKkr gSμ

r12 = + .45
r13 = –.40
r23 = +.62

 D;kasfd r12.3 dh x.kuk dk lw=k gSμ

r12.3 = 
r r r

r r

12 13 23

13
2

23
21 1

−

− −e j e j

r12.3 = 
− − ×

− − −2 2

.45 ( .40) (.62)

[1 ( .40) ] [1 (.62) ]
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= .698
.7191

 = .97

mnkgj.kμ200 Nk=kksa osQ ,d izfrn'kZ osQ fy, Å¡pkbZ] Hkkj rFkk vk;q osQ fy, lk/kj.k lglEcU/ xq.kkad

fuEuor FksA vk;q osQ izHkko dks fudky nsus ij Å¡pkbZ rFkk Hkkj osQ chp vof'k"V lglEcU/ xq.kkad D;k gksxk\

Å¡pkbZ rFkk Hkkj osQ chp lglEcU/ xq.kkad = .68

Å¡pkbZ rFkk vk;q osQ chp lglEcU/ xq.kkad = .80

Hkkj rFkk vk;q osQ chp lglEcU/ xq.kkad = .75

gyμ;fn Å¡pkbZ dks X laosQrk{kj ls] Hkkj dks Y laosQrk{kj ls rFkk vk;q dks Z laosQrk{kj ls bafxr djsa

rc

rxy = .68, rxz = .80, ryz = .75

D;kasfd vk;q (Z) osQ izHkko ls eqDr Å¡pkbZ (X) rFkk Hkkj (Y) osQ chp lglEcU/ dks Kkr djuk gS

blfy, rxy.z dh x.kuk djuh gksxh vr%

rxy.z =
r r r

r r

xy xz yz

xz yz

−

− −1 12 2e j e j
=

− ×

− −2 2

.68 .80 .75

(1 (.80) ) (1 (.75) )

= .08
.3969

 = .202

vr% vk;q osQ izHkko dks lekIr djus ij Å¡pkbZ rFkk Hkkj osQ eè; vkaf'kd lglEcU/ xq.kkad dk eku

.202 gksxkA

laxrrk vko';drk

(Consistency Requirement)

nks pjksa osQ chp lk/kj.k lglEcU/ xq.kkad rFkk vkaf'kd lglEcU/ xq.kkad esa ijLij lEcU/ vfuf'pr

jgrk gSA ;|fi izk;% vkaf'kd lglEcU/ xq.kkad dk eku lk/kj.k lglEcU/ xq.kkad ls de izkIr gksrk gS ijUrq

vkaf'kd lglEcU/ xq.kkad dk eku lk/kj.k lglEcU/ xq.kkad osQ eku ls vf/d Hkh izkIr gks ldrk gSA dHkh&

dHkh rks nks pjksa osQ chp lk/kj.k lglEcU/ xq.kkad rFkk mUgha nks pjksa osQ chp vkaf'kd lglEcU/ xq.kkad osQ

eku foijhr fpUgksa (Opposite Signs) okys Hkh izkIr gks tkrs gSaA bu rhuksa gh fLFkfr;ksa dks ,d mnkgj.k ls

Li"V fd;k tk ldrk gSA ;fn r12 = .90, r13 = .60 rFkk r23 = .30 gks rc r12.3 dk eku .791, r13.2 dk

eku .794 rFkk r23.1 dk eku –.688 izkIr gksxkA Li"V gS fd r12.3 dk eku r12 osQ eku ls de gS] rFkk r13.2

dk eku r13 osQ eku ls vf/d gS tcfd r23.1 rFkk r23 osQ fpUg ijLij foijhr gSaA vkaf'kd lglEcU/ xq.kkad

osQ bl izdkj ls izkIr gksus ij mldh O;k[;k djus esa dfBukbZ vkrh gSA ijUrq dHkh&dHkh rks vkaf'kd lglEcU/

xq.kkad dk eku 1.00 ls vf/d izkIr gks tkrk gS tks fd lglEcU/ xq.kkad osQ izR;; osQ foijhr gksrk gSA tSls

;fn r12 = .80, r13 = .70, rFkk r23 = –.20 gks rc r12.3 dk eku 1.343 izkIr gksxk tks fd lglEcU/ osQ

izR;; osQ vuq:i ugha gSA oLrqr% izFke Lrjh; lglEcU/ xq.kkad (First Order Partial Correlation) dh

x.kuk osQ fy, ;g vko';d gS fd rhuksa lk/kj.k lglEcU/ xq.kkadksa esa ijLij bl izdkj dk lEcU/ gksuk pkfg,

fd dksbZ Hkh vkaf'kd lglEcU/ xq.kkad dk eku 1.00 ls vf/d u vk losaQA rhu lglEcU/ xq.kkadksa esa bl

izdkj osQ lEcU/ dks laxrrk lEcU/ (Consistency Relationship) dgrs gSaA bl laxrrk lEcU/ osQ fy,

fuEu 'krZ iwjh gksuh pkfg,μ

1 – r12
2  – r13

2  – r23
2  + 2 r12 r13 r23  > 0



76 vFkZ'kkL=k esa lkaf[;dh; i¼fr

uksV

lglaca/ ,oa izrhixeu

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 04-1.pmd

;fn rhu lglEcU/ xq.kkad bl 'krZ dks iwjk djrs gSa rc ,sls rhu lglEcU/ xq.kkadksa dks laxr

(Consistent) dgrs gSaA ijUrq ;fn rhuksa lglEcU/ xq.kkad bl 'krZ dks iwjk ugha djrs gSa rc bUgsa vlaxr

(Inconsistent) dgrs gSaA ihNs o£.kr mnkgj.k esa r12 = .80, r13 = .70, rFkk r23 = –.20 osQ fy,μ

1 – r12
2  – r13

2  – r23
2  + 2 r12 r13 r23

= 1 – .802 – .702 – (–.20)2 + 2 × .80 × .70 × (–.20)
= –.394

D;ksafd – .394 dk eku 'kwU; ls vf/d ugha gS blfy, ;s rhuksa lglEcU/ xq.kkad laxrrk dh 'krZ dks

iwjk ugha dj ikus osQ dkj.k vlaxr (Inconsistent) gSa ,oa buosQ fy, vkaf'kd lglEcU/ xq.kkadksa dh x.kuk

djuk lEHko ugha gSA

vkaf'kd lglEcU/ xq.kkad dh lhek,¡

(Limitations of Partial Correlation Coefficient)

fdUgha Hkh nks pjksa osQ chp vkaf'kd lglEcU/ xq.kkad (Partial Correlation Coefficient)

fuEufyf[kr lhekvksa ls ;qDr gksrk gSμ

(i) osQoy js[kh; lglEcU/ osQ dkj.k vk jgs izHkko dks lekIr fd;k tk ldrk gSA oØh; lglEcU/ osQ

izHkko dks lekIr djuk lEHko ugha gksrk gS blfy, ;g vko';d gS fd vkaf'kd lglEcU/ xq.kkad dh

x.kuk esa iz;qDr lHkh 'kwU; Lrjh; (zero order) lglEcU/ xq.kkadksa dh x.kuk osQ fy, iz;qDr lead

js[kh; <ax ls forfjr gksA

(ii) vkaf'kd lglEcU/ xq.kkad dks iw.kZ#is.k Li"V djuk izk;% lEHko ugha gks ikrk gSA

(iii) lk/kj.k lglEcU/ xq.kkad osQ leku vkaf'kd lglEcU/ xq.kkad Hkh dk;Z&dkj.k lEcU/

(Cause-Effect Relationship) izLrqr ugha djrk gSA

(iv) lHkh pjksa osQ izHkko dks lekIr djuk lEHko ugha gks ikrk gSA

(v) laxrrk 'krZ (Consistency Condition) osQ iwjk u gksus ij vkaf'kd lglEcU/ xq.kkad dk eku

1.00 ls vf/d vk ldrk gSA

vkaf'kd lglEcU/ xq.kkad dh lkFkZdrk

(Significane of Partial Correlation Coefficient)

lk/kj.k lglEcU/ xq.kkad dh lkFkZdrk osQ fy, iz;qDr dh tkus okyh lHkh fof/;ksa dks vkaf'kd

lglEcU/ xq.kkad dh lkFkZdrk dh tk¡p osQ fy, iz;qDr fd;k tk ldrk gSA nksuksa esa vUrj osQoy eqDrka'kksa

(df) osQ fu/kZj.k dk gSA vkaf'kd lglEcU/ xq.kkad dh lkFkZdrk dh tk¡p osQ le; fu;fU=kr fd;s x;s izR;sd

pj osQ fy, ,d&,d eqDrka'k (df) vkSj de gksrk tkrk gSA D;ksafd lk/kj.k lglEcU/ xq.kkad dh ekud =kqfV

(1 – r2)/ ( )n − 2  gksrh gSA vr% izFke Lrjh; (First Order) vkaf'kd lglEcU/ dh ekud =kqfV Kkr djus

dk lw=k fuEuor gksxkμ

σr12 3.
 = 

1

3
12 3
2−
−

r .

N

rFkk izFke Lrj osQ vkaf'kd lglEcU/ xq.kkad (r12.3) dh lkFkZdrk osQ fy, iz;qDr Vh&ijh{k.k osQ fy,

Vh vuqikr dk eku Kkr djus dk lw=k gksxkμ

t = 
r

r

12 3

12 3
2

3.

.

N

1

−

−
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bl Vh&vuqikr dh lkFkZdrk df = N – 3 ij ns[kh tk;sxh blh izdkj ls (K – 2) osa Lrj osQ vkaf'kd

lglEcU/ xq.kkad dh ekud =kqfV rFkk Vh&vuqikr osQ lw=k gksaxsμ

σr k12 34. ......
 = 

1 12 3
2−
−

r k. ......

N K

rFkk t = 
r

r

k12 34

12 34
2

. ......

. ......K

N K

1

−

−
(df = N – K)

ijUrq lk/kj.k lglEcU/ xq.kkad dh lkFkZdrk osQ fu/kZj.k osQ leku vkaf'kd lglEcU/ xq.kkad dh

lkFkZdrk dk vf/d lgh <ax ls fu/kZj.k fiQ'kj osQ tsM iQyu izR;korZu (Fisher's Z Conversion) osQ }kjk

fd;k tk ldrk gSA D;ksafd lk/kj.k lglEcU/ xq.kkad osQ fy, izR;ko£rr tsM dh ekud =kqfV 1/(N – 3) gksrh

gS blfy, izFke Lrjh; vkaf'kd lglEcU/ osQ vuq:i izR;ko£rr tsM dh ekud =kqfV dk lw=k fuEuor gksxkμ

σZ = 
1

N 4−

blh izdkj ls k osa Lrj osQ vkaf'kd lglEcU/ (Partial Correlation Coefficient) osQ fy,

izR;ko£rr tsM dh ekud =kqfV Kkr djus dk lw=k gksxkμ

σZ = 
1

3N K− −

vkaf'kd lglEcU/ xq.kkad dh lkFkZdrk dh fof/ fuEu mnkgj.kksa ls Li"V gks losQxhA

mnkgj.kμ100 iz;ksT;ksa osQ ,d izfrn'kZ osQ fy, r12.3 = .30 izkIr gqvkA D;k ;g vkaf'kd lglEcU/

xq.kkad lkFkZd gS\

gyμKkr gS N = 100 rFkk r12.3 = .30

izFke Lrjh; (First Order) vkaf'kd lglEcU/ dh lkFkZdrk dh tk¡p osQ fy, iz;qDr Vh ijh{k.k esa

Vh vuqikr dh x.kuk fuEu lw=k ls dh tk;sxhμ

t =
r

r

12 3

12 3
21

.

.

N 3−

−

=
.

( . )

30 100 3

1 302

−

−

=
2 9547
9539
.
.

= 3.097

ifjxf.kr t = 3.097 osQ fy, df = 97 gSA vr% df = 97 ij Vh&lkj.kh ns[kus ij Li"V gS fd

t.05 = 1.98 rFkk t.01 = 2.63 gSA D;ksafd ifjxf.kr t = 3.097 bu nksuksa gh lkj.kh ekuksa ls vf/d gSA vr%

;g .01 Lrj ij lkFkZd gSA blfy, .01 Lrj ij lkFkZd bl Vh&vuqikr osQ vk/kj ij dgk tk ldrk gS fd

r12.3 = .30 dk eku .01 Lrj ij lkFkZd gSA

v¼Z vkaf'kd lglEcU/ xq.kkad

(Semi-Partial Correlation Coefficient)

vkaf'kd lglEcU/ xq.kkad osQ lS¼kfUrd foospu esa Li"V fd;k tk pqdk gS fd vkaf'kd lglEcU/ Kkr

djrs le; nksuksa gh pjksa ls fdlh rhljs pj (vFkok dbZ pjksa) osQ izHkko dks foyx fd;k tkrk gSA nwljs 'kCnksa
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esa dgk tk ldrk gS fd nksuksa gh pjksa osQ izkIrkadksa esa ls rhljs pj osQ izHkko okys va'k dks ?kVkus ij izkIr

vof'k"V izkIrkadksa osQ chp tks lglEcU/ xq.kkad izkIr gksrk gS] mls gh vkaf'kd lglEcU/ xq.kkad dgrs gSaA ;fn

osQoy ,d gh pj ls rhljs pj osQ izHkko dks gVk;s rFkk nwljs pj dks ;Fkkor jgus ns] rc izkIr lglEcU/ xq.kkad

dks v¼Z&vkaf'kd lglEcU/ xq.kkad (Semi-Partial Correlation Coefficient) dgrs gSaA oqQN fo}ku bls

va'k lglEcU/ xq.kkad (Part Correlation Coefficient) osQ uke ls Hkh lEcksf/r djrs gSaA v¼Z&vkaf'kd

lglEcU/ xq.kkad dks izk;% r1(2.3) laosQrk{kj ls fy[krs gSa tks izFke pj dk f}rh; pj osQ lkFk v¼Z&vkaf'kd

lglEcU/ xq.kkad dks bafxr djrk gSA r`rh; pj osQ izHkko dks osQoy f}rh; pj ls foyx fd;k x;k gSA Li"V

gS fd dks"Bd esa fy[kh izFke la[;k okys pj ls mlls vkxs dh la[;k okys pj (pjksa) osQ izHkko dks foyx

fd;k x;k gSA vkaf'kd lglEcU/ okys [k.M esa iz;qDr vof'k"V izkIrkadksa dk ;fn lUnHkZ fy;k tk;s rc dgk

tk ldrk gS fd r1(2.3) okLro esa X1 rFkk d2 osQ chp izkIr lglEcU/ xq.kkad gSA v¼Z&vkaf'kd lglEcU/

xq.kkad dh x.kuk fuEu lw=k ls dh tk ldrh gSμ

r1(2.3) = 
r r r

r

12 13 23

23
21

−

−

.

;fn r1(2.3) osQ lw=k dh rqyuk r12.3 osQ lw=k ls dh tk;s rc Li"V gks losQxk fd v¼Z&vkaf'kd

lglEcU/ xq.kkad r1(2.3) osQ lw=k osQ gj esa ,d in 1 13
2− r  ugha gS] 'ks"k lHkh in ;Fkkor gaSA D;ksafd

1 13
2− r  dk eku lnSo gh ,d ls de izkIr gksxk blfy, dgk tk ldrk gS fd r1(2.3) dk eku r12.3 osQ

eku ls lnSo gh de izkIr gksrk gSA blh izdkj ls vf/d Lrj okys v¼Z vkaf'kd lglEcU/ xq.kkadksa dh x.kuk

dh tk ldrh gSA v¼Z&vkaf'kd lglEcU/ xq.kkad dk cgqizrhixeu esa fo'ks"k egÙo gSA pkj LorU=k pjksa osQ fy,

fdlh cgqlglEcU/ xq.kkad osQ oxZ dks v¼Z&vkaf'kd lglEcU/ xq.kkadksa osQ :i esa fuEu <ax ls fy[kk tk ldrk

gSμ

R1.2345
2

 = r12
2  + r1 3

2
( .2)  + r1 4

2
( .23)  + r1 5

2
( .234)

tgk¡ r12
2  = pj 1 rFkk 2 osQ chp mHk;fu’ izlj.k

r1 3
2
( .2)  = pj 2 osQ lkFk lgHkkxh izlj.k dks ?kVk dj] pj 1 rFkk 3 osQ chp vof'k"V mHk;fu‘

izlj.k

r1 4
2
( .23)  = pj 2 rFkk 3 osQ lkFk lgHkkxh izlj.k dks ?kVkdj pj 1 rFkk 4 vof'k"V mHk;fu’

izlj.k

r1 5
2
( .234)  = pj 2, 3 rFkk 4 osQ lkFk lgHkkxh izlj.k dks ?kVkdj pj 1 rFkk 5 osQ chp vof'k"V

mHk;fu’ izlj.k

cgq&lglEcU/ xq.kkad dh ppkZ vkxs osQ i`"Bkssa ij foLrkj ls dh tk jgh gSA

4-4 cgq&lglEcU/ xq.kkad (Multiple Correlation Coefficient)

ftl pj osQ eku dk iwoZdFku fd;k tkrk gSA mls vkfJr pj (Dependent Variable) vFkok fud"k

pj (Criterion Variable) dgrs gSa rFkk ftl pj dk eku Kkr gksrk gS mls LorU=k pj (Independent

Variable) vFkok iwoZdFkd (Predictor) osQ uke ls lEcksf/r fd;k tkrk gSA LorU=k pj osQ vk/kj ij

vkfJr pj osQ iwoZdFku dh ifjek£trrk (Precision) nksuksa pjksa osQ eè; lglEcU/ xq.kkad (r) osQ eku ij

fuHkZj djrh gSA oLrqr% iwoZdFku dh ifjek£trrk nksuksa pjksa osQ eè; mHk;fu"B izlj.k (Common Variance)
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ij fuHkZj djrh gS tks fd muosQ chp osQ lglEcU/ xq.kkad (r) osQ oxZ osQ cjkcj gksrk gSA tSls ;fn cqf¼ rFkk

'kSf{kd fu"ifÙk osQ eè; .60 dk lglEcU/ gks rc cqf¼ rFkk 'kSf{kd fu"ifÙk izkIrkadksa osQ chp 36%  izlj.k

mHk;fu"B gksxk tks cqf¼ osQ Kkr gksus ij 'kSf{kd fu"ifÙk osQ iwoZdFku dh ifjek£trrk dk Hkh |ksrd gksxkA ;gh

dkj.k gS fd nksuksa pjksa osQ eè; lglEcU/ xq.kkad (r) dk eku (pkgs /ukRed gks vFkok Í.kkRed gks) ftruk

vf/d gksrk gS iwoZdFku dh ifjek£trrk mruh gh vf/d gksrh gSA

iwoZdFku dks vf/d ifjek£trrk cukus osQ fy, dHkh&dHkh ,d ls vf/d LorU=k pjksa vFkok iwoZdFkuksa
dk iz;ksx fd;k tkrk gS D;ksafd vfHkizsj.kk rFkk 'kSf{kd fu"ifÙk Hkh ijLij lg lEcfU/r gksrs gSa blfy, 'kSf{kd

fu"ifÙk osQ iwoZdFku osQ fy, cqf¼ osQ lkFk&lkFk vfHkizsj.kk pj dk Hkh iz;ksx fd;k tk ldrk gS mnkgj.kkFkZ ;fn
'kSf{kd fu"ifÙk o cqf¼ osQ chp .60 dk rFkk 'kSf{kd fu"ifÙk o vfHkizsj.kk osQ eè; .50 dk lglEcU/ gks rc
'kSSf{kd fu"ifÙk o cqf¼ pjksa osQ chp 36% izlj.k mHk;fu"B gksxk tcfd 'kSf{kd fu"ifÙk o vfHkizsj.kk pjksa osQ

chp 25% izlj.k mHk;fu"B gksxkA ;fn cqf¼ rFkk vfHkizsj.kk osQ chp dksbZ lglEcU/ u gks rc bu nksuksa
iwoZ&dFkdksa rFkk 'kSf{kd fu"ifÙk osQ chp 36% + 25% = 61% izlj.k mHk;fu"B gksxkA bl 61% mHk;fu"B
izlj.k osQ vk/kj ij dgk tk ldrk gS fd 'kSf{kd fu"ifÙk dk cqf¼ o vfHkizsj.kk osQ lkFk la;qDr lglEcU/

(Combined Correlation) dk eku .61  = .78 gSA fdlh ,d pj dk nks ;k nks ls vf/d pjksa osQ lkFk

bl izdkj ls la;qDr lglEcU/ dks gh cgq&lglEcU/ (Multiple Correlation) dgk tkrk gSA vr%

cgq&lglEcU/ xq.kkad fdlh vkfJr pj (Dependent Variable) rFkk nks ;k nks ls vf/d LorU=k pjksa
(Independent Variables) ;k fud"k pj (Criterion Variable) ;k iwoZdFkdksa (Predectors) osQ
chp lglEcU/ dh ek=kk dks crkrk gSA ijUrq O;ogkj esa cgq&lglEcU/ xq.kkad dh x.kuk bruh ljy ugha gS

D;ksafd fdUgh Hkh nks LorU=k pjksa ;k iwoZdFkdksa osQ chp lglEcU/ xq.kkad dk eku 'kwU; ugha gksrk gSA nks LorU=k
pjksa osQ chp lglEcU/ osQ 'kwU; u gksus ij vkfJr pj rFkk nksuksa LorU=k pjksa osQ chp osQ mHk;fu"B izlj.kksa
esa oqQN vfrPNknu (Overlapping) gksrh gSa ftlosQ dkj.k vkfJr pj rFkk nksuksa LorU=k pjksa osQ chp

mHk;fu"B izlj.kksa dk ;ksx djosQ vkfJr pj rFkk LorU=k pjksa osQ chp oqQy mHk;fu"B izlj.k dks Kkr dj ikuk
lEHko ugha gks ikrk gSA ifj.kker% cgq&lglEcU/ xq.kkad dh x.kuk dfBu gks tkrh gSA vfrPNknu (Overlap-
ping) osQ dkj.k gksus okyh bl dfBukbZ dks fp=k 96 osQ voyksdu ls vf/d vPNh rjg ls le>k tk

ldrk gSA

1 2

r = .6012

2 3

2 31 2

r = .6012

r = 0023

r = .4023

r = .5013

r = .5013

1 3

1 3

12 3

3

12

R = .781.23

R = .661.23

fp=k
fofHkUu pjksa osQ chp mHkfu"B izlj.k dk js[kkfp=kh; izn'kZu

LorU=k pjksa osQ chp ijLij lglEcU/ gksus ij vkfJr pj dk dbZ LorU=k pjksa ls la;qDr lglEcU/

Kkr djus osQ fy, cgq&lglEcU/ xq.kkad dh x.kuk osQ fy, fof'k"V lw=kksa dk izfriknu fd;k x;k gS ftudh

lgk;rk ls cgq&lglEcU/ xq.kkad dh x.kuk ljyrk ls dh tk ldrh gSA cgq&lglEcU/ leL;k eas oqQy rhu
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pj vFkkZr~ ,d vkfJr pj (X) rFkk nks LorU=k pj (Y rFkk Z) gksus ij cgq&lglEcU/ xq.kkad dh x.kuk fuEu

lw=k ls dh tk ldrh gSμ

RX.YZ = 
r r r r r

r
XY XZ XY XZ YZ

YZ

2 2

2
2

1
+

−

tgk¡ RX.YZ = vkfJr pj (X) dk LorU=k pj (Y) rFkk LorU=k pj (Z) osQ lkFk cgq&lglEcU/

xq.kkad

rXY  = pj X rFkk pj Y osQ chp lk/kj.k lglEcU/ xq.kkad

rXZ  = pj X rFkk pj Z osQ chp lk/kj.k lglEcU/ xq.kkad

rYZ  = pj Y rFkk pj Z osQ chp lk/kj.k lglEcU/ xq.kkad

D;ksafd LorU=k pjksa dh la[;k nks ls vf/d Hkh gks ldrh gS blfy, cgq&lglEcU/ dh leL;kvksa esa

vkfJr pj dks 1 ls rFkk LorU=k pjksa dks 2, 3, 4....vkfn vadksa ls bafxr djuk vf/d vPNk le>k tkrk gSA

rc cgq&lglEcU/ xq.kkad dk mijksDr lw=k fuEuor gks tk;sxkμ

R1.23 = 
r r r r r

r
12
2

13
2

12 13 23

23
2

2
1

+ −
−

dHkh&dHkh vkfJr pj dks Y ls rFkk LorU=k pjksa dks X1, X2....vkfn ls bafxr djrs gSa rc mijksDr

lw=k gksxkμ

RY.X1X
yx yx yx yx x x

x x

r r r r r

r2

1 2 1 2 1 2

1 2

2 2

2

2

1
=

+ −

−

mijksDr foospu ls Li"V gS fd cgq&lglEcU/ xq.kkad (Multiple Correlation Coefficient) dks

R laosQrk{kj lss fy[krs gSaA laosQrk{kj R osQ lkFk iz;qDr izR;; (Suffix) esa fcUnq ls iwoZ dk vad ;k v{kj

vkfJr pj dks bafxr djrk gS tcfd ckn osQ vad ;k v{kj LorU=k pjksa dks bafxr djrs gSaA tSls R1.2345  esa

vkfJr pj dks 1 ls rFkk LorU=k pjksa dks 2, 3, 4 o 5 ls bafxr fd;k x;k gSA dHkh&dHkh vkfJr pj dks

dks"Bd esa cUn djosQ bafxr djrs gSaA tSls R(x)yz esa vkfJr pj X gS tcfd R(1)23 esa vkfJr pj dks vad

1 ls bafxr fd;k x;k gSA cgq&lglEcU/ xq.kkad dh x.kuk fof/ vkxs fn;s x;s mnkgj.kksa ls Li"V gks losQxhA

mnkgj.kμ;fn r12 = .58, r13 = .42 rFkk r23 = .35 gks] rks R1.23 dk eku Kkr dhft;sA

gyμKkr gS

r12 = .58, r13 = .42 r23 = .35

pj ,d dk pj nks o pj rhu ls cgq&lglEcU/ xq.kkad Kkr djus dk lw=k gSμ

R1.23 =
r r r r r

r
12
2

13
2

12 13 23

23
2

2
1

+ −
−

= . . . . .
.

58 42 2 58 42 35
1 35

2 2

2
+ − × × ×

−

= . . .
.

3364 1764 17052
1 1225

+ −
−

= .
.
34228
8785

= .390063

= .625
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cgq&lglEcUèk xq.kkad dh O;k[;k

(Interpretation of Multiple Correlation Coefficient)

cgq&lglEcUèk xq.kkad dh x.kuk osQ mijkUr mldh O;k[;k dk iz'u mBrk gSA oLrqr% cgq&lglEcèk
xq.kkad dh O;k[;k Bhd mlh izdkj ls dh tkrh gS ftl izdkj ls lkèkkj.k lg&lEcUèk xq.kkad dh O;k[;k dh

tkrh gS ijUrq cgq&lglEcUèk xq.kkad osQ lEcUèk esa ;g ckr è;ku nsus ;ksX; gS fd cgq&lglEcUèk dh fn'kk dh
vksj dksbZ laosQr ugha djrk gS oju osQoy vkfJr pj rFkk LorU=k pjksa osQ chp la;qDr lglEcUèk (Joint
Relationship) osQ eku dks crkrk gSA ;g ckr cgq&lglEcUèk Kkr djus osQ lw=k ls Hkh Li"V gksrh gSA D;ksafd

fdlh èkukRed la[;k dk oxZewy èkukRed rFkk Í.kkRed nksuksa gh gks ldrk gS blfy, cgq&lglEcUèk xq.kkad
dks ‘+’ vFkok ‘–’ fpUg nsuk lEHko ugha gks ikrk gSA cgq&lglEcUèk xq.kkad dh O;k[;k R2 osQ :i esa dh tk
ldrh gSA cgq&lglEcUèk xq.kkad osQ oxZ vFkkZr R2 dks cgq&fuèkkZjd xq.kkad (Coefficient of Multiple

Determination) dgrs gSa rFkk ;g vkfJr pj o LorU=k pjksa osQ chp mHk;fu"B izlj.k (Common
variance) dks vuqikr osQ :i esa crkrk gS ftls 100 ls xq.kk djus ij mHk;fu"B izlj.k dk eku izfr'kr esa
izkIr gks tkrk gSA vr% ;fn R = .75 rc R2 = .5625 gksxkA rc dg ldrs gSa fd vkfJr pj rFkk LorU=k

pjksa osQ chp mHk;fu"B izlj.k dk eku 56.25 izfr'kr gSA vof'k"V izlj.k (Remaining Variance) vFkkZr~
1 – R2 dks cgq&vfuèkkZjd xq.kkad (Coefficient of Multiple Non-determination) dgrs gSa rFkk bls
K ls izn£'kr djrs gSaA cgq&vfuèkkZjd xq.kkad (K) crkrk gS fd vkfJr pj dk fdruk izlj.k vuqikr LorU=k

pjksa ls vfHkO;Dr ugha gks ik jgk gSA cgq&vfuèkkZjd xq.kkad okLro esa lkèkkj.k lglEcUèk xq.kkad osQ vyxko
xq.kkad (Coefficient of Alienation) osQ led{k gS rFkk ftl izdkj ls ogk¡ ij r2 + k2 dk eku 1.0 osQ
cjkcj gksrk gS] Bhd mlh izdkj ls R2 + K2 dk eku 1.0 gksrk gSA

fdlh vkfJr pj rFkk vusd LorU=k pjksa osQ eè; cgq&lglEcUèk xq.kkad dk eku lnSo gh vkfJr pj

rFkk LorU=k pjksa osQ chp osQ lkèkkj.k lglEcUèk xq.kkadksa osQ eku (+ vFkok – ij è;ku fn;s fcuk) ls vfèkd

gksrk gSA vr% R1.23 dk eku lnSo gh r12 rFkk r13 nksuksa osQ eku ls vfèkd gksxkA cgq&lglEcUèk xq.kkad osQ

lw=k ls Li"V gksxk fd cgq&lglEcUèk xq.kkad dk vfèkdre eku rc izkIr gksrk gS tc r23 = 0 gksrk gSA oLrqr%

r23 = 0 gksus ij cgq&lglEcUèk xq.kkad dk lw=k R1.23 = r r12
2

13
2+  gks tkrk gS tks fdUgha Hkh fn;s x;s r12

rFkk r13 osQ fy, R1.23 dk vfèkdre eku iznku djsxkA

cgq&lglEcUèk xq.kkad osQ lEcUèk esa nks izeq[k fu;e gSa fd (i) LorU=k pjksa osQ eè; ijLij lglEcUèk

(r23) osQ c<+us ij cgq&lglEcUèk xq.kkad dk eku ?kVrk tkrk gS tcfd LorU=k pjksa osQ eè; ijLij lglEcUèk

(r23) osQ ?kVus ij cgq&lglEcUèk xq.kkad dk eku c<+ tkrk gS rFkk (ii) vkfJr pj rFkk LorU=k pjksa osQ eè;

lglEcUèk xq.kkadksa osQ ekuksa osQ c<+us ij cgq&lglEcUèk xq.kkad dk eku c<+rk gSA vr% cgq&lglEcUèk xq.kkad

dk eku rc vfèkdre gksrk gS tc vkfJr pj dk LorU=k pjksa ls lglEcUèk vfèkd iq"V (High) gks tcfd

LorU=k pjksa ls lglEcUèk vR;Ur {kh.k (Low) gks ijUrq oqQN vioknkRed fLFkfr;k¡ (Exceptional Cases)

,slh gks ldrh gSa tks mijksDr o£.kr fu;eksa osQ foijhr ifj.kke izLrqr dj nsrh gSaA ;s nksuksa fu;e ,oa budh

vioknkRed fLFkfr;k¡ lkj.kh 1 esa izLrqr ifjdfYir leadksa ls Li"V gks losaaQxhA

lkj.kh 1

fofHkUu lkèkkj.k lglEcUèk xq.kkadksa dk cgq&lglEcUèk xq.kkad ij izHkko

Øe&la[;k r12 r13 r23 R2
1.23 R1.23

1 .5 0 0 .2500 .50
2 .5 0 .4 .2976 .55
3 .5 0 .6 .3906 .63
4 .5 0 .8 .6944 .83
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5 .5 .3 0 .3400 .58
6 .5 .3 .4 .2619 .51
7 .5 .3 .6 .2500 .50
8 .5 .3 .8 .2778 .53

9 .5 .6 0 .6100 .78
10 .5 .6 .4 .4405 .66
11 .5 .6 .6 .3906 .63
12 .5 .6 .8 .3611 .60

13 .5 .3 – .4 .5476 .74
14 .5 – .3 .4 .5476 .74
15 .5 – .3 – .4 .2619 .51
16 – .5 – .3 – .4 .5476 .74

mijksDr foospu ,oa lkj.kh osQ voyksdu ls cgq&lglEcUèk xq.kkad osQ lEcUèk esa fuEukafdr egÙoiw.kZ

ckrsa Li"V gksrh gSaμ

(i) cgq&lglEcUèk xq.kkad lglEcUèk dh fn'kk dks bafxr ugha djrk gSA

(ii) vkfJr pj rFkk LorU=k pjksa osQ eè; lglEcUèk xq.kkadksa osQ c<+us ij cgq&lglEcUèk xq.kkad dk eku

Hkh c<+rk gSA

(iii) LorU=k pjksa osQ eè; ijLij lglEcUèk xq.kkadksa osQ c<+us ij cgq&lglEcUèk xq.kkad dk eku ?kVrk gSA

(iv) cgq&lglEcUèk xq.kkad dk eku vkfJr pj rFkk LorU=k pjksa osQ eè; lkèkkj.k lglEcUèk xq.kkadksa osQ ekuksa

ls vfèkd ;k cjkcj gksrk gSA

4-5 cgq&izrhixeu lehdj.k (Multiple Regression Equation)

cgq&lglEcUèk xq.kkad dks nks ls vfèkd LorU=k pjksa osQ fy, Hkh foLr`r fd;k tk ldrk gS] ijUrq bldh

ppkZ osQ iwoZ cgq&izrhixeu dks le>uk vko';d gksxkA ftl izdkj ls nks&pj leL;k (Two Variable

Problem) esa ,d LorU=k pj dh lgk;rk ls vkfJr pj dk iwoZdFku djus osQ fy, cgq&izrhixeu lehdj.k

fodflr dh xbZ Fkh] Bhd mlh izdkj ls cgq&pj leL;k esa dbZ LorU=k pjksa osQ Kkr gksus ij vkfJr pj dk

iwoZdFku djus osQ fy, izrhixeu lehdj.k dks fodflr fd;k tk ldrk gSA fdlh vkfJr pj dk nks LorU=k

pjksa dh lgk;rk ls iwoZdFku djus osQ fy, iz;qDr fd, tkus okyh izrhixeu lehdj.k dk lkekU; :i

(General Form) fuEuor gksrk gSμ

X1  = b12.3 X2 + b13.2 X3 + K

tgk¡ X1 = vkfJr pj X1 ij iwoZdfFkr eku

X2 = LorU=k pj X2 ij Kkr eku

X3 = LorU=k pj X3 ij Kkr eku

b12.3 = X1 osQ iwoZdFku osQ fy, X2 dks fn;k x;k Hkkj

b13.2 = X1 osQ iwoZdFku osQ fy, X3 dks fn;k x;k Hkkj

K = fLFkjkad

fdlh iz;ksT; osQ LorU=k pjksa X2 rFkk X3 ij izkIrkad Kkr gksus ij mlosQ vkfJr pj X1 osQ izkIrkad

dks mijksDr cgq&izrhixeu lehdj.k dh lgk;rk ls Kkr fd;k tk ldrk gSA fLFkjkad (Constant) K dk eku
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bl izdkj ls p;fur fd;k tkrk gS fd iwoZdfFkr X1 ekuksa dk eè;eku okLrfod X1 ekuksa osQ eè;eku osQ

cjkcj gksA mijksDr lehdj.k esa b12.3 rFkk b13.2 xq.kkad (Coefficients) oLrqr% X2 rFkk X3 dh lgk;rk

ls X1 osQ iwoZdFku osQ le; X2 rFkk X3 pjksa osQ ekuksa dks fn;s tkus okyk Hkkj (Weights) gSA vr% xq.kkad

b12.3 dk eku crkrk gS fd X2 esa ,d bdkbZ (Unit) dh o`f¼ gksus ij X1 osQ eku esa fdruh bdkbZ;ksa dh

o`f¼ gksxh tcfd X3 osQ izHkko dks lekIr dj fn;k x;k gksA blh izdkj ls xq.kkad b13.2 dk eku crkrk gS fd

X3 esa ,d bdkbZ dh o`f¼ gksus ij X1 osQ eku esa fdruh bdkb;ksa dh o`f¼ gksxh tcfd X2 osQ izHkko dks lekIr

dj fn;k x;k gSA bu ch xq.kkadksa dks vkaf'kd izrhixeu xq.kkad (Partial Regression Coefficients) dgrs

gSaA mijksDr cgq&izrhxeu lehdj.k dks fopfyr izkIrkadksa (Deviated Scores) rFkk ekud izkIrkadksa (Stan-

dard Scores) osQ :i esa fuEuor fy[kk tk ldrk gSμ

x1  = b12.3 x2 + b13.2 x3

rFkk z1 = β12.3 Z2 + β13.2 Z3

mijksDr lehdj.k esa iz;qDr chVk (β) xq.kkadksa dks ekud vkaf'kd izrhixeu xq.kkad (Standard

Partial Regression Weights) dgrs gSaA chVk xq.kkadksa dks ^ekud* blfy, dgrs gSa D;ksafd ;s ekud

izkIrkadksa osQ fy, iz;qDr fd;s tkrs gSaA fofHkUu ch&xq.kkadksa (b-Coefficients) dh x.kuk chVk&xq.kkadksa

(β-coefficients) dh lgk;rk ls dh tk ldrh gSA fofHkUu ch&xq.kkadksa] chVk&xq.kkadksa rFkk fLFkjkad dh x.kuk

fuEu lw=kksa ls dh tk ldrh gSμ

b12.3 =
s
s

1

2
 β12.3

b13.2 =
s
s

1

3
 β13.2

β12.3 =
r r r

r
12 13 23

23
21

−
−

β13.2 =
r r r

r
13 12 23

23
21

−
−

K = M1 – (b12.3 M2 + b13.2 M3)

mijksDr lw=kksa esa iz;qDr laosQrk{kj LoLi"V gSA chVk&xq.kkadksa rFkk lkèkkj.k lglEcUèk xq.kkadksa dh lgk;rk

ls cgq&lglEcUèk xq.kkad (R) dh x.kuk fuEu <ax ls dh tk ldrh gSμ

R1.23 = β β12 3 12 13 13. .2r r+

lqfoèkk osQ fy, b12.3 o β12.3 dks Øe'k% b2 o β2 laosQrk{kj ls rFkk b13.2 o β13.2 dks Øe'k% b3

o β3 laosQrk{kj ls Hkh fy[kk tkrk gSA rc izrhixeu lehdj.k rFkk fofHkUu lw=kksa dk :i fuEuor gks tk;sxkμ

X1 = b2 X2 + b3 X3 + K

x1  = b2 x2 + b3 x3

z1 = β2Z2 + β3 Z3

b2 =
s
s

1

2
 β2 rFkk b3 = 

s
s

1

3
 β3

β2 =
r r r

r
12 13 23

23
21

−
−

rFkk β3 = 
r r r

r
13 12 23

23
21

−
−

K = M1 – (b2 M2 + b3M3)
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R1.23 = β β2 12 3 13r r+

;fn vkfJr pj dks Y ls rFkk LorU=k pjksa dks X1 o X2 ls izn£'kr fd;k tk;s] rc fofHkUu izrhixeu

lehdj.kksa rFkk lw=kksa dk :i fuEuor gks tk;sxk

Y = b1X1 + b2X2 + K

y  = b1x1 + b2x2

zy = β1z1 + β2z2

b1 =
s

s
y

1
β1 rFkk b2 = 

s

s
y

2

β2

β1 =
r r r

r
yx yx x x

x x

1 2 1 2

1 2
1 2

−

−
rFkk β2 = 

r r r

r
yx yx x x

x x

2 1 1 2

1 2
1 2

−

−

K = My – (b1M1 + b2M2)

. 1 2
Ry x x  = 1 21 2yx yxr rβ + β

mijksDr o£.kr izrhixeu lehdj.kksa] ch xq.kkadksa rFkk chVk xq.kkadksa osQ voyksdu ls ikBdksa dks Li"V

gks x;k gksxk fd izrhixeu lehdj.k rFkk lw=kksa osQ ;s lHkh :i oLrqr% ,d leku gSa] vUrj osQoy laosQrk{kjksa

osQ iz;ksx dk gSA bu lHkh :iksa dks izLrqr djuk blfy, mi;qDr le>k x;k gS D;ksafd fofHkUu iqLrdksa rFkk

vuqlaèkku dk;ks± esa ;s fHkUu&fHkUu :i iz;qDr fd;s tkrs gSaA ikBdx.k fdlh Hkze esa iM+s fcuk buessa ls fdlh Hkh

,d :i dk iz;ksx dj ldrs gSaA izLrqr iqLrd esa vkxs izFke :i dk gh iz;ksx fd;k tk;sxkA ;gk¡ ;g Hkh Li"V

djuk mfpr gksxk fd izrhixeu lehdj.k esa fofHkUu LorU=k pjksa osQ chVk rFkk ch&xq.kkadksa osQ eku izrhixeu

lehdj.k esa muosQ Øe ij fuHkZj djrs gSaA ;fn igys X3 dks rFkk ckn esa X2 dks lfEefyr fd;k tk;sxk rc

muosQ xq.kkad Hkh ifjo£rr gks ldrs gSaA cgqizrhixeu dh izfØ;k vkxs fn;s x;s mnkgj.k ls Li"V gks losQxhA

mnkgj.kμ;fn rhu pjksa X1, X2 rFkk X3 osQ fy, eè;eku o ekud fopyu Øe'k% 25.6 o 5.8,

47.2 o 7.3 rFkk 16.9 o 3.4 gks ,oa r12 = .47, r13 = .38 rFkk r23 = .24 gks] rc pj 2 o 3 dh lgk;rk

ls pj 1 osQ iwoZ dFku osQ fy, izrhixeu lehdj.k Kkr djsa rFkk cgq&lglEcUèk xq.kkad dh x.kuk djsA ftl

iz;ksT; osQ X2 ij 34 o X3 ij 16 vad gksa] mlosQ X1 pj osQ izkIrkadksa dk iwoZdFku Hkh djsaA

gyμKkr gS

r12 = .47 M1 = 25.6 σ1 = 5.8
r13 = .38 M2 = 47.2 σ2 = 7.3

r23 = .24 M3 = 16.9 σ3 = 3.4

pj la[;k 2 o pj la[;k 3 dh lgk;rk ls pj la[;k 1 osQ iwoZdFku osQ fy, izrhixeu lehdj.k

fuEuor gksxhμ

X 1  = b2 X2 + b3 X3 + K

ch xq.kkadksa rFkk fLFkjkad dh x.kuk fuEu lw=kksa ls dh tk;sxhμ

b2 = 
s
s

1

2
 β2 tgk¡ β2 = 

r r r

r
12 13 23

23
21

−
−

b3 = 
s
s

1

3
 β3 tgk¡ β3 = 

r r r

r
13 12 23

23
21

−
−

rFkk K = M1 – (b2 M2 + b3 M3)



vFkZ'kkL=k esa lkaf[;dh; i¼fr 85

uksV

lglaca/ ,oa izrhixeu

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 04-2.pmd

vr% β2 =
. . .

. .
.
.

47 47 24
1 24 24

3572
9424

− ×
− ×

=  = .379

b2 =
5 8
7 3
.
.

 × .379 = .30

β3 =
. . .

. .
.
.

38 38 24
1 24 24

2888
9424

− ×
− ×

=  = .306

b2 =
5 8
3 4
.
.

 × .306 = .52

K = 25.6 – (.30 × 47.2 + .52 × 16.9 )

= 25.6 – (14.16 + 8.79)
= 25.6 – 22.95

= 2.65

vr% X1 osQ fy, izrhixeu lehdj.k gksxhμ

 X1  = .30 X2 + .52 X3 + 2.65

D;ksafd cgq&lglEcUèk xq.kkad dk lw=k gSμ

R1.23 = 2 12 3 13r rβ + β

vr% R1.23 = . . . .379 47 306 38× + ×

= . .17813 11628+

= .29441

= .543

X2 = 34 rFkk X3 = 16 okys iz;ksT; osQ fy, X1 dk iwoZdfFkr eku Kkr djus osQ fy, izrhixeu

lehdj.k esa X2 = 34 rFkk X3 = 16 j[kus ijμ

X
1 = (.30 × 34) + (.52 × 16) + 2.65

= 10.2 + 8.32 + 2.65

= 21.17

vr% X2 = 34 rFkk X3 = 16 okys iz;ksT; osQ X1 pj ij 21 vad gksus dh lEHkkouk dh tk ldrh

gSA

4-6 nks ls vfèkd LorU=k pjksa osQ fy, cgq&izrhixeu (Multiple Regression for
More than Two Independent Variables)

cgq&lglEcUèk dh leL;k dks nks ls vfèkd LorU=k pjksa osQ fy, Hkh foLrkfjr (Extend) fd;k tk

ldrk gSA nks ls vfèkd LorU=k pjksa osQ gksus ij cgq&lglEcUèk xq.kkad dh x.kuk oqQN tfVy gks tkrh gS rc

izrhixeu lehdj.k osQ chVk xq.kkadksa vFkok ch&xq.kkadksa dh lgk;rk ls gh cgq&lglEcUèk dh x.kuk dh tkrh

gSA nks ls vfèkd LorU=k pjksa dh fLFkfr esa izrhixeu lehdj.k osQ xq.kkadksa dks Kkr djus osQ fy, MwfyfVy fofèk

(Doolittle Method) vFkok ,sVfdu fofèk (Aitkin’s Method) dk iz;ksx fd;k tkrk gSA bu nksuksa gh

fofèk;ksa esa iz;qDr lksiku (Steps) dkiQh tfVy o Jelkè; gSaA vktdy dEI;wVj osQ }kjk nks ls vfèkd LorU=k

pjksa osQ fy, izrhixeu lehdj.k osQ xq.kkadksa dks Kkr djus dh lqfoèkk miyCèk gS] blfy, bu fofèk;ksa dh
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foLrkj ls ppkZ djus dh vko';drk ugha gSA fiQj Hkh ikBdksa dks cgq&izrhixeu fofèk ls] ifjfpr djkus osQ

fy, MwfyfVy fofèk dk vkxs o.kZu fd;k x;k gSA nks ls vfèkd (m – 1) LorU=k pjksa osQ gksus ij cgq&izrhixeu

lehdj.k dk lkekU; :i vxzkafdr gksrk gSA

X1  = b2X2 + b3X3 + ......... + bmXm + K

;k X1  = β β β2
1

2
2 3

1

3
3

1s
s

s
s

s
sm
m

X X+ + +......... Xm + K

bl lw=k esa β2 dk iw.kZ :i β12.34.........m gS] β3 dk iw.kZ :i β13.245.........m rFkk βm dk iw.kZ :i

β1m.2345.........m – 1 gS bl fLFkfr esa cgq&lglEcUèk xq.kkad (R) dh x.kuk fuEu lw=k ls dh tk ldrh gSμ

R1.23.........i = 2 12 3 13 1...... m mr r rβ + β + β

fu%lUnsg LorU=k pjksa dh la[;k osQ c<+kus ij cgq&lglEcUèk xq.kkad (R) rFkk iwoZdFku dh ifjek£trrk

(Accuracy) c<+ tkrh gS] ijUrq izrhixeu osQ fy, fdrus LorU=k pjksa dk p;u fd;k tk;s] ;g ,d fopkj.kh;

iz'u gSA ;fn dksbZ pj vFkok vusd LorU=k pjksa dks izrhixeu lehdj.k tksM+us ij cgq&lglEcUèk xq.kkad rFkk

ifjek£trrk esa ux.; vFkok vR;Ur de o`f¼ gksrh gS rc mudks tksM+us dk dksbZ ykHk ugha gSA ,slh fLFkfr esa

iz'u mBrk gS fd D;k fdlh LorU=k pj dks izrhixeu fo'ys"k.k esa lfEefyr djus ij cgq&lglEcUèk xq.kkad

esa lkFkZd o`f¼ gks jgh gSA bl iz'u dk mÙkj ikus dh rhu izeq[k fofèk;k¡ vxzxkeh lekèkku (Forward

solution), iwoZxkeh lekèkku (Backward Solution) rFkk lksikuhÑr lekèkku (Stepwise Solution)

gSaA vxzxkeh lekèkku esa ,d&,d djosQ pjksa dks izrhixeu fo'ys"k.k lfEefyr fd;k tkrk gS tcfd iwoZxkeh

lekèkku esa ,d&,d djosQ pjksa dks fo'ys"k.k ls gVk;k tkrk gSA lksikuhÑr izrhixeu fo'ys"k.k (Stepwise

Regression Analysis) oLrqr% vxzxkeh lekèkku dk gh ,d izdkj gS ftlesa iwoZ osQ lksikuksa esa lfEefyr

mu pjksa dks gVk fn;k tkrk gS ftudh mi;ksfxrk ugha jgh gSA vxzxkeh lekèkku esa izR;sd lksiku esa ,d&,d

djosQ LorU=k pjksa dks izrhixeu lehdj.k esa bl izdkj ls lfEefyr fd;k tkrk gS fd izR;sd lksiku esa

vfèkdre cgq&lglEcUèk xq.kkad izkIr gks losQA bl izdkj ls lksikuhÑr izrhixeu fo'ys"k.k esa izFke lksiku esa

,d loksZÙke iwoZdFkd (Best Predicter) dks] nwljs lksiku esa nks loksZÙke iwoZdFkdksa dks] ---------rFkk blh izdkj

ls mosa lksiku ls m loksZÙke iwoZdFkdksa dks lfEefyr djosQ izrhixeu lehdj.k rS;kj dh tkrh gSA izR;sd

lksiku ij izkIr cgq&lglEcUèk xq.kkad esa mlls iwoZ osQ lksiku ij izkIr cgq&lglEcUèk xq.kkad dh rqyuk esa gqbZ

o`f¼ dh lkFkZdrk dk ijh{k.k izfof"V osQ fy, ,iQ&ijh{k.k (F to enter Test) osQ }kjk fd;k tk ldrk gSA

;fn cgq&lglEcUèk xq.kkad esa lkFkZd o`f¼ ugha gksrh gS rc izrhixeu fo'ys"k.k esa vof'k"V LorU=k pjksa dks

lfEefyr djuk cUn dj nsrs gSaa] blosQ foijhr iwoZxkeh lekèkku esa izFke lksiku esa lHkh LorU=k pjksa dks

lfEefyr dj ysrs gSa rc fiQj ,d&,d djosQ mu pjksa dks gVkrs tkrs gSa ftudk ;ksxnku lcls de gksrk gSA

lksikuhÑr lekèkku esa izR;sd lksiku ij lHkh pjksa osQ ;ksxnku dh lkFkZdrk ns[krs gSa rFkk vko';drk iM+us ij

vlkFkZd ;ksxnku okys pjksa dks gVk nsrs gSaA lksikuhÑr izrhixeu fo'ys"k.k esa lgu'khyrk (Tolerance) dk

izR;; vR;Ur egÙoiw.kZ gksrk gSA lgu'khyrk (Tolerance) okLro esa x.kuk dk;Z esa ifj'kq¼rk (Computa-

tional Accuracy) cuk;s j[kus dk ,d mik; gSA fdlh LorU=k pj dh lgu'khyrk ls rkRi;Z ml pj rFkk

mlls iwoZ izrhixeu fo'ys"k.k esa lfEefyr pjksa (Variable entered) osQ eè; cgq lglEcUèk xq.kkad osQ oxZ

osQ iwjd (Complement) vFkkZr~ 1 – r2 ls gSA vR;Ur vYi vFkok ux.; lgu'khyrk (tSls .001) okys

pj dks izrhixeu fo'ys"k.k esa lfEefyr djus ij lfUudVhdj.k =kqfV;ksa (Rounding Errors) osQ dkj.k

izrhixeu fo'ys"k.k osQ ifj.kkeksa ij nq"izHkko iM+us dh vfèkd lEHkkouk jgrh gSA oSls Hkh fdlh pj dh

lgu'khyrk osQ ux.; vFkok 'kwU; gksus dk vFkZ gS fd og pj iwoZ esa lfEefyr (Extered) pjksa dk js[kh;

la;kstu (Linear Combination) gS rFkk ,sls pj dks izrhixeu fo'ys"k.k esa lfEefyr djus ls dksbZ
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vfrfjDr lwpuk (Additional Information) ugha fey ldrh gSA lksikuhÑr izrhixeu fo'ys"k.k dk x.kuk

dk;Z dEI;wVj dh lgk;rk ls djkuk vfèkd lqfoèkktud gksrk gSA

cgq&izrhixeu dh MwfyfVy fofèk

(Doolittle Method of Multiple Regression)

nks ls vfèkd LorU=k pjksa dh fLFkfr esa cgq&izrhixeu lehdj.k rFkk cgq&lglEcUèk xq.kkad Kkr djus

dh ,d ljy rFkk mi;ksxh fofèk dks ,e-,p- MfyfVy (M. H. Doolittle) us lu 1878 esa izLrqr fd;k FkkA

ihNs bafxr fd;k tk pqdk gS fd

X X X1 2
1

2
2 3

1

3
3

1= + + +β β β
s
s

s
s

s
sj

j
... Xj + K

vFkok X 1  = b2x2 + b3x3 + ... BjXj + K

izrhixeu fo'ys"k.k osQ }kjk oLrqr% β ekuksa dks bl izdkj ls p;fur djuk gksrk gS fd iz;ksT;ksa osQ X1

rFkk X1 ekuksa osQ chp vUrj U;wure gksA xf.kr esa fuiq.k ikBd ljyrk ls le> losaQxs fd U;wure oxZ fofèk

(Method of Least Squares) dk iz;skx djus ij fuEu js[kh; ;qxir lehdj.k (Linear Simultaneous

Equations) izkIr gksaxh

β2 + r23β3 + r24β4 + ... + r2jβj = r12

r23β2 + β3 + r34β4 + ... + r3jβj = r13

.............................................

.............................................

r2jβ2 + r3jβ3 + r4jβ4 + ... + βj = r1 j

bu lehdj.kksa esa β eku vKkr gSA ftrus β eku gksrs gSa Bhd mruh gh lehdj.ksa gksrh gSaA bu lehdj.kksa

dks lkekU; lehdj.k (Normal Equation) dgrs gSa ijUrq lkekU; lehdj.k in esa iz;qDr lkekU; 'kCn dk

lkekU; izkf;drk oØ ls dksbZ lEcUèk ugha gSA pkj LorU=k pjksa dh fLFkfr esa izrhixeu lehdj.k fuEuor gksxhμ

X X X X X1 2
1

2
2 3

1

3
3 4

1

4
4 5

1

5
5

1= + + + +β β β β β
s
s

s
s

s
s

s
s

s
sj

j

Xj + K

vFkok X 1  = b2X2 + b3X3 + b4X4 + b5X5 + k

bl fLFkfr esa ljy lehdj.ksa (Normal Equations) fuEuor gksaxhμ

β2 + r23β3 + r24β4 + r25β5 = r12

r23β2 +  β3 + r34β4 + r35β5 = r13

r24β2 + r34β3 + β4 + r45β5 = r14

r25β2 +  r35β3 + r45β4 + β5 = r15

;fn bu lehdj.kksa esa iz;qDr lHkh lglEcUèk xq.kkadksa dk eku Kkr gks rc bu lehdj.kksa dks ljy djosQ

β eku Kkr fd;s tk ldrs gSaA tc osQoy nks gh LorU=k pj gksrs gSa rc β ekuksa osQ fy, lw=k ljyrk ls izkIr
fd;s tk ldrs gSaaA nks LorU=k pjksa osQ fy, fiNys [k.M esa o£.kr β2 rFkk β3 osQ lw=k blh izdkj dh lehdj.kksa

ls izkIr fd;s x;s gSaA ijUrq vfèkd LorU=k pjksa osQ gksus ij β ekuksa dks Kkr djus osQ fy, bu lehdj.kksa esa

lglEcUèk xq.kkadksa dk eku j[kdj gh mudk lekèkku djuk gh Js;Ldj jgrk gSA bl izdkj dh izFke ?kkrh;

lehdj.kksa (First Degree Equations) dk lekèkku djus dh dbZ fofèk;k¡ gSa] ijUrq MwfyfVy osQ }kjk

izfrikfnr fofèk oqQN vfèkd lqfoèkktud gSA ;g fofèk lglEcUèk xq.kkadksa esa leferrk (Symmetry) dh
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fo'ks"krk vFkkZr~ r12 = r21, r13 = r31, ..., rij = rji dk ykHk mBkdj x.kuk dk;Z dks ljy cuk nsrh gSA

mnkgj.kkFkZ fdlh vkfJr pj (X1) rFkk pkj LorU=k pj (X2, X3, X4 o X5) osQ fy, ifjdfYir eè;ekuksa]

ekud fopyuksa rFkk lglEcUèk xq.kkadksa dks lkj.kh 2 esa izLrqr fd;k x;k gSA

lkj.kh 2

ik¡p pjksa osQ fy, lead (N = 500)

eè;eku ekud fopyu pj lglEcUèk xq.kkad (r)

M s Variable X1 X2 X3 X4 X5

120.30 24.39 X1 .61 .42 .24 .53

46.20 6.56 X2 .61 .39 .23 .57

32.50 7.34 X3 .42 .39 .36 .55

10.40 2.60 X4 .24 .23 .36 .38

72.50 16.47 X5 .53 .57 .55 .38

lkekU; lehdj.kksa esa LorU=k ,oa vkfJr pjksa osQ chp izkIr fofHkUu lglEcUèk xq.kkadksa (r’s) osQ eku

j[kus ij fuEu lehdj.ksa izkIr gksaxhμ

β2 + .39 β3 + .23 β4 + .57 β5 = .61 (izFke lehdj.k)

.39 β2 + β3 + .36 β4 + .55 β5 = .42 (}hrh; lehdj.k)

.23 β2 + .36 β3 + β4 + .38 β5 = .24 (r`rh; lehdj.k)

.57 β2 + .55 β3 + .38 β4 + β6 = .53 (prqFkZ lehdj.k)

bu lehdj.kksa dks gy djus dh fofèk Bhd ogh gS tks gkbZLowQy d{kkvksa esa chtxf.kr osQ vUrxZr i<+kbZ

tkrh gSA MwfyfVy fofèk esa o.kZu ls iwoZ lkj.kh 3 esa bu lehdj.kksa dks chtxf.krh; <ax ls gy fd;k x;k gS

ftlls ikBdx.k MwfyfVy fofèk esa fufgr roZQ dks le> losaQA lkj.kh 3 osQ voyksdu ls Li"V gS fd lehdj.kksa

dk ;g lekèkku pØh; gSA izR;sd pØ (Cycle) esa ,d&,d vKkr jkf'k (β) dks gVk;k x;k gSA vKkr jkf'k;ksa

dks gVkus dk Øe rc rd pyrk gS tc rd vfUre vKkr jkf'k dk eku izkIr ugha gks tkrk gSA fiQj bl vKkr

jkf'k dk eku blls iwoZ osQ pØ esa izkIr lehdj.k esa j[kdj nwljh vKkr jkf'k dk eku Kkr dj ysrs gSa rFkk

blh izdkj ls lHkh vKkr jkf'k;ksa (β’s) osQ eku Kkr dj ysrs gSaA lglEcUèk lkj.kh esa lglEcUèk xq.kkadksa dh

leferrk dh fo'ks"krk dk mi;ksx djosQ MwfyfVy us lkj.kh 3 esa iz;qDr fofèk dk ,d ljyhÑr :i izLrqr

fd;kA bl fofèk esa iz;qDr lksikuksa dks lkj.kh 4 esa izLrqr fd;k tk jgk gSA lkj.kh 4 esa fofHkUu iafDr;ksa dks A,

B, C, ....vkfn v{kjksa ls rFkk LrEHkksa dks X1, X2 ... vkfn laosQrk{kjksa ls bafxr fd;k x;k gSA vfUre LrEHk] ftls

Σ fpUg ls bafxr fd;k x;k gS] x.kuk dh vkUrfjd tk¡p osQ fy, cuk;k x;k gSA fdlh iafDr rFkk LrEHk osQ

dVko ij cus [kkus osQ eku dks ml iafDr rFkk ml LrEHk osQ laosQrk{kjksa dks ,d lkFk cM+s dks"Bd esa j[kdj

bafxr fd;k x;k gSA tSls [AX2] ls rkRi;Z iafDr A rFkk LrEHk X2 osQ dVko okys eku ls gSA lkj.kh 5 esa chVk

xq.kkadksa osQ x.kuk dk;Z dks rFkk lkj.kh 6 esa izrhixeu xq.kkadksa o fLFkjkad dh x.kuk dks izLrqr fd;k x;k gSA

oLrqr% MwfyfVy fofèk ls cgq&izrhixeu fo'ys"k.k djus dk leLr x.kuk dk;Z lkj.kh 4, 5 rFkk 6 ls Lo Li"V

gS fiQj Hkh vc cksèk dh n`f"V ls bl fofèk esa iz;qDr lksikuksa dks vkxs izLrqr fd;k x;k gSA
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lkj.kh 3

lkekU; lehdj.kksa dk chtxf.krh; lekèkku

iafDr lafØ;k lekèkku

(Row) (Operation) (Solution)

1 izFke lehdj.k fy[kks β2 + .39 β3 + .23 β4 + .57 β5 = .61

2 f}rh; lehdj.k fy[kks .39 β2 + β3 + .36β4 + .55 β5 = .42

3 iafDr 1 dks – .39 ls xq.kk djks – .39β2 – .1521 β3 – .0897β4 – .2223 β5 = – .2379

4 iafDr 2 rFkk iafDr 3 dks tksM+ks 0 + .8479 β3 + .2703 β4 + .3277 β5 = .1821

5 iafDr 4 dks .8479 ls Hkkx djks β3 + .3188 β4  + .3865 β5 = .2148

6 r`rh; lehdj.k fy[kks .23 β2 + .36 β3 + β4 + .38 β5 = .24

7 iafDr 1 dks – .23 ls xq.kk djks – .23β2 – .0897β3 – .0529β4 – .1311 β5 = – .1403

8 iafDr 5 dks – .2703 ls xq.kk djks – .2703 β3 – .0862 β4 – .1045 β5 = – .0581

9 iafDr 6, 7 rFkk 8 dks tksM+ks 0 + 0 – .8609 β4 – .1444 β5 = – .0416

10 iafDr 9 dks .8609 ls Hkkx djks β4 + .1677 β5 = .0483

11 prqFkZ lehdj.k fy[kks .57 β2 + .55 β3 + .38 β4 + β5 = .53

12 iafDr 1 dks – .57 ls xq.kk djks – .57β2 – .2223 β3 – .1311 β4 – .3249β5 = – .3477

13 iafDr 5 dks – .3277 ls xq.kk djks – .3277 β3 – .1045 β4 – .1267 β5 = – .0704

14 iafDr 10 dks – .1444 ls xq.kk djks – .1444 β4 – .0242 β5 = – .0070

15 iafDr 11, 12, 13 rFkk 14 dh tksM+ks 0 + 0 + 0 + .5242 β5 = .1049

16 iafDr 15 dks .5242 ls Hkkx djks β5 = .2001

17 iafDr 10 esa b5 = .2001 j[kks β4 + (.1677 × .2001) = .0483

vr% β4 = .0147

18 iafDr 5 esa β4 = .0147 rFkk β3 + (.3188 × .0147) + (.3865 × .2001) = .2148

β5 = .2001 j[kks vr% β3 = .1328

19 iafDr 1 esa β3 = .1328, β4 = .0147 β2 + (.39 × .1328) + (.23 × .0147) +

rFkk β5 = .2001 j[kks (.57 × .2001 ) = .61,

vr% β2 = .4408

lkj.kh 4

MwfyfVy fofèk osQ }kjk cgq&izrhixeu fo'ys"k.k

(Multiple-Regression by the Doolittle Method)

iafDr lafØ;k LrEHk (Column)

(Row) (Operation) X2 X3 X4 X5 X1 ΣΣΣΣΣ

A pj X2 osQ lkFk lglEcUèk xq.kkad 1.00 .39 .23 .57 .61 2.80

B iafDr A dks – [AX2] = –1.00 ls Hkkx – 1.00 – .39 – .23 – .57 – .61 – 2.80

C pj X3 osQ lkFk lglEcUèk xq.kkad 1.0000 .3600 .5500 .4200 + 2.720

D iafDr A dh [B X3] = – .39 ls xq.kk – .1521 – 0.897 – .2223 – .2379 – 1.002
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E iafDr C rFkk iafDr D dk ;ksx .8479 .2703 .3277 .1821 + 1.628

F iafDr E dks – [E X3] = – .8479 ls Hkkx – 1.0000 – .3188 – .3865 – .2148 – 1.920

G pj X4 osQ lkFk lglEcUèk xq.kkad 1.0000 .3800 .2400 + 2.210

H iafDr A dh [B X4] = – .23 ls xq.kk – .0529 – 1311 – .1403 – .6440

I iafDr E dh [F X4] = .3188 ls xq.kk – .0862 – .1045 – .0581 – .5190

J iafDr G, iafDr H rFkk iafDr I dk ;ksx .8609 .1444 .0416 +1.0470

K iafDr J dks – [J X4] ls Hkkx –1.0000 – .1677 – .0483 –1.2162

L pj X5 osQ lkFk lglEcUèk xq.kkad 1.0000 .5300 +3.0300

M iafDr A dh [BX5] = – .57 ls xq.kk – .3249 – .3477 – 1.5960

N iafDr E dh [FX5] = – .3865 ls xq.kk – .1266 – .0704 – .6292

O iafDr J dh [KX5] = – .1677 ls xq.kk – .0242 – .0070 – .1756

P iafDr L, iafDr M, iafDr N rFkk O dk ;ksx .5243 .1049 + .6292

Q iafDr P dks – [PX5] = – .5243 ls Hkkx – 1.000 – .2001 –1.2001

lkj.kh 5

chVk xq.kkadksa dh x.kuk

(Solution of the Beta Coefficients)

chVk xq.kkad x.kuk dk;Z

β5 – [QX1] = .2001

β4 – [KX1] + β5 [KX5]

= .0483 + .2001 (– .1677) = .0147

β3 – [F X1] + β5 [F X5] + β4 [F X4]

=  .2148 + .2001 (– .3865) + .0147 (– .3188) = .1328

β2 – [B X1] + β5 [B X5] + β4 [B X4] + β3 [B X3]

= .6100 + .2001 (– .57) + .0147 (– .23) + .1328 (– .39) = .4408

lkj.kh 6

cgq&lglEcUèk xq.kkad] izrhixeu xq.kkadksa rFkk fLFkjkad dh x.kuk
(Solution of the multiple Correlation, the Regression

Coefficients and the Constant)

pj βi r1i βi r1i si s1/si bi Mi Mi bi

X2 .4408 .61 .2689 6.56 3.7180 1.6389 46.20 75.7172

X3 .1328 .42 .0558 7.34 3.3229 .4413 32.50 14.3423

X4 .0147 .24 .0035 2.60 9.3808 .1379 10.40 1.4342

X5 .2001 .53 .1061 16.47 1.4809 .2963 72.50 21.4818

Σ bi r1i = .4043 ΣMibi = 112.9755

M1 = 120.30 R2
1.2345 = Σ βi r1i = .4043 K = M1 – Σ Mi bi

s1 = 24.39  R1.2345 = .4043  = .6358 = 120.30 – 112.9755 = 7.3245
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izrhixeu lehdj.k (Regression Equation)

X1  = b2 X2 + b3 X3 + b4 X4 + b5 X5 + K

  X1 = 1.6389 X2 + .4413 X3 + .1379 X4 + .2963 X5 + 7.3245

lksiku (Steps)

MwfyfVy fofèk (Doolittle Method) ls cgqizrhixeu djrs le; vuqlj.k fd;s tkus okys fofHkUu

lksikuksa dks fuEuor fy[kk tk ldrk gSμ

(i) iafDr A esa pj X2 osQ lkFk vU; pjksa osQ lglEcUèk xq.kkad fy[kksA bl iafDr esa X2 okys LrEHk

vFkkZr [AX2] esa 1.00 fy[kksA iafDr esa fy[ks ekuksa dk ;ksx djosQ Σ LrEHk esa fy[kksA

(ii) iafDr B esa A osQ ekuksa dks – [AX2] vFkkZr – 1.00 ls Hkkx djosQ fy[kksA

(iii) iafDr C esa pj X3 osQ lkFk vof'k"V pjksa (Remaining Variables) osQ lglEcUèk xq.kkad

fy[kksA D;ksafd r23 dk eku igys lksiku esa fy[kk tk pqdk gS blfy, ;gk¡ ij vof'k"V pjksa ls

rkRi;Z X2 osQ vfrfjDr vU; pjksa ls gSA bl iafDr osQ X3 okys LrEHk vFkkZr [CX3] esa 1.00

fy[kuk gksxkA bl iafDr esa fy[ks lHkh ekuksa ,oa X3 osQ lkFk vU; pjksa osQ lglEcUèk xq.kkadksa dk

;skx djosQ Σ LrEHk esa fy[kksA

(iv) iafDr D esa iafDr A osQ ekuksa dks [BX3] vFkkZr – .39 ls xq.kk djosQ fy[kksA

(v) iafDr E esa iafDr C rFkk iafDr D dk ;ksx djosQ fy[kksA

(vi) iafDr F esa iafDr E osQ ekuksa dks – [EX3] vFkkZr – .8479 ls Hkkx djosQ fy[kksA

tk¡pμns[kks fd iafDr F osQ ekuksa dk ;ksx (vfUre LrEHk osQ eku dks NksM+dj) vfUre

LrEHk osQ eku vFkkZr [F] osQ cjkcj gSA

(vii) iafDr G esa pj X4 osQ lkFk vof'k"V pjksa osQ lglEcUèk xq.kkad fy[kksA D;ksafd r24 rFkk r34

osQ eku iwoZ esa fy[ks tk pqosQ gSa blfy, ;gk¡ ij vof'k"V pjksa ls rkRi;Z X2 rFkk X3 osQ

vfrfjDr vU; pjksa ls gSaA bl iafDr osQ X4 okys LrEHk vFkkZr [GX4] esa 1.00 fy[kksA bl iafDr

esa fy[ks lHkh ekuksa ,oa X4 osQ lkFk vU; pjksa osQ lglEcUèk xq.kkadksa dk ;ksx djosQ Σ LrEHk
esa fy[kksA

(viii) iafDr H esa iafDr A osQ ekuksa dks [BX4] vFkkZr – .23 ls xq.kk djosQ fy[kksA

(ix) iafDr I esa iafDr E osQ ekuksa dks [FX4] vFkkZr – .3188 ls xq.kk djosQ fy[kksA

(x) iafDr J esa iafDr G, iafDr H rFkk iafDr I dk ;ksx djosQ fy[kksA

(xi) iafDr K esa iafDr J osQ ekuksa dks – [JX4] vFkkZr – .8609 ls Hkkx djosQ fy[kksA

tk¡pμns[kks fd iafDr K osQ ekuksa dk ;ksx vfUre LrEHk osQ eku vFkkZr [KΣΣΣΣΣ] osQ cjkcj

gSA

(xii) iafDr L esa pj X5 osQ lkFk vof'k"V pjksa osQ lglEcUèk xq.kkad fy[kksA D;ksafd r25, r35 rFkk

r45 osQ eku iwoZ esa fy[ks tk pqosQ gSa blfy, ;gk¡ ij vof'k"V pjksa ls rkRi;Z X2, X3 rFkk X4

pjksa osQ vfrfjDr vU; pjksa ls gSA bl iafDr osQ X5 okys LrEHk vFkkZr [LX5] esa 1.00 fy[kksA

bl iafDr esa fy[ks lHkh ekuksa ,oa X5 osQ lkFk vU; pjksa osQ lglEcUèk xq.kkadksa dk ;ksx Σ LrEHk
esa fy[kksA

(xiii) iafDr M esa iafDr A osQ ekuksa dks [BX5] vFkkZr – .57 ls xq.kk djosQ fy[kksA

(xiv) iafDr N esa iafDr E osQ ekuksa dks [FX5] vFkkZr – .3865 ls xq.kk djosQ fy[kksA
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(xv) iafDr O esa iafDr J osQ ekuksa dks [KX5] vFkkZr~ – .1677 ls xq.kk djosQ fy[kksA

(xvi) iafDr P esa iafDr L, iafDr M, iafDr N rFkk iafDr O dk ;ksx djosQ fy[kksA

(xvii) iafDr Q esa iafDr P osQ ekuksa dks – [PX5] vFkkZr – .5243 ls Hkkx djosQ fy[kksA

tk¡pμns[kks fd iafDr Q osQ ekuksa dk ;ksx vfUre LrEHk osQ eku vFkkZr [QΣΣΣΣΣ] osQ cjkcj

gSA

(xviii) fuEu lw=kksa ls chVk xq.kkadksa dh x.kuk djksμ

β5 = – [QX1]

β4 = – [KX1] + β5 [KX5]

β3 = – [FX1] + β5 [FX5] + β4 [FX4]

β2 = – [BX1] + b5 [bX5] + β4 [BX4] + β3 [BX3]

tk¡pμfdlh Hkh ,d lkekU; lehdj.k esa chVk xq.kkadksa osQ eku j[kdj ns[kks fd nksuksa

i{kksa dk eku leku gSA

(xix) fuEu lw=kksa ls R2 rFkk R dk eku Kkr djksμ

R2
1.2345 = β2 r12 + β3 r13 + β4 r14 + β5 r15

R1.2345 = R1
2
.2345

(xx) fuEu lw=kksa esa chVk xq.kkadksa rFkk ekud fopyuksa osQ eku j[kdj ch xq.kkadksa osQ eku Kkr djksμ

b2 = β2
s
s

1

2

b3 = β3
s
s

1

3

b4 = β4
s
s

1

4

b2 = β5
s
s

1

5

(xxi) fuEu lehdj.k dh lgk;rk ls fLFkjkad K dk eku Kkr djksμ

K = M1 – [b2 M2 + b3 M3 + b4 M4 + b5 M5]

mijksDr <ax ls izrhixeu xq.kkadksa rFkk fLFkjkad dk eku Kkr djus osQ mijkUr izrhixeu lehdj.k

(Regremion Equation) ljyrk ls fy[kh tk ldrh gSA Li"V gS fd ihNs o£.kr mnkgj.k osQ fy, izrhixeu

lehdj.k fuEuor izkIr gksxhμ

X1 = 1.6389 X2 + .4413 X3 + .1379 X4 + .2963 X5 + 7.3245

bl lehdj.k dh lgk;rk ls fdlh Hkh ,sls iz;ksT; osQ X1 pj ij izkIrkadksa dk iwoZdFku fd;k tk ldrk

gS ftlosQ X2, X3, X4 rFkk X5 pjksa ij izkIrkad Kkr gksaA

izrhixeu fo'ys"k.k osQ mijksDr o£.kr lksiku ik¡p pjksa (,d vkfJr pj rFkk pkj LorU=k pjksa) osQ fy,

gSaA budks ik¡p ls vfèkd pjksa osQ fy, Hkh foLr`r (Extend) fd;k tk ldrk gSA pjksa dh la[;k vfèkd gksus

ij iafDr;ksa rFkk LrEHkksa dh la[;k c<+ tk;sxhA fu%lUnsg lEiw.kZ x.kuk dk;Z pØksa (cycles) esa foHkDr gSA x.kuk

pØksa dh la[;k LorU=k pjksa dh la[;k osQ cjkcj gksrh gSA izR;sd pØ u;s pj osQ lkFk lglEcUèk xq.kkadksa dh

izfof"V ls izkjEHk gksrk gS rFkk ml pØ dh vfUre iafDr osQ izFke LrEHk esa – 1.00 osQ izkIr gksus rd pyrk

gSA ihNs o£.kr mnkgj.k esa X1 dks vkfJr pj rFkk X2, X3, X4 o X5 dks LorU=k pjksa osQ :i esa fy;k x;k

FkkA fdlh Hkh pj dks vkfJr pj ysdj izrhixeu fo'ys"k.k fd;k tk ldrk gS] ijUrq vkfJr pj dh x.kuk

lkj.kh esa lnSo gh LrEHk ls Bhd iwoZ okys LrEHk esa j[kk tkrk gSA
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cgq&lglEcUèk xq.kkad dh lkFkZdrk

(Significance of Multiple Correlation)

cgq&lglEcUèk xq.kkad (R) dh ekud =kqfV (Standard Error) fuEu lw=k ls Kkr dh tk ldrh gSμ

σR = 
1

1

2−
− −

R
N m

tgk¡ R = cgq&lglEcUèk xq.kkad

N = izfrn'kZ dk vkdkj

m = LorU=k pjksa dh la[;k

ekud =kqfV dh lgk;rk ls cgq&lglEcUèk xq.kkad osQ fy, fo'oLrrk vUrjky izkIr fd;s tk ldrs gSaA

fdlh cgq&lglEcU/ xq.kkad dh lkFkZdrk osQ fy, ,iQ&vuqikr (F-Ratio) dh x.kuk fuEu lw=k ls dh tk

ldrh gSμ

F = 
2

2

R N 1
.

1 R

m
m

− −
−

tgk¡ R = cgq&lglEcU/ xq.kkad dk eku

N = izfrn'kZ dk vkdkj

m = LorU=k pjksa dh la[;k

bl ,iQ&vuqikr dh lkFkZdrk df = m rFkk N – m – 1 ij ns[kh tkrh gSA ;g ,iQ&vuqikr crkrk gS

fd ifjxf.kr cgq&lglEcU/ xq.kkad (R) dk eku 'kwU; ls lkFkZd :i ls fHkUu gS vFkok ughaA tSls N = 200

rFkk m = 2 osQ fy, ;fn R = .45 gks rc bldh lkFkZdrk osQ fy, ,iQ&vuqikr

F = 
2

2

.45 200 2 1
.

21 .45

− −
−

= 25.01

D;ksafd df = 2 o 197 osQ fy, .05 rFkk .01 Lrjksa ij ,iQ dk lkj.kh eku 3.04 rFkk 4.71 gS vr%

ifjxf.kr f = 25.01 dk eku .01 Lrj ij lkFkZd gSA vr% R = .45 dk eku .01 Lrj ij lkFkZd gSA

cgq&lglEcU/ xq.kkad (R) dh lkFkZdrk osQ fu/kZj.k osQ fy, ifjf'k"V 7 esa nh xbZ lkFkZd cgq&lglEcU/

xq.kkadksa dh lkj.kh dk Hkh mi;ksx fd;k tk ldrk gSA bl lkj.kh esa N rFkk K osQ fofHkUu ekuksa osQ fy, .05

rFkk .01 Lrjksa ij lkFkZdrk osQ fy, vko';d cgq&lglEcU/ xq.kkad osQ U;wure eku fn;s x;s gSaA tSls

N = 200 rFkk m = 2 osQ fy, R dk eku de ls de .172 o .212 gksus ij og Øe'k% .05 o .01 Lrjksa

ij lkFkZd gksxkA

4-7 chVk xq.kkadksa dh lkFkZdrk (Significance of Beta Coefficient)

izekihÑr izrhixeu xq.kkadksa (B’s) dh lkFkZdrk osQ fy, Vh&ijh{k.k dk mi;ksx fd;k tk ldrk gSA

chVk xq.kkad dh lkFkZdrk dh tk¡p osQ fy, Vh&vuqikr (t-Ratio) dh x.kuk fuEu fyf[kr lw=k ls dh tkrh

gSμ

t = 12.34.......

12.34.......

m

mβ

β
σ
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tgk¡ chVk xq.kkad dh ekud =kqfV (Standard Error of Beta) dh x.kuk fuEu lw=k ls dh tkrh gSA

( )
2
1.2345......

12.34...... 2
2.34......

1 R

1 R
m

m
m

β
−

σ =
−

mijksDr lw=k ls ifjxf.kr Vh&vuqikr dh lkFkZdrk df = (N–m) ij ns[kh tkrh gSA

nks cgq&lglEcU/ xq.kkadksa dh rqyuk

(Comparison of Two Multiple Correlation Coefficients)

dHkh&dHkh vf/d Lora=k pjksa osQ fy, ifjxf.kr cgq&lglEcU/ xq.kkad dh rqyuk vis{kkÑr de Lora=k

pjksa osQ fy, ifjxf.kr cgq&lglEcU/ xq.kkad ls djuh gksrh gSA ,slh fLFkfr esa ,iQ&ijh{k.k dk iz;ksx nksuksa

cgq&lglEcU/ xq.kkadksa dh rqyuk osQ fy, fd;k tkrk gSA rc ,iQ&vuqikr dh x.kuk fuEu lw=k ls dh tkrh gSμ

F = 
2 2
1 2 1

2
1 1 2

(R R ) (N 1)

(1 R )( )

m

m m

− − −
− −

tgk¡ R1 = vf/d Lora=k pjksa osQ fy, cgq&lglEcU/ xq.kkad

R2 = de LorU=k pjksa osQ fy, cgq&lglEcU/ xq.kkad

m1 = vf/d Lora=k pjksa dh la[;k

m2 = de Lora=k pjksa dh la[;k

bl ,iQ&vuqikr dh lkFkZdrk dk fu/kZj.k (m1 – m2) rFkk (N – m1 – 1) eqDrka'kksa (df) ij fd;k

tkrk gSA

vkaf'kd rFkk cgq&lglEcU/ xq.kkadksa esa lEcU/

(Relation between Partial and Multiple Correlation Coefficients)

fdUgha fn;s x;s pjksa osQ fy, ifjxf.kr vkaf'kd rFkk cgq&lglEcU/ xq.kkadksa osQ eè; lEcU/ dks fuEu

lehdj.k ls izLrqr fd;k tk ldrk gSμ

2 2 2
1.23 12 13.21 R (1 )(1 )r r− = − −

nks ls vf/d Lora=k pjksa tSls 4 Lora=k pjksa osQ gksus ij

− = − − − −2 2 2 2 2
1.2345 12 13.2 14.23 15.2341 R (1 )(1 )(1 )(1 )r r r r

vkaf'kd lglEcU/ xq.kkad dh x.kuk chVk vFkok ch xq.kkadksa dh lgk;rk ls fuEu lw=k osQ }kjk dh tk

ldrh gSμ

2
12.345...... 12.345...... 21.345.......m m mr = β β

vFkok 2
12.345...... 12.345...... 21.345.......m m mr b b=

vkaf'kd rFkk cgq&lglEcU/ xq.kkad dh ekU;rk,¡

(Assumptions of Partial and Multiple Correlation Coefficients)

D;ksafd vkaf'kd rFkk cgq&lglEcU/ xq.kkadksa dh x.kuk lk/kj.k lglEcU/ xq.kkadksa osQ }kjk th tkrh gS]

blfy, vkaf'kd rFkk cgq&lglEcU/ osQ fy, ;g vko';d gS fd os lHkh lk/kj.k lglEcU/ xq.kkad vko';d

ekU;rkvksa dh iw£r djrs gksaA vr% vkaf'kd rFkk cgq&lglEcU/ xq.kkadksa dh lgh O;k[;k osQ fy, ;g vR;Ur

egÙoiw.kZ gS fd lead lHkh pjksa osQ fy, xq.kuiQy&vk?kw.kZ lglEcU/ xq.kkad dh ekU;rkvksa dks iwjk dj jgs gksaA
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xq.kuiQy&vk?kw.kZ lglEcU/ xq.kkad dh rjg ls vkaf'kd rFkk cgq&lglEcU/ xq.kkad dh ekU;rkvksa dks fuEu <ax

ls fy[kk tk ldrk gSμ

(i) lHkh pjksa osQ fy, ,d pjh; forj.k (Univariate Distributions) lkekU; izkf;drk oØ

(N.P.C.) osQ vuq:i gSA

(ii) lHkh f}&pjh; forj.kksa (Bi-Variate Distributions) osQ fy, leizlj.krk (Homoscdasticity)

dh 'krZ iwjh gks jgh gSA

(iii) lHkh f}&pØh; forj.kksa (Bi-Variate Distributions) osQ fy, izrhixeu (Regression) dh

izÑfr js[kh; (Linear) gSA

vkaf'kd rFkk cgq&lglEcU/ dh ppkZ osQ vUr esa oSQuksfudy lglEcU/ (Canonical Correlation)

dk mYys[k djuk mfpr gh gksxkA ,d lkFk vusd vkfJr pjksa (Dependent Variables) rFkk Lora=k pjksa

(Independent Variable) osQ eè; lglEcU/ Kkr djus osQ fy, oSQuksfudy lglEcU/ fo'ys"k.k

(Canonical Correlation Analysis) dk iz;ksx fd;k tkrk gSA ;gk¡ ;g bafxr djuk mfpr gh gksxk fd

cgq&lglEcU/ fo'ys"k.k oLrqr% oSQuksfudy lglEcU/ fo'ys"k.k dk gh ,d fof'k"V izdkj gSA oSQuksfudy

lglEcU/ fo'ys"k.k dk x.kuk dk;Z vR;Ur tfVy gS blosQ fy, dEI;wVj dk gh iz;ksx fd;k tkrk gSA

  Nk=k fØ;kdyki (Student Activity)

1- lglEcU/ osQ fdrus izdkj gksrs gSa\

2- vFkZ vkaf'kd lglEcU/ xq.kkad dk vFkZ Li"V dhft,A

3- nks cgq&lglEcU/ xq.kkadksa dh rqyuk dks ifjHkkf"kr djks\
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3-8 lkjka'k (Summary)

1- lglEcU/  ,d fooj.kkRed lkaf[;dh; eki (descriptive statistics) gS tks nks pjksa osQ eè; ik;s

tkus okys lEcU/ dh ek=kk dk fooj.k nsrh gSA oqQN izdkj osQ pjksa esa ikjLifjd lEcU/ ik;k tkrk gS

tSls ewY; rFkk ek¡x] mRiknu rFkk jkstxkj] etnwjh rFkk ewY; funsZ'kkad vkfn pjksa esa lEcU/ gksrk gSA

2- tc nks rF;ksa esa ,d lkFk ,d gh fn'kk esa vFkok foijhr fn'kkvksa esa ifjorZu gks rFkk ,d rF; esa

ifjorZu nwljs rF; esa ifjorZu dk dkj.k gks rks ;g dgk tkrk gS fd mu nksuksa rF;ksa esa lglEcU/ gSA

3- nks pjksa osQ eè; lglEcU/ xq.kkad ,d pj osQ ?kVus ;k c<+us ij nwljs pj osQ ?kVus&c<+us dh izo`fÙk dks

crkrk gS ijUrq nks pjksa osQ eè; ifjxf.kr lglEcU/ xq.kkad dk eku Hkzked (Misleading) Hkh gks

ldrk gSA

4- nks pjksa osQ chp lk/kj.k lglEcU/ xq.kkad rFkk vkaf'kd lglEcU/ xq.kkad esa ijLij lEcU/ vfuf'pr

jgrk gSA ;|fi izk;% vkaf'kd lglEcU/ xq.kkad dk eku lk/kj.k lglEcU/ xq.kkad ls de izkIr gksrk

gS ijUrq vkaf'kd lglEcU/ xq.kkad dk eku lk/kj.k lglEcU/ xq.kkad osQ eku ls vf/d Hkh izkIr gks

ldrk gSA

5- fdlh vkfJr pj rFkk vusd LorU=k pjksa osQ eè; cgq&lglEcUèk xq.kkad dk eku lnSo gh vkfJr pj

rFkk LorU=k pjksa osQ chp osQ lkèkkj.k lglEcUèk xq.kkadksa osQ eku (+ vFkok – ij è;ku fn;s fcuk)

ls vfèkd gksrk gSA

6- cgq&lglEcUèk dh leL;k dks nks ls vfèkd LorU=k pjksa osQ fy, Hkh foLrkfjr (Extend) fd;k tk

ldrk gSA nks ls vfèkd LorU=k pjksa osQ gksus ij cgq&lglEcUèk xq.kkad dh x.kuk oqQN tfVy gks tkrh

gS rc izrhixeu lehdj.k osQ chVk xq.kkadksa vFkok ch&xq.kkadksa dh lgk;rk ls gh cgq&lglEcUèk dh

x.kuk dh tkrh gSA nks ls vfèkd LorU=k pjksa dh fLFkfr esa izrhixeu lehdj.k osQ xq.kkadksa dks Kkr djus

osQ fy, MwfyfVy fofèk (Doolittle Method) vFkok ,sVfdu fofèk (Aitkin’s Method) dk iz;ksx

fd;k tkrk gSA

7- vkaf'kd rFkk cgq&lglEcU/ xq.kkadksa dh x.kuk lk/kj.k lglEcU/ xq.kkadksa osQ }kjk th tkrh gS] blfy,

vkaf'kd rFkk cgq&lglEcU/ osQ fy, ;g vko';d gS fd os lHkh lk/kj.k lglEcU/ xq.kkad vko';d

ekU;rkvksa dh iw£r djrs gksaA

vH;kl&iz'u (Exercise Questions)

1- lglEcU/ dh ifjHkk"kk nsrs gq, blosQ fofHkUu izdkjksa dk foLrkj ls o.kZu dhft,A

2- vkaf'kd lglEcU/ xq.kkad dh foospuk djksA

3- cgq&lglEcU/ xq.kkad dh O;k[;k dhft,A

4- cgq&izrhxeu ls vkidk D;k rkRi;Z gS\

X X X K1 = + +b b12 3 2 13 3. .2

esa X, b vkSj K dks Li"V djks

5- cgq izrhixeu dh MwfyfVy fof/ dk fo'ys"k.k dhft,A

lUnHkZ xzUFk (Reference Books)
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bdkbZμ5

izfrp;u forj.k
(Sampling Distribution)

lajpuk (Structure)

5.1 mís'; (Objectives)

5.2 izLrkouk (Introduction)

5.3 ifjfer lef"V (Finite Population)

5.4 Vh&forj.k (t-Distribution)

5.5 X2&forj.k vkSj mldk mi;ksx (X2-Distribution and Their Uses)

5.6 dkbZ&oxZ ifj{k.k esa eqDrka'k (Degrees of Freedom in Chi-Square Test)

5.7 leku forj.k dh ifjdYiuk (Hypothesis of Equal Distribution)

5.8 lkekU; forj.k dh ifjdYiuk (Hypothesis of Normal Distribution)

5.9 LorU=k forj.k dh ifjdYiuk (Hypothesis of Independent Distribution)

5.10 lkjka'k (Summary)

• vH;kl&iz'u (Exercise Questions)

• lanHkZ xzaFk (Reference Books)

5.1 mís'; (Objectives)

bl bdkbZ osQ vè;;u osQ i'pkr fo|kFkhZ ;ksX; gksaxsμ

• ifjfer lef"V dh voèkkj.kk le>us esaA

• t&forj.k vkSj X2&forj.k dk tkuus esaA

• dkbZ oxZ ifj{k.k rFkk forj.k osQ vU; izdkjksa dks le>us esaA

5-2 izLrkouk (Introduction)

O;ogkj esa lef"V ls osQoy ,d gh izfrn'kZ fy;k tkrk gS rFkk bl izfrn'kZ ls izkIr fofHkÂ izfrn'kZtksa
dh lgk;rk ls lef"V osQ izkpyksa dk vuqeku yxk;k tkrk gSA blosQ fy, izfrn'kZtksa osQ forj.k
(Distributions of Statistics), ftUgsa izfrp;u forj.k (Sampling Distributions) Hkh dgrs gSa] dk
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mi;ksx fd;k tkrk gSA fdlh izfrn'kZt dk izfrp;u forj.k okLro esa lef"V ls ,d gh vkdkj osQ vusd jSUMe
izfrn'kks± ls izkIr izfrn'kZt ekuksa dk forj.k gSaSA vr% ;fn fdlh lef"V ls ,d gh vkdkj osQ vusd fHkÂ&fHkÂ
jSUMe izfrn'kk±s dk p;u fd;k tk;s rks muesa ls izR;sd izfrn'kZ osQ fy, fdlh pj ij dksbZ okafNr izfrn'kZt eku

(tSls eè;eku) Kkr fd;s tk ldrs gSaA Li"V% mrus gh izfrn'kZt eku (tSls eè;eku) izkIr gksaxs  ftrus izfrn'kZ
Nk¡Vs x;s gSaA bl izdkj ls izkIr izfrn'kZt eku ijLij oqQN fHkÂ gks ldrs gSa rFkk bUgsa vko`fÙk forj.k osQ :i
esa O;ofLFkr fd;k tk ldrk gSA izfrn'kZt ekuksa osQ bl forj.k dks gh izfrp;u forj.k (Sampling

Distribution) dgrs gSaA

izfrp;u forj.k osQ lS¼kfUrd izR;; dks fdlh LFkwy mnkgj.k ls vf/d vPNs <ax ls Li"V fd;k tk

ldrk gSA ekuk fd fdlh lef"V esa osQoy ukS bdkb;ka gSa ftuosQ fdlh pj ij izkIrkad Øe'k% 1] 2] 3] 4] 5]
6] 7] 8] o 9 gSaA bl lef"V dk eè;eku 5-0 rFkk ekud fopyu 2-58 gSA ukS izkIrkadksa okyh bl lef"V
(1] 2] 3] 4] 5] 6] 7] 8 o 9) ls ;fn nks&nks izkIrkadksa okys izfrn'kZ fy;s tk;sa rc 36 fofHkÂ izfrn'kZ

(izfrLFkkiu jfgr) lEHko gSA ;g 36 izfrn'kZ rFkk muosQ fy, ekè;eku fuEuor~ gkasxsμ

lkj.khμ1

fofHkUu izfrn'kZ ,oa muosQ fy, eè;eku

izfrn'kZ eè;eku izfrn'kZ eè;eku izfrn'kZ eè;eku izfrn'kZ eè;eku

izkIrkad izkIrkad izkIrkad izkIrkad

1, 2 1.5 2, 4 3.0 3, 7 5.0 5, 7 6.0

1, 3 2.0 2, 5 3.5 3, 8 5.5 5, 8 6.5

1, 4 2.5 2, 6 4.0 3, 9 6.0 5, 9 7.0

1, 5 3.0 2, 7 4.5 4, 5 4.5 6, 7 6.5

1, 6 3.5 2, 8 5.0 4, 6 5.0 6, 8 7.0

1, 7 4.0 2, 9 5.5 4, 7 5.5 6, 9 7.5

1, 8 4.5 3, 4 3.5 4, 8 6.0 7, 8 7.5

1, 9 5.0 3, 5 4.0 4, 9 6.5 7, 9 8.0

2, 3 2.5 3, 6 4.5 5, 6 5.5 8, 9 8.5

;fn lkj.kh 1 esa fn[kk;s x;s bu NÙkhl izfrn'kks± ls izkIr eè;ekuksa dk vko`fÙk forj.k rS;kj fd;k tk;s

rks fuEukuqlkj forj.k izkIr gksxkA

lkj.khμ2

eè;eku vko`fÙk eè;eku vko`fÙk eè;eku vko`fÙk

8.5 1 6.0 3 3.5 3

8.0 1 5.5 4 3.0 2

7.5 2 5.0 4 2.5 2

7.0 2 4.5 4 2.0 1

6.5 3 4.0 3 1.5 1

bl forj.k dks gh eè;eku dk izfrp;u forj.k (Sampling Distribution of Mean) dgsaxsA bl

forj.k dks oxhZÑr djosQ lkj.kh 3 esa izLrqr fd;k x;k gS rFkk blosQ lkis{k vko`fÙk n.MkÑfr dks fp=k 1 esa

n'kkZ;k gSA
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lkj.khμ3

eè;eku dk izfrp;u forj.k (Sampling Distribution of Mean)

oxZ vko`fÙk

7.5–8.5 4

6.0–7.0 8

4.5–5.5 12

3.0–4.0 8

1.5–2.5 4

K = 36

2

4

6

8

10

12

v
ko
`fÙ
k

2.0 3.5 5.0 6.5 8.0

eè;eku dk eku

fp=k 1

eè;eku osQ mijksDr izfrp;u forj.k ls nks ckrsa Li"V gSaμ(i) ;g ,d lefer ;k lekÑr forj.k

(Symmetrical Distribution) gS ftlosQ osQUnz esa vko`fÙk vf/d gSa o fdukjkas dh vkSj vko`fÙk;k¡ de gksrh

tk jgh gSa] rFkk (ii) bl forj.k dk eè;eku 5-0 gS tksfd lef"V osQ eè;eku osQ cjkcj gSA blh izdkj ls vU;

izfrn'kZtksa tSls eè;kad] ekud fopyu] lglEcU/ xq.kkad vfn osQ fy, Hkh izfrp;u forj.k rS;kj fd;s tk

ldrs gaSA vuqekukRed lkaf[;dh; fof/;ksa osQ }kjk izkpyksa dk vuqeku yxkus esa izfrn'kZt forj.kksa dk fo'ks"k

mi;ksx gSA okLro esa izfrn'kZt forj.kksa dh fo'ks"krkvksa (Characteristics) osQ vk/kj ij gh izkpyksa dk

vUrjky vuqeku yxkuk lEHko gSA vf/dka'k izfrn'kZt forj.kksa esa nks fo'ks"krk,sa ikbZ tkrh gS (i) izfrp;u forj.k

dk eè;eku ewy lef"V osQ eè;eku osQ cjkcj gksrk gS rFkk (ii) izfrn'kZt osQ vkdkj (n) osQ cM+k gksus ij

izfrp;u forj.k dk :i lkekU; izkf;drk forj.k (NPC) osQ vuq:i gksrk tkrk gSA izfrp;u forj.kksa dh bu

fo'ks"krkvksa dks osQUnzh; lhek izes; (Central Limit Theorem) osQ :i esa izLrqr fd;k tkrk gS] tksfd

izkf;drk fl¼kUr dh ,d vR;Ur egÙoiw.kZ o vuks[kh fo'ks"krk gSA eè;eku osQ fy, osQUnzh; lhek izes; dks fuEu

<¡x ls fy[kk tk ldrk gSA

¶;fn fdlh lef"V dk eè;eku μ rFkk ekud fopyu σσσσσ gks rks bl lef"V ls leku vkdkj (n)

osQ Nk¡Vs x;s jSUMe izfrn'kks± dk forj.k] n osQ eku osQ i;kZIr cM+k gksus ij] ,sls lkekU; izkf;drk forj.k

osQ vuq:i gksrk gS ftldk eè;eku μ rFkk ekud fopyu σ ⁄ n  osQ cjkcj gksrk gSA¸
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–3s n� –2 n�s – n�s s�n 2 ns 3 ns

fp=k 2- izfrn'kZ eè;ekuksa dk forj.k

fdlh izfrn'kZt osQ izfrp;u forj.k osQ ekud fopyu dks ml izfrn'kZt dh ekud =kqfV (Standard

Error) dgrs gSaA vr% eè;eku dks ekud =kqfV σ/ n osQ cjkcj gksrh gSA ekud =kqfV dks SE vFkok fpÉ

osQ ckn lEcfU/r izfrn'kZt dk laosQrk{kj izR;; (Suffix) osQ :i esa fy[kdj bafxr fd;k tkrk gSA vr%

eè;eku dh ekud =kqfV

σEM ;k σM  = 
σ
n

osQUnzh; lhek izes; osQ lEcU/ esa nks ckrsa egÙoiw.kZ gSaA izzFke] izfrp;u forj.k izfrn'kZ osQ vkdkj n

osQ cM+k gksus ij lef"V osQ forj.k dh izÑfr ls izHkkfor ugha gksrk gSA lef"V esa izkIrkadksa dk forj.k fdlh Hkh

izdkj dk D;ksa u gks izfrn'kZ osQ vkdkj dks c<+kus ij izzfrp;u forj.k lkekU; izkf;drk oØ osQ vuq:i gksrk

tkrk gSA ;g rF; fp=k 3 ls Li"V gks losQxkA f}rh;] izfrp;u forj.k osQ ekud fopyu vFkkZr lEcfU/r

izfrn'kZt dh ekud =kqfV osQ lw=k esa iz;qDr σ lef"V dk ekud fopyu gS u fd izfrn'kZ dk ekud fopyuA

lef"V osQ ekud fopyu dks Kkr djuk yxHkx vlEHko gksus osQ dkj.k σ dk vuqeku izfrn'kZ osQ ekud

fopyu (s), tksfd Kkr gksrk gS] ls yxkrs gSa D;ksafd izfrn'kZ lef"V dk ,d va'k (Part) gksrk gSA blfy,

lEHkkouk ;gh gS fd fdlh jSUMe izfrn'kZ dh fopyu'khyrk viuh lef"V ls de gh gksxh ftlosQ ifj.kkeLo:i

izfrn'kZ osQ  ekud fopyu osQ lnSo gh lef"V osQ ekud fopyu ls de gksus dh gh lEHkkouk gksrh gSA nwljs

'kCnksa esa dgk tk ldrk gS izfrn'kZ dk ekud fopyu viuh lef"V osQ ekud fopyu dks de djosQ vk¡drk

(Underestimate) gSA izfrn'kZ osQ ekud fopyu (s) ls vlhfer lef"V osQ ekud fopyu (σ) dk loksZÙke

vuqeku (Best Estimate) fuEu lw=k dh lgk;rk ls yxk;k tk ldrk gSμ

.
1

n
s

n
σ =

−

tc izfrn'kZ dk vkdkj (n) i;kZIr cM+k (izk;% 30 ls vf/d) gksrk gS rc /( 1)n n −  dk eku

yxHkx ,d osQ cjkcj gh gksrk gSA tSls osQ 30 gksus ij ;g eku 1-017] n osQ 50 gksus ij 1-010, n osQ 100

gksus ij 1-005, n osQ 500 gksus ij 1-001 rFkk n osQ 1000 gksus ij 1-0005 gksxkA blfy, n osQ cM+k gksus ij

lef"V osQ ekud fopyu osQ LFkku ij izfrn'kZ osQ ekud fopyu dk fcuk fdlh fo'ks"k =kqfV osQ iz;ksx fd;k

tk ldrk gS ijUrq tc izfrn'kZ dk vkdkj n NksVk gksrk gS rc σ osQ LFkku ij s dk iz;ksx =kqfViw.kZ gksxk D;ksafd

rc /( 1)n n −  dk eku ,d ls dkiQh fHkÂ gksxk tks σ  osQ vuqeku dks dkiQh izHkkfor djsxkA vr% n osQ

NksVk gksus ij ;k rks ekud =kqfV osQ lw=k esa lef"V osQ ekud fopyu dk eku j[kuk pkfg, vFkok lw=k dks izfrn'kZ

osQ ekud fopyu osQ vuq:i la'kksf/r dj ysuk pkfg,A lef"V osQ ekud fopyu dk izfrn'kZ izkIrkadksa ls lh/s

vuqeku fuEu lw=k osQ iz;ksx ls yxk;k tk ldrk gSμ
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2

1
x

n
Σ

σ =
−

vFkok (X M)
1n

Σ −σ =
−

n = 2

n = 10

n = 30

eè;eku dk çfrp;u forj.k
Sampling Distribution of Mean

çkIrkad

v
ko
`fÙ
k

çkIrkad

v
ko
`fÙ
k

çkIrkad

v
ko
`fÙ
k

çkIrkad

v
ko
`fÙ
k

lef"V;ksa esa çkIrkad dk forj.k
(Distributions of Score in Population)

fp=k 3- fofHkUu izdkj dh lef"V;ksa ls fy;s izfrn'kks± osQ fy, eè;eku dk izfrp;u forj.k

tgk¡ X izfrn'kZ osQ izkIrkad] M izfrn'kZ dk eè;eku rFkk n izfrn'kZ dk vkdkj gSA lef"V osQ ekud

fopyu (σ) osQ LFkku ij izfrn'kZ osQ ekud fopyu (s) dk iz;ksx djus ij eè;eku dh ekud =kqfV osQ lw=k

dks fuEuor fy[kk tk ldrk gSμ
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lkj.khμ4

fofHkÂ izfrn'kZtksa dh ekud =kqfV;k¡ (Standard Errors of Various Statistics)

izfrn'kZt ekud =kqfV osQ fy, laosQrk{kj ekud =kqfV lw=k

Statistic Symbol for SE Standard Error Formula

1- eè;eku SEM ;k σm n

σ

2- eè;kad SEMD ;k σmd

1.253

n

σ

3- ekud fopyu SEσ ;k σσ 2n

σ
 ;k 

.707

n

σ

4- prqFkk±d fopyu SEQ  ;k σQ

.7867

n

σ

5- vko`fÙk SEf  ;k σf npq

6- izfr'kr SE% ;k σ%
PQ
N

7- vuqikr SEp ;k σp
pq
n

8- Js.khØe lglEcU/ xq.kkad SEp  ;k σp

1

1n −

9- xq.kuiQy&vk?kw.kZ lglEcU/ xq.kkad SEr ;k σr

21

1

r

n

−
−

fo'ks"kμizfrn'kZ osQ NksVk gksus vFkkZr n osQ 30 ls de gksus ij ekud =kqfV osQ izFke pkj lw=kksa

esa iz;qDr gj (Denominaters) esa n osQ LFkku ij (n – 1) j[kuk gksxk ftlls lef"V osQ ekud

fopyu σσσσσ osQ LFkku ij izfrn'kZ osQ ekud fopyu (s) dk iz;ksx fcuk fdlh =kqfV osQ fd;k tk losaQA

ekè;eku osQ izfrp;u forj.k dh rjg ls eè;kad] ekud fopyu] prqFkk±d fopyu] izfr'kr] vuqikr

vkfn osQ fy, osQUnzh; lhek izes; dk foLrkj fd;k tk ldrk gS ijUrq bu lHkh osQ izfrp;u forj.kksa dk ekud

fopyu vFkkZr budh ekud =kqfV Kkr djus osQ lw=k fHkÂ&fHkÂ gksaxs ftUgsa lkj.kh 4 esa izLrqr fd;k x;k gSA ;gk¡

;g Lej.kh; gS fd ekud fopyu fdlh pj ij izkIrkadksa osQ forj.k dh fopyu'khyrk dk |ksrd gS tcfd

ekud =kqfV fdlh izfrn'kZt tSls eè;eku] eè;kad] ekud fopyu vkfn osQ fofHkÂ ekuksa osQ forj.k dh

fopyu'khyrk dk ifjpk;d gSA ekud =kqfV;kas osQ lw=kksa ls Li"V gS fd ekud =kqfV;k¡ lef"V dh fopyu'khyrk

vFkkZr ekud fopyu osQ lekuqikrh rFkk izfrn'kZ osQ vkdkj osQ foyksekuqekrh gksrk gSA nwljs 'kCnksa esa dgk tk

ldrk gS fd ekud fopyu osQ c<+us rFkk izfrn'kZ osQ vkdkj osQ ?kVus ij ekud =kqfV c<+ tkrh gSA

5-3 ifjfer lef"V (Finite Population)

ekud =kqfV;ksa osQ fy, lkj.kh 4 esa o£.kr lHkh lw=k vifjfer lef"V;ksa (Infinite Populations) ls

fy, x;s izfrn'kks± osQ fy, gSaA tc lef"V dh rqyuk esa izfrn'kZ dkiQh NksVk gksrk gS rc Hkh ;s lw=k ekud =kqfV
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dk lgh vuqeku nsrs gSa ijUrq tc izfrn'kZ lef"V dh rqyuk esa dkiQh NksVk ugha gksrk gS rc bu lw=kksa dk iz;ksx

mfpr ugha gSA ;|fi lkekftd foKkuksa esa iz;qDr izfrn'kZ izk;% lef"V dh rqyuk esa cgqr gh NksVs gksrs gSa rFkk

dHkh&dHkh rks fo'ks"kdj iz;ksxkRed vuqla/kuksa esa lef"V iw.kZ :is.k fo|eku (Exist) Hkh ugha jgrh gSA tSls

ckydksa osQ fdlh izfrn'kZ ls izkIr ifj.kkeksa dks mu ckydksa ij Hkh ykxw fd;k tk ldrk gS ftudk vHkh tUe

Hkh ugha gqvk gSA blfy, vf/dka'k fLFkfr;ksa esa lkj.kh 4 esa izLrqr fd;s x;s ekud =kqfV osQ lw=kksa dk iz;ksx fcuk

fdlh dfBukbZ osQ fd;k tk ldrk gS ijUrq tc lef"V ifjfer gks rFkk izfrn'kZ o lef"V dk vuqikr i;kZIr

gks rc lkaf[;dh;fon~ dks ltx jgus dh vko';drk gksrh gSA oLrqr% ifjfer lef"V;ksa ls Nk¡Vs x;s izfrn'kks± osQ

fy, ekud =kqfV osQ lw=kksa esa oqQN vko';d la'kks/u djus dh vko';drk gksrh gSA ifjfer lef"V;ksa dh fLFkfr

esa ekud =kqfV oqQN de gksrh gSA ,slh fLFkfr esa ekud =kqfV u osQoy izfrn'kZ osQ vkdkj cfYd lef"V osQ vkdkj

vFkok bu nksuksa osQ vuqikr ls Hkh izHkkfor gksrh gSA vkdkj N dh lhfer ls vkdkj n osQ izfrn'kZ osQ fy,

eè;eku dh ekud =kqfV fuEu lw=k ls Kkr dh tk ldrh gSμ

σM  =  
N

.
N 1

n

n

σ −
−

tgk¡ σ lef"V osQ fy, ekud fopyu gS

mijksDr lw=k ls Li"V gS fd tc N = n vFkkZr lEiw.kZ lef"V dks izfrn'kZ osQ :i esa ys ysrs gS rc σM

dk eku 'kwU; gks tkrk gSA tc N dh rqyuk esa n cgqr NksVk gksrk gS rc (N ) /(N 1)n− −  dk eku yxHkx

1 osQ cjkcj gks tkrk gS ftls lw=k ls gVk;k tk ldrk gSA ifjek.kr% ;g lw=k ogh gks tkrk gS tks vifjfer

lef"V;ksa ls fy, izfrn'kks± osQ fy, gksrk gSA

5-4 Vh&forj.k (t-Distribution)

;|fi osQUnzh; lhek izes; (Central Limit Theorem) osQ }kjk cM+s izfrn'kks± osQ izfrp;u forj.kksa

dh izÑfr dks Li"V fd;k tk ldrk gS ijUrq NksVs izfrn'kks± osQ fy, osQUnzh; lhek izes; osQ vuqlkj izfrp;u

dfri; eqÙkQka'kksa osQ fy, Vh forj.k(df n)

df = �

df = 20
df = 10

fp=k 4

forj.k dk lkekU; izkf;drk oØ osQ :i esa Lohdkj djuk cgq/k mfpr ugha gksrk gSA lu~ 1908 esa MCyw- ,l-

xkWlsV (William Sealy Gossett) us ik;k fd ;|fi cM+s izfrn'kks± osQ ekè;ekuksa dk forj.k lkekU; :i ls

forfjr gksrk gS fdUrq tSls&tSls izfrn'kZ dk vkdkj NksVk djrs tkrs gSa oSls&oSls izfrp;u forj.k lkekU; forj.k

ls nwj gVrk tkrk gS rFkk ;g forj.k vf/d uqdhyk (Peaked) gksrk tkrk gSA nwljs 'kCnksa esa izfrp;u forj.k

dh oØrk (Kurtosis) c<+rh tkrh gS ftlls og vf/d oØh; (Leptokurtic) gksrk tkrk gSA xkWlsV us

(M – μ)/ s n  dk forj.k rS;kj fd;k ftls Vh forj.k (t-Distribution) dgrs gSaA ;gk¡ ;g KkrO; gS fd



104 vFkZ'kkL=k esa lkaf[;dh; i¼fr

uksV

izfrp;u forj.k

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 05-1.pmd

xkWlsV fczVsu osQ MfCyu (Dublin) 'kgj esa fLFkr xqbust 'kjkc iSQDVªh (Guiness Brewery) esa xf.krK osQ

:i esa dk;Zjr Fkk ijUrq iSQDVªh dh 'krZ osQ vuqlkj iSQDVªh dk dksbZ Hkh deZpkjh vius uke ls dksbZ xf.krh; ys[k

izdkf'kr ugha dj ldrk FkkA blfy, xkWlsV us LVwMSUV (Student) osQ Nn~e uke (Pseudonym) ls izdkf'kr

vius 'kks/ i=k (The Probable Error of a Mean) esa vius fopkj izLrqr fd;s FksA ckn esa lu~ 1926 esa

vkj- ,- fiQ'kj (R. A. Fisher) us xkWlsV osQ }kjk lq>k;k t forj.k izLrqr fd;kA LVwMSUV osQ uke ij izLrqr fd;s

x;s t-forj.k dks LVwMSUV dk t forj.k (Student’s t-Distribution) osQ uke ls Hkh iqdkjk tkrk gSA

Vh forj.k ,d lrr~ forj.k (Continuous Distribution) gS tks lS}kfUrd :i ls  – ∞ ls + ∞
rd iSQyk gksrk gSA ;g t = 0 osQ lkis{k lefer (Symmetrical) gksrk gS rFkk oqQN vf/d iSQyk gksus osQ

vfrfjDr dkiQh gn rd lkekU; izkf;drk oØ osQ tSlk gksrk gSA Vh forj.k dk vkdkj izfrn'kZ osQ vkdkj n

ij fuHkZj djrk gS blhfy, fofHkÂ vkdkjksa osQ izfrn'kks± osQ fy, t–forj.k fHkÂ&fHkÂ gksrs gSaA izfrn'kZ osQ vkdkj

n osQ c<+rs tkus ij t–forj.k dk :i lkekU; izkf;drk oØ osQ utnhd vkrk tkrk gS rFkk n osQ cgqr cM+k

gkssus ij ;g lkekU; oØ tSlk gks tkrk gSA fofHkÂ vkdkjksa osQ fy, Vh&forj.k fHkÂ&fHkÂ gksus osQ dkj.k lHkh

Vh&forj.kksa dks izLrqr djuk yxHkx vlEHko dk;Z gSA ifjf'k"V 5 esa nh xbZ Vh&forj.k lkj.kh esa oqQN pqus x;s

lkFkZdrk Lrjksa osQ fy, fofHkÂ eqDrka'k (df ) ij t osQ eku fn;s x;s gSA eqDrka'k (df ) ,d rduhdh in gS ftldh

ppkZ vkxs dh xbZ gSA ;gk¡ ij osQoy bruk tkuuk i;kZIr gS fd eè;ekuksa osQ lUnHkZ esa df dk eku (n – 1)

gksrk gSA

xkWlsV osQ }kjk Vh&forj.k osQ izLrqr fd;s tkus ij blosQ vusd mi;ksxksa dh [kkst dh xbZA vk/qfud le;

esa NksVs izfrn'kks± osQ fy, eè;eku rFkk vU; izfrn'kZtksa osQ izfrp;u forj.kksa osQ :i esa lkekU; izkf;drk forj.k

osQ LFkku ij Vh&forj.k dk mi;ksx vf/d mi;qDr ekuk tkrk gSA

5-5 X2-forj.k vkSj bldk mi;ksx (X2-distribution and their uses)

tc ̂ eè;eku 'kCn dk iz;ksx fd;k tk jgk gS rc miyC/ lead (Available Data) ek=kkRed izÑfr

(Quantitativ Nature) dk gksrk gS ftls de ls de (At least) ekiu osQ vUrfjd Lrj (Interval

Level) ij ekik x;k gksrk gSA ijUrq dHkh&dHkh vuqla/ku dk;Z esa xq.kkRed izÑfr (Qualitative Nature)

osQ lead miyC/ gksrs gaSA ,slh fLFkfr esa pjksa dks ukfer Lrj (Nominal Level) vFkok Øfer Lrj

(Ordinal Level) ij ekik x;k gksrk gSA dHkh&dHkh fdUgha ifjfLFkfrtU; dkj.kksa ls vUrfjr Lrj ij ekis pjksa

dks Øfer Lrj ij ifjo£rr djosQ lead fo'ys"k.k djuk iM+rk gSA ;gk¡ ;g KkrO; gS fd ukfer ;k Øfer Lrjksa

ij iz;ksT;ksa (Subjects) dks muesa fo|eku fdlh fof'k"V xq.k osQ vk/kj ij oqQN oxks± (Categories) esa

foHkDr fd;k tkrk gS rFkk fofHkÂ oxks± esa vk;s izk;ksT;ksa dh la[;k dh x.kuk djosQ vko`fÙk;k¡ Kkr dh tkrh gSaA

Øfer Lrj ij iz;ksT;ksa dks ftu oxks± esa ck¡Vk tkrk gS muesa Js"Brk ;k ghurk dk ,d vUr£ufgr Øe (Inherent

Order) Hkh gksrk gSA nwljs 'kCnksa esa dgk tk ldrk gS fd ukfer rFkk Øfer Lrjksa ij miyC/ lead de ls

de nks ;k vf/d oxks± (At least two or more than two Categories) dh vko`fÙk;ksa osQ :i esa gksrs

gSaA tSls Nk=kksa dks ¯yxHksn] vFkok lkekftd&vk£Fkd Lrj] vFkok ckSf¼d Lrj] vFkok ijh{kk ifj.kke] vFkok

vf/xe 'kSyh] vFkok O;fDrRo izdkj vkfn osQ vk/kj ij oqQN oxks± esa foHkDr djosQ fxuk (count) tk ldrk

gSA blh izdkj ls ukxfjdksa dks jktuSfrd nyksa osQ izfr izfrc¼rk] vFkok fdlh lkekftd ifjorZu osQ lEcU/

esa jk;] vFkok 'kSf{kd Lrj vFkok O;olk; vFkok /eZ] vFkok tkfr vkfn osQ vk/kj ij fofHkÂ oxks± esa ck¡Vk

tk ldrk gSA fofHkÂ oxks± esa lfEefyr O;fDr;ksa dh la[;kvksa dks mu oxks± dh vko`fÙk;k¡ (Frequencies) dgrs

gSa rFkk f laosQrk{kj ls fu£n"V djrs gSaA vko`fÙk;ksa osQ :i esa miyC/ bl izdkj osQ leadksa dk fo'ys"k.k djus

osQ fy, iwoZ o£.kr lkaf[;dh; ijh{k.kksa dk iz;ksx ugha fd;k tk ldrk gS ,slh fLFkfr esa izk;% dkbZ&oxZ ijh{k.k

(Chi-Square Test) dk iz;ksx fd;k tkrk gSA dkbZ&ijh{k.k ,d vR;Ur egÙoiw.kZ vizkpfyd lkaf[;dh;
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izfof/ (Non-Parametric Statistical Technique) gSA lEHkor% vlrr oxks± (Discrete Categories)

rFkk vko`fÙk;ksa (Frequencies) osQ :i esa miyC/ leadksa osQ fy, lokZf/d mi;qDr (Most Appropriate)

rFkk cgqrk;r ls iz;qDr (Widely Used) ijh{k.k ;gh gSA lkekftd foKkuksa osQ vuqla/ku dk;ks± esa dkbZ&oxZ

ijh{k.k dk egÙo rFkk mi;ksx lokZf/d iz;qDr gksus okys oqQN fxu&pqus lkaf[;dh; izR;;ksa tSls lkekU; izkf;drk

oØ] Vh&ijh{k.k ,oa ,iQ&ijh{k.k osQ lerqY; Lohdkj fd;k tkrk gSA

dkbZ (χ) okLro esa xzhd Hkk"kk (Greek Language) dk ,d v{kj (Latter) gSA dkbZ&oxZ forj.k

(Chi-Square Distribution) dh [kkst lu~ 1875 esa gsyeVZ (Helmert) us dh Fkh rFkk ckn esa lu~ 1900

esa dkyZ fi;lZu (Karl Pearson) us iqu% bldk izfriknu LorU=k :i ls fd;k ,oa blosQ vk/kj ij dkbZ&oxZ

ijh{k.k (Chi-Square Test) dks fodflr fd;kA dkbZ&oxZ osQ xf.krh; foospu osQ oqQN tfVy gksus rFkk

O;kogkfjd mi;ksx esa bl xf.krh; foospu dh dksbZ fo'ks"k vko';drk u gksus osQ dkj.k] izLrqr vè;k; esa]

dkbZ&oxZ osQ xf.krh; foospu dk o.kZu ugha fd;k tk jgk gSaaA dkbZ&oxZ ijh{k.k oLrqr% vko`fÙk;ksa osQ fdlh

voyksfdr forj.k (Observed Distribution) dh rqyuk fdlh iwoZ fuf'pr ifjdYiuk osQ vk/kj ij rS;kj

fd;s x;s ifjdfYir forj.k (Hypothetical Distribution) ftls lS¼kfUrd forj.k (Theoritical

Distribution) vFkok izR;kf'kr forj.k (Expected Distribution) Hkh dgrs gSa] ls djrk gSA bl rqyuk

esa ns[kk tkrk gS fd voyksfdr forj.k rFkk ifjdfYir forj.k osQ fofHkÂ oxks± esa fLFkr vko`fÙk;kas esa lgefr

(Agreement) vFkok fofHkÂrk (Divergence) fdl lhek rd gSA voyksfdr forj.k rFkk ifjdfYir

forj.k dh vko`fÙk;ksa osQ eè; n`f"Vxksfpr vUrj dh lkFkZdrk osQ fy, dkbZ&oxZ dh x.kuk dh tkrh gSA vr%

dkbZ&oxZ ijh{k.k osQ }kjk Kkr fd;k tkrk gS fd D;k dksbZ fn;k x;k voyksfdr forj.k fdlh ifjdYiuk osQ

vk/kj ij rS;kj fd;s x;s izR;kf'kr forj.k ls lkFkZd :i ls fHkÂ gS vFkok ughaA bl iz'u dk mÙkj izdkjkUrj

esa ml ifjdYiuk dh LohÑfr vFkok vLohÑfr dks bafxr djrk gS ftlosQ vk/kj ij izR;kf'kr forj.k rS;kj

fd;k x;k gSA mnkgj.k osQ fy, tSls ;fn fdlh lkekftd ifjorZu osQ izfr #>ku dks tkuus osQ fy, 100 iz;ksT;ksa

osQ fdlh izfrn'kZ esa 25 us iw.kZ lgefr] 30 us lgefr] 12 us vfuf'pr] 15 us vlgefr rFkk 18 us iw.kZ

vlgefr O;Dr dhA ;fn ifjdYiuk ;g gS fd lef"V esa iz;ksT;ksa dh izfrfØ;k,¡ ik¡pksa oxks± esa leku :i ls

forfjr gSa vFkkZr ik¡pksa izfrfØ;k oxks± osQ fy, vko`fÙk;k¡ leku gSaA bl ifjdYiuk osQ vk/kj ij ik¡pksa oxks± esa

20&20 iz;ksT; gksus pkfg, FksA Li"V gS fd ;gk¡ ij voyksfdr forj.k dh vko`fÙk;k¡ Øe'k% 25] 30] 12] 15

o 18 gSa tcfd izR;kf'kr forj.k dh vko`fÙk;k¡ Øe'k% 20] 20] 20] 20 o 20 gSaA iz'u ;g gS fd D;k

voyksfdr forj.k dh vko`fÙk;ksa rFkk izR;kf'kr forj.k dh vko`fÙk;ksa esa vUrj izfrp;u =kqfV (Sampling

Error) osQ dkj.k gSa vFkok okLro esa vUrj gSA blh izdkj ls ;fn vuqla/kudrkZ tkuuk pkgrk gS fd D;k fdlh

pj ij izfrn'kZ ls izkIr lead :i ls forfjr gSa] rc Hkh mls voyksfdr vko`fÙk forj.k dh rqyuk lkekU; forj.k

dh ifjdYiuk ij vk/kfjr izR;kf'kr forj.k ls djosQ ns[kuk gksxk fd nksuksa forj.kksa esa n`f"Vxksfpr vUrj

izfrp;u =kqfV osQ dkj.k izkf;d gks ldrk gS vFkok okLro esa vUrj gSA ,slh ifjfLFkfr;ksa esa dkbZ&oxZ ijh{k.k

dk iz;ksx fd;k tk ldrk gSA Li"V gS fd dkbZ&oxZ ijh{k.k vko`fÙk;ksa osQ eè; vUrj dh lkFkZdrk dk ijh{k.k

djrk gSA blesa dkbZ&oxZ  (Chi-Square) uke osQ xq.kkad dh x.kuk dh tkrh gS] ftldk lw=k fuEuor gSμ

dkbZ&oxZ] 
2

2 0( )e

e

f f
f
−

χ = Σ

tgk¡ f0 fdlh oxZ dh voyksfdr vko`fÙk (Observed Frequency) gS rFkk fe ml oxZ dh izR;kf'kr

vko`fÙk (Expected Frequency) gS ,oa ∑ dk fpÉ lHkh oxks± osQ fy, (f0 – fe)
2/fe inksa osQ ;ksx dks bafxr

djrk gSA dkbZ&oxZ osQ lw=k ls Li"V gS fd bldk eku voyksfdr rFkk izR;kf'kr vko`fÙk;ksa osQ vUrj osQ oxks± dk

lEcfU/r izR;kf'kr vko`fÙk;ksa ls vuqikrksa dk ;ksx gksrk gSA voyksfdr rFkk izR;kf'kr vko`fÙk;ksa osQ vUrjksa osQ 'kwU;

gksus ij vFkkZr~ voyksfdr rFkk izR;kf'kr vko`fÙk;ksa osQ leku gksus ij dkbZ&oxZ dk eku 'kwU; gks tkrk gS tcfd
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vUrjksa osQ vf/d gksus ij dkbZ&oxZ dk eku c<+rk tkrk gSA dkbZ&oxZ osQ lw=k ls ;g Hkh Li"V gS fd dkbZ&oxZ

dk eku lnSo gh /ukRed (+ve) gksrk gSaA vr% dkbZ&oxZ dk eku 'kwU; vFkok 'kwU; ls vf/d gh gks ldrk

gSA D;ksafd dkbZ&oxZ dh x.kuk esa voyksfdr rFkk izR;kf'kr vko`fÙk;ksa osQ vUrj osQ oxks± (f0 – fe)
2 dk iz;ksx

gksrk gS blfy, ;g vUrj dh fn'kk (Direction of Difference) ij dksbZ è;ku ugha nsrk gSA

dkbZ&oxZ ijh{k.k esa ifjxf.kr dkbZ&oxZ dh lkFkZdrk dk fu/kZj.k dkbZ&oxZ osQ izfrp;u forj.k

(Sampling Distribution of Chi-Square) osQ vk/kj ij izkf;drk osQ :i esa (In Terms of

Probability) fd;k tkrk gSA dkbZ&oxZ dk izfrp;u forj.k osQoy voyksfdr forj.k osQ oxks± osQ fy,

eqDrka'kksa (dfs) ij fuHkZj djrk gSA nwljs 'kCnksa esa dkbZ&oxZ osQ izfrp;u forj.k ij izfrn'kZ osQ vkdkj dk dksbZ

izHkko ugha iM+rk gSA eqDrka'kksa osQ cgqr de gksus ij dkbZ&oxZ dk izfrp;u forj.k /ukRed :i ls fo"ke

(Positively Skewed) gksrk gS] ijUrq tSls&tSls eqDrka'kksa (df) dk eku c<+rk tkrk gS] ;g lkekU; forj.k dh

vksj izo`r (Tend) gksus yxrk gSA fofHkÂ eqDrka'kksa (dfs) ij dkbZ&oxZ izfrp;u forj.kksa osQ fy, oqQN pqus gq,

lkFkZdrk Lrjksa ij dkbZ&oxZ osQ eku ifjf'k"V 8 esa fn, x;s gSaA ;fn ifjxf.kr dkbZ&oxZ (χ2) dk eku lEcfU/r

eqDrka'kksa (dfs) rFkk okafNr lkFkZdrk Lrj ij lkj.kh eku ls de gksrk gS rc izkIr dkbZ&oxZZ dks vlkFkZd dgk

tkrk gSA vlkFkZd dkbZ&oxZ dk vFkZ gS fd voyksfdr forj.k rFkk izR;kf'kr forj.k osQ chp dh fHkÂrk

la;ksxo'k gqbZ izfrp;u =kqfV osQ dkj.k ekuk tk ldrk gS ,oa voyksfdr forj.k rFkk izR;kf'kr forj.k osQ eè;

vUrj u gksus osQ lkaf[;dh; 'kwU; ifjdYiuk (Ho) dks Lohdkj fd;k tk ldrk gSA ifj.kker% lef"V esa forj.k

dks izR;kf'kr forj.k osQ vuq:i ekuk tk ldrk gS rFkk ml ifjdYiuk dks] ftlosQ vk/kj ij izR;kf'kr forj.k

rS;kj fd;k x;k Fkk] Lohdkj fd;k tk ldrk gSA blosQ foijhr ;fn ifjekf.kr dkbZ&oxZ (χ2) dk eku lEcfU/r

eqDrka'kksa (dfs) rFkk okafNr lkFkZdrk Lrj ij lkj.kh eku ls vf/d gksrk gS rc izkIr dkbZ&oxZ dks lkFkZd dgk

tkrk gSA lkFkZd dkbZ&oxZ dk vFkZ gS fd voyksfdr rFkk izR;kf'kr forj.k osQ chp n`f"Vxksfpr fHkÂrk dks

la;ksxo'k gqbZ izfrp;u =kqfV osQ dkj.k Lohdkj ugha fd;k tk ldrk gS ,oa voyksfdr rFkk izR;kf'kr forj.k osQ

chp vUrj u gksus dh lkaf[;dh; 'kwU; ifjdYiuk (Ho) dks fujLr fd;k tk ldrk gSA ifj.kker% lef"V esa

forj.k dks izR;kf'kr forj.k osQ vuq:i ugha ekuk tk ldrk gS rFkk ml ifjdYiuk dks] ftlosQ vk/kj ij

izR;kf'kr forj.k rS;kj fd;k x;k Fkk] vLohdkj (Reject) fd;k tk ldrk gSA

oSls rks izR;kf'kr forj.k fdlh Hkh ifjdYiuk osQ vk/kj ij rS;kj fd;k tk ldrk gS rFkk mldh rqyuk

voyksfdr forj.k ls dh tk ldrh gS ijUrq lk/kj.kr% rhu izdkj dh ifjdYiukvksa osQ vk/kj ij izR;kf'kr

vko`fÙk fooj.k rS;kj fd;s tkrs gSaA ;s rhu ifjdYiuk,¡ gaSμ

(i) leku :i ls forfjr gksus dh ifjdYiuk

(ii) lkekU; :i ls forfjr gksus dh ifjdYiuk

(iii) LorU=k :i ls forfjr gksus dh ifjdYiuk

leku :i lss rFkk lkekU; :i ls forfjr gksus dh nksuksa ifjdYiuk,¡ ,dekxhZ vFkok ,d pj forj.k

osQ fy, gSaA bl izdkj dh ifjdYiukvksa dk vHkh"V ;g ns[kuk gksrk gS fd D;k voyksfdr forj.k dks lEcfUèkr

ifjdYiuk osQ vuq:i forfjr ekuk tk ldrk gS vFkok ughaA bl izdkj dh ifjfLFkfr esa dkbZ&oxZ ijh{k.k okLro

esa le:irk vk¡dyu ijh{k.k ;k lekuqdrk ijh{k.k (Test of Goodness of Fit) vFkok lgefr ijh{k.k

(Agreement Test) gS tks voyksfdr forj.k@vko`fÙk;ksa (fo’s) rFkk izR;kf'kr forj.k@vko`fÙk;ksa (fo’s) osQ

ijLij leku (fit) gksus dh ek=kk (Goodness) dks Kkr djrk gSA LorU=k :i ls forfjr gksus dh rhljh

ifjdYiuk f}&ekxhZ forj.k osQ fy, gksrh gSaA tc fdlh lewg dks ,d lkFk nks&ukfer] Øfer] vUrfjr vFkok

vuqikfrd pjksa ij ck¡Vk tkrk gS rc izkIr vko`fÙk forj.k dks f}&ekxhZ vFkok f}&pj vko`fÙk forj.k dgrs gSaA

vc ;fn nksuksa pjksa osQ ijLij LorU=k (Independent) gksus vFkok ijLij fuHkZj (Dependent) gksus dh

ifjdYiuk dh tk¡p djuh gksrh gS rc izR;kf'kr vko`fÙk forj.k nksuksa pjksa osQ LorU=k :i ls vko`fÙk;ksa osQ forfjr
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gksus osQ vkèkkj ij rS;kj fd;k tkrk gSA bl izdkj dh ifjdYiukvksa dk vHkh"V ;g ns[kuk gksrk gS fd D;k

voyksfdr f}&ekxhZ forj.k nksuksa pjksa osQ ijLij LorU=k gksus ij izkIr gksus okys izR;kf'kr forj.k osQ vuq:i ekuk

tk ldrk gS vFkok ughaA bl izdkj dh ifjfLFkfr esa dkbZ&oxZ ijh{k.k okLro esa LorU=krk ijh{k.k (Test of

Independence) gksrk gS tks nksuksa pjksa osQ eè; lEcU/ (Association) dh lkFkZdrk dks Kkr djrk gSA nks

lewgksa osQ izkIr vko`fÙk forj.kksa dh rqyuk osQ fy, Hkh dkbZ&oxZ ijh{k.k dk mi;ksx fd;k tk ldrk gSA oLrqr%

dkbZ&oxZ dk ;g mi;ksx izdkjkUrj ls LorU=k :i ls forfjr gksus dh ifjdYiuk dk gh ,d foLrkj

(Extension) gS ftlesa ,d pj osQ fy, nksuksa lewgksa osQ fy, vko`fÙk forj.k Kkr fd;k tkrk gS rFkk ftl

vkèkkj ij nksuksa lewgksa esa foHksn gksrk gS] mls nwljk pj eku fy;k tkrk gSA rRi'pkr~ nksuksa pjksa osQ ijLij LorU=k

gksus dh ifjdYiuk dh tk¡p dkbZ&oxZ ijh{k.k ls dh tkrh gSA tSls Nk=k rFkk Nk=kkvksa osQ }kjk oqQN pqus x;s [ksyksa

osQ izfr ilUn osQ fy, cus vko`fÙk forj.kksa dh rqyuk osQ fy, dkbZ&oxZ ijh{k.k dk iz;ksx fd;k tk ldrk gSA

bl fLFkfr esa ¯yxHksn (Sex Difference) dks ,d pj ekudj] ¯yxHksn rFkk [ksyksa osQ izfr ilUn osQ fy,

f}&ekxhZ vko`fÙk forj.k rS;kj djosQ LorU=k forj.k dh ifjdYiuk dh tk¡p dh tk ldrh gSA nks lewgksa dh

rqyuk osQ fy, ifjxf.kr dkbZ&oxZ osQ lkFkZd gksus dk rkRi;Z gksrk gS fd nksuksa lewgksa osQ forj.kksa esa lkFkZd vUrj

gS tcfd ifjxf.kr dkbZ&oxZ osQ vlkFkZd gksus ls laosQr feyrk gS fd nksuksa lewgksa osQ forj.kksa esa vUrj lkFkZd

ugha gSA

5-6 dkbZ&oxZ ijh{k.k esa eqDrka'k (Degrees of Freedom in chi-Square Test)

vko`fÙk forj.k osQ :i esa izLrqr leadksa osQ fy, eqDrka'kksa dh la[;k mu oxks± (Categories) dh la[;k

osQ cjkcj gksrh gS ftuesa iafDr o LrEHkksa osQ ;ksxksa osQ :i esa vkjksfir oká cU/uksa dks lUrq"V djrs gq,] bPNkuqlkj

(Arbitrary) vko`fÙk;k¡ j[kh tk ldrh gaSA tSlk fd ihNs Li"V fd;k tk pqdk gS] vko`fÙk forj.k ,d&ekxhZ

(One-way) rFkk f}&ekxhZ (Two-way) gks ldrs gSaA ,dekxhZ vko`fÙk forj.k esa osQoy ,d gh iafDr gksrh

gS rFkk okg~; :i ls vkjksfir ca/u ek=k fofHkÂ oxks± (Categories) esa lfEefyr vko`fÙk;ksa dk ;ksx vFkkZr~ oqQy

vko`fÙk (N) gksrk gSA ;fn oqQy vko`fÙk;ksa (N) dks K oxks± esa ck¡Vdj vko`fÙk forj.k cuk;k x;k gksrk gS rc oqQy

;ksx (N) dks fLFkj j[krs gq, osQoy (K – 1) oxks± esa bPNkuqlkj vko`fÙk;k¡ vkoafVr dh tk ldrh gSa ijUrq vfUre

oxZ dh vko`fÙk dks bl izdkj ls lek;ksftr djuk gksxk fd lHkh K oxks± dh vko`fÙk;ksa dk ;ksx N osQ cjkcj

gh gksA vr% bl izdkj dh fLFkfr esa eqDrka'kksa (df ) dh la[;k (K – 1) osQ cjkcj gksrh gS] tgk¡ K  oxks± dh la[;k

gSA tSls ;fn fdlh voyksfdr forj.k esa 400 Nk=k ladk; osQ vk/kj ij ik¡p oxks± esa lkj.kh 1 osQ vuqlkj forfjr

gSa rc ;gk¡ ij eqDrka'kksa (df ) dk eku 5 – 1 = 4 gksxk D;ksafd vuqla/kudrkZ dks 400 dk ;ksx cuk;s j[krs gq,

osQoy pkj oxks± esa eupkgh vko`fÙk gh j[kus dh NwV gks ldrh gSA ik¡posa oxZ dh vko`fÙk dks oqQy ;ksx osQ vuq:i

j[kuk gksxkA ;gk¡ ij ;g è;ku j[kuk gksxk fd ;ksx okys oxZ dks eqDrka'k (df ) Kkr djrs le; oxks± dh la[;k

esa ugha fxuk tkrk gSA

lkj.khμ5

400 Nk=kksa dk ladk;k/kfjr vko`fÙk forj.k

dyk ladk; foKku ladk; okf.kT; ladk; f'k{kk ladk; fof/ ladk; ;ksx

100 80 90 60 70 400

f}ekxhZ vFkok f}pj vko`fÙk forj.k esa vko`fÙk;k¡ oqQN iafDr;ksa rFkk oqQN LrEHkksa esa forfjr gksrh gSaA bl

izdkj osQ forj.k esa u osQoy vko`fÙk;ksa dk oqQy ;ksx oju fofHkÂ LrEHkksa o iafDr;ksa osQ ;ksx Hkh oká :i ls

vkjksfir ca/u gksrs gSaA ;fn vko`fÙk forj.k esa iafDr;ksa dh la[;k (r) rFkk LrEHkksa dh la[;k (c) gksrh gS rc fofHkÂ

iafDr;ksa rFkk LrEHkksa dh vko`fÙk;ksa osQ ;ksxksa dks fLFkj j[krs gq, osQoy (r – 1) (c – 1) izdks"Bksa dks (Cells)
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esa bPNkuqlkj vko`fÙk;k¡ vkcafVr dh tk ldrh gSa tcfd 'ks"k (r + c – 1) izdks"Bksa dh vko`fÙk;ksa dks bl izdkj

ls lek;ksftr djuk gksxk fd fofHkÂ iafDr;ksa rFkk LrEHkksa dh vko`fÙk;ksa dk ;ksx voyksfdr vko`fÙk forj.k osQ

vuq:i gks losaQA vr% bl izdkj dh fLFkfr esa eqDrka'kksa (df ) dh la[;k (r –1) (c – 1) osQ cjkcj gksrh gSa] tgk¡

r iafDr;ksa dh la[;k o c LrEHkksa dh la[;k gSA tSls ;fn fdlh f}&ekxhZ voyksfdr forj.k esa ckSf¼d Lrj osQ

fy, ik¡p oxks± rFkk lkekftd&vk£Fkd Lrj osQ fy, rhu oxks± ls cus f}&ekxhZ forj.k osQ fofHkÂ izdks"Bksa esa oqQy

500 O;fDr lkj.kh 164 osQ vuq:i forfjr gksa] rc ,sls f}ekxhZ forj.k osQ fy, eqDrka'kksa (df) dh la[;k

(3 –1)(5 – 1) = 8 gksxh]

lkj.khμ6

O;fDrRo&izdkj rFkk lkekftd&vk£Fkd Lrj osQ fy, 500 O;fDr;ksa dk f}&ekxhZ vko`fÙk forj.k

lkekftd ckSf¼d Lrj
vk£Fkd
Lrj vR;Ur fuEu fuEu lkekU; mPp vR;Ur mPp ;ksx

mPp 30 25 20 15 30 120

eè;e 40 45 30 25 40 180

fuEu 30 50 40 40 40 200

;ksx 100 120 90 80 110 500

D;ksafd vuqla/kudrkZ fofHkÂ iafDr;ksa rFkk LrEHkksa dk ;ksx cuk;s j[krs gq, 15 izdks"Bksa esa ls osQoy 8 izdks"Bksa

esa eupkgh vko`fÙk j[k ldrk gS] 'ks"k 7 izdks"Bksa dh vko`fÙk;ksa dks iafDr o LrEHk ;ksxksa osQ vuq:i j[kuk gksxkA

;gk¡ ij Hkh ;g è;ku j[kuk gksxk fd ;ksx okyh iafDr rFkk ;ksx okys LrEHk dks eqDrka'k Kkr djrs le; fxuk

ugha tkrk gSA

dkbZ&oxZ ijh{k.k osQ lksiku (Steps of Chi-Square Test)

dkbZ&oxZ ijh{k.k dh (Chi-Square Test) lEiw.kZ izfØ;k (Process) dks fuEu lksikuksa (Steps) esa
ck¡Vk tk ldrk gSμ

(i) vko`fÙk forj.k osQ lEcU/ esa ifjdYiuk dk fuekZ.k djukA

(ii) vko`fÙk forj.k lEcU/h ifjdYiuk osQ vk/kj ij izR;kf'kr vko`fÙk;ksa (fe) dks Kkr djosQ izR;kf'kr
vko`fÙk forj.k rS;kj djukA

(iii) lkaf[;dh; 'kwU; ifjdYiuk (H0), fd voyksfdr forj.k rFkk izR;kf'kr forj.k esa vUrj ugha gS] dk
fuekZ.k djukA

(iv) lkFkZdrk Lrj dk p;u djukA

(v) eqDrka'kksa (df ) dks Kkr djukA

(vi) okafNr lkFkZdrk Lrj rFkk lEcfU/r eqDrka'kksa (df ) osQ fy, dkbZ&oxZ dk lkj.kh eku Kkr djukA

(vii) vxzkafdr lw=k ls dkbZ&oxZ dh x.kuk djukμ

χ2 = Σ 
2

0( )e

e

f f
f
−

(viii) ifjxf.kr dkbZ&oxZ (χ2) dh lkFkZdrk ns[kdj] 'kwU; ifjdYiuk dh LohÑfr ;k vLohÑfr osQ lEcU/ksa

esa fu.kZ; ysukA

(ix) 'kwU; ifjdYiuk dh LohÑfr@vLohÑfr osQ vk/kj ij vko`fÙk forj.k osQ lEcU/ksa esa cukbZ xbZ ifjdYiuk

dks Lohdkj vFkok fujLr djukA
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dkbZ&oxZ ijh{k.k osQ ;s fofHkÂ lksiku vkxs fn;s x;s mnkgj.kksa ls Li"V gks losaQxsA ;gk¡ ;g bafxr djuk

mfpr gh gksxk fd mijksDr ukS lksikuksa esa ls oqQN lksikuksa dks fo'ks"kdj 'kwU; ifjdYiuk osQ fuekZ.k osQ lksiku

dks izk;% vkSipkfjd :i ls fy[kk ugha tkrk gSA dkbZ&oxZ ijh{k.k esa forj.k dh ifjdYiuk rFkk 'kwU; ifjdYiuk

,d gh ckr dks nks vyx&vyx <ax ls O;Dr djrh gSaA

5-7 leku forj.k dh ifjdYiuk (Hypothesis of Equal Distribution)

dHkh&dHkh vuqla/kudrkZ ;g Kkr djus dk bPNqd gksrk gS fd D;k fofHkÂ oxks± esa voyksfdr vko`fÙk;ksa

dks leku :i ls forfjr Lohdkj fd;k tk ldrk gS vFkok os ijLij lkFkZd :i ls fHkÂ&fHkÂ gSaA bl iz'u

dk mÙkj leku forj.k dh ifjdYiuk osQ vk/kj ij rS;kj fd;s x;s izR;kf'kr forj.k (Expected Distribution)

dh rqyuk voyksfdr forj.k (Observed Distribution) ls dkbZ&oxZ ijh{k.k osQ }kjk djosQ izkIr fd;k tk

ldrk gSA leku forj.k dh ifjdYiuk dks leku izkf;drk dh ifjdYiuk (Hypothesis of Equal

Probability) Hkh dgrs gSaA bl ifjdYiuk osQ vuqlkj lef"V osQ vUnj fofHkÂ oxks± (Categories) esa

vko`fÙk;k¡ leku gSaA nwljs 'kCnksa esa dg ldrs gSa fd tc lef"V esa vko`fÙk;k¡ fofHkÂ oxks± esa leku :i ls forfjr

gksus dh ifjdYiuk dh tkrh gS rc bls leku forj.k dh ifjdYiuk dgrs gaSA Li"V% ;g ifjdYiuk bafxr djrh

gS fd izfrn'kZ esa Hkh vko`fÙk;k¡ leku :i ls forfjr gksuh pkfg,] ijUrq la;ksxo'k gqbZ izfrp;u =kqfV osQ dkj.k

izk;% ,slk ugha gksrk gS] rc vuqla/kudrkZ dks voyksfdr vko`fÙk forj.k osQ leku :i ls forfjr gksus dh

ifjdYiuk dk ijh{k.k djus dh vko';drk gksrh gSA ,slh fLFkfr esa dkbZ&oxZ ijh{k.k osQ }kjk voyksfdr rFkk

izR;kf'kr forj.kksa osQ vUrj dh lkFkZdrk dh tk¡p dh tkrh gSA D;ksafd lef"V esa vko`fÙk;ksa osQ leku :i ls

forfjr gksus dh ifjdYiuk dh tk¡p djuh gS] blfy, izfrn'kZ osQ izR;kf'kr forj.k osQ fofHkÂ oxks±

(Categories) dh izR;kf'kr vko`fÙk;k¡ (fe) leku gksuh pkfg,A fofHkÂ oxks± dh izR;kf'kr vko`fÙk (fe) Kkr djus

osQ fy, oqQy vko`fÙk;ksa osQ ;ksx (N) dks oxks± dh la[;k (K) ls Hkkx nsrs gSaA vr% leku forj.k dh ifjdYiuk

esa izR;kf'kr forj.k osQ lHkh oxks± dh izR;kf'kr vko`fÙk;ksa (fe) dk eku N/K osQ cjkcj gksrk gSA izR;kf'kr forj.k

(Expected Distribution) dks Kkr djus osQ mijkUr fofHkÂ oxks± osQ fy, f0 o fe dk vUrj vFkkZr~

(f0 – fe) Kkr djosQ] bldk oxZ dj ysrs gSa rFkk fe ls Hkkx ns nsrs gSaA lHkh oxks± osQ fy, bl izdkj ls Kkr fd;s

x;s (f0 – fe)
2/fe inksa dk ;ksx gh dkbZ&oxZ (χ2) dk eku gksrk gS ftldh lkFkZdrk df = K – 1 ij dkbZ&oxZ

osQ lkFkZd ekuksa dh lkj.kh ls okafNr lkFkZdrk Lrj ij fu/kZfjr dh tk ldrh gSA leku forj.k dh ifjdYiuk

osQ ijh{k.k dh lEiw.kZ izfØ;k vkxs mnkgj.kksa dh lgk;rk ls Li"V dh tk jgh gSA

mnkgj.kμ500 Nk=kksa osQ ,d jSUMe izfrn'kZ esa 300 yM+osQ o 200 yM+fd;k¡ FkhaA D;k lef"V eas

yM+osQ&yM+fd;ksa osQ forj.k dks leku :i ls forfjr ekuk tk ldrk gS\

gyμD;ksafd leku forj.k dh ifjdYiuk gS] blfy, izR;kf'kr forj.k esa yM+osQ o yM+fd;ksa dh

vko`fÙk;k¡ leku gksuh pkfg,A oqQy 500 Nk=k gSa] blfy, nksuksa gh oxks± dh izR;kf'kr vko`fÙk 250&250 gksxhA

voyksfdr rFkk izR;kf'kr forj.k osQ vUrj dh lkFkZdrk dk ijh{k.k dkbZ&oxZ ijh{k.k (Chi-Square Test)

ls fd;k tk ldrk gSA ;gk¡ ij 'kwU; ifjdYiuk gksxh fd nksuksa forj.kksa esa vUrj ugha gSA vr% 'kwU; ifjdYiuk

(Null Hypothesis) dks laosQrk{kjksa esa fuEu <ax ls fy[k ldrs gSaμ

H0- : 0 ei i
f f−

lkFkZdrk Lrj = .01

eqDrka'k (df ) = K – 1 = 2 – 1 = 1

lkj.kh eku] df = 1 osQ fy, .01 Lrj ij χ2 = 6.64
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vc voyksfdr rFkk izR;kf'kr vko`fÙk forj.kksa dh rqyuk osQ fy, dkbZ&oxZ dh x.kuk dh tk;sxhA

dkbZ&oxZ dh x.kuk dk;Z lkj.kh 3 esa izLrqr gSA

lkj.khμ7

dkbZ&oxZ dh x.kuk

oxZ voyksfdr izR;kf'kr

vko`fÙk vko`fÙk f0 – fe (f0 – fe)
2

2
0 e

e

(f - f )
f

 f0 fe

yM+osQ 300 250 50 2500 10

yM+fd;k¡ 200 250 50 2500 10

N = 500 D;ksafd χ2 = Σ 
2

0( )e

e

f f
f
−

vr% χ2 = 20

D;ksafd ifjxf.kr χ2 = 20 dk eku df = 1 osQ fy, -01 Lrj ij dkbZ&oxZ osQ lkj.kh eku 6-64 ls

vfèkd gS] vr% ;g -01 Lrj ij lkFkZd gSA vr% 'kwU; ifjdYiuk] fd voyksfdr rFkk izR;kf'kr forj.kksa esa

vUrj ugha gS] dks -01 Lrj ij fujLr fd;k tk ldrk gSA ifj.kker% leku forj.k dh ifjdYiuk dks Hkh fujLr

fd;k tkrk gSA vr% dgk tk ldrk gS fd lef"V esa yM+osQ rFkk yM+fd;ksa dh vko`fÙk;k¡ leku Lohdkj ugha

dh tk ldrh gSaA

5-8 lkekU; forj.k dh ifjdYiuk (Hypothesis of Normal Distribution)

vuqla/kuksa esa izk;% vuqla/kudrkZ dks ;g Kkr djus dh vko';drk gksrh gS fd D;k fdlh pj ij izkIr

leadksa dks lkekU; izkf;drk oØ (N.P.C) osQ vuq:i forfjr Lohdkj fd;k tk ldrk gS vFkok os lkekU;

forj.k ls lkFkZd :i ls fHkÂ gaSA bl iz'u dk mÙkj lkekU;  izkf;drk oØ osQ vuq:i forj.k dh ifjdYiuk

osQ vk/kj ij rS;kj fd;s x;s izR;kf'kr forj.k (Expected Distribution) dh rqyuk esa voyksfdr forj.k

(Observed Distribution)  ls dkbZ&oxZ ijh{k.k osQ }kjk djosQ fn;k tk ldrk gSA ;fn ifjxf.kr dkbZ&oxZ

dk eku lkFkZd gksrk gS rc 'kwU; ifjdYiuk] fd voyksfdr forj.k rFkk lkekU; forj.k dh ifjdYiuk osQ

vkèkkj ij rS;kj izR;kf'kr forj.k esa vUrj ugha gS] dks fujLr dj fn;k tkrk gS tks izdkjkUrj eas bafxr djrk gS

fd voyksfdr forj.k dks lkekU; forj.k osQ le:i ugha ekuk tk ldrk gSA blosQ foijhr ;fn ifjxf.kr

dkbZ&oxZ dk eku vlkFkZd gksrk gS rc mijksDr 'kwU; ifjdYiuk dks Lohdkj dj fy;k tkrk gS tks izdkjkUrj

esa bafxr djrk gS fd voyksfdr forj.k dks lkekU; forj.k osQ vuq:i ekuk tk ldrk gSA lkekU; forj.k dh

ifjdYiuk dks lkekU; izkf;drk dh ifjdYiuk (Hypothesis of Normal Probability) Hkh dgrs gSaA bl

ls rkRi;Z gS fd lef"V es izkIrkad lkekU; izkf;drk oØ dh rjg ls forfjr gaSA lkekU; forj.k dh ifjdYiuk

rc gh lEHko gks ldrh gS tc lead de ls de Øfer Lrj (Ordinal Level) vFkok vUrfjr Lrj

(Interval Level) ij ladfyr fd;s x;s gksaA bl izdkj dh ifjdYiuk nks ifjfLFkfr;kasa esa lEHko gks ldrh

gSaμ(i) tc lead oxkZUrjksa (Class Intervals) dh vko`fÙk;ksa osQ :i esa O;ofLFkr gksrs gSa vFkok (ii) tc lead

vUrfjr Lrj ij cus Øfer oxks± (Categories) dh vko`fÙk;ksa osQ :i esa fn;s gksrs gSaA igyh izdkj dh ifjfLFkfr

dk mnkgj.k ijh{k.k izkIrkadksa osQ fy, cuk vko`fÙk forj.k gS tcfd nwljh izdkj dh ifjfLFkfr dk mnkgj.k Nk=kksa

dks vè;kidksa osQ }kjk fn;s fofHkÂ xzsMksa (Grades) osQ fy, cuk vko`fÙk forj.k gSA bu nksuksa gh ifjfLFkfr;ksa esa

dkbZ&oxZ ijh{k.k dk iz;ksx forj.k dh lekU;rk dh tk¡p osQ fy, fd;k tkrk gSA fdlh voyksfdr forj.k dh



vFkZ'kkL=k esa lkaf[;dh; i¼fr 111

uksV

izfrp;u forj.k

Suman-d\Laxmi Distance (2020)/Statistical Methods for Economics/Unit 05-1.pmd

rqyuk mlosQ lkisf{kd cus lkekU; izkf;drk forj.k ls djus osQ fy, loZizFke lkekU; oØ lkj.kh dh lgk;rk

ls izR;kf'kr forj.k rS;kj djuk gksrk gSA ;gk¡ ;g Li"V dj nsuk mfpr gh gksxk fd rS;kj fd;s x;s izR;kf'kr

vko`fÙk forj.k osQ fy, eè;eku rFkk ekud fopyu dk eku voyksfdr vko`fÙk forj.k osQ eè;eku rFkk ekud

fopyu osQ cjkcj gksuk pkfg, rFkk forj.k dh izÑfr lkekU; izkf;drk oØ osQ vuq:i gkssuh pkfg,A

lkekU; izkf;drk forj.k dh ifjdYiuk osQ vuq:i izR;kf'kr vko`fÙk forj.k Kkr djus osQ mijkUr

iwoZor~ <ax ls dkbZ&oxZ dh x.kuk djosQ mldh lkFkZdrk dh tk¡p dh tkrh gSA lkFkZd dkbZ&oxZ eku 'kwU;

ifjdYiuk rFkk lkekU; izkf;drk forj.k dh ifjdYiuk dh vLohÑfr dk |ksrd gksrk gS tcfd vlkFkZd

dkbZ&oxZ eku 'kwU; ifjdYiuk rFkk lkekU; forj.k dh ifjdYiuk dh LohÑfr dk |ksrd gksrk gSA dkbZ oxZ

ijh{k.k osQ }kjk lkekU; forj.k dh ifjdYiuk osQ ijh{k.k dh lEiw.kZ izfØ;k vkxs mnkgj.kksa osQ }kjk Li"V dh

xbZ gSA

mnkgj.kμ400 Nk=kksa osQ ,d izfrn'kZ dks mudh cqf¼ osQ vk/kj ij ik¡p Øfer oxks± esa fuEuor~ <ax

ls ck¡Vk x;kA D;k Nk=kksa dk ;g forj.k lkekU; izkf;drk forj.k osQ vuq:i ekuk tk ldrk gS\

oxZ oqQ'kkxz cqf¼ rhoz cqf¼ lkekU; cqf¼ eUn cqf¼ fuEu cqf¼

vko`fÙk 20 85 200 80 15

gyμ(i) ;gk¡ ij voyksfdr forj.k dh rqyuk lkekU; forj.k dh ifjdYiuk osQ vk/kj ij cus

izR;kf'kr forj.k ls djuh gS] blfy, loZizFke 400 Nk=kksa osQ bl izfrn'kZ dkss lkekU; izkf;drk oØ osQ vuq:i

ik¡p oxks± esa foHkDr djosQ izR;kf'kr forj.k rS;kj djuk gksxkA D;ksafd O;kogkfjd leL;kvksa osQ fy, lkekU;

izkf;drk oØ (NPC) osQ foLrkj dks – 3Z ls + 3Z rd foLr`r ekuk tk ldrk gS] blfy, 6Z dh bl nwjh

dks ik¡p cjkcj Hkkxksa esa ck¡Vus ij izR;sd Hkkx esa 1.2Z nwjh gksxhA bu ik¡pksa oxks± dk foHkktu rFkk lkekU;

izkf;drk oØ lkj.kh ls fofHkÂ oxks± dh izR;kf'kr vko`fÙk;k¡ (fe) fuEu fp=k osQ vuqlkj gksaxhA

3.59% 23.84%

22.57%

45.14% 23.84% 3.59%

lkekU; cqf¼ oxZ

fuEu cqf¼ oxZ

rhoz cqf¼ oxZ
eUn cqf¼ oxZ

oqQ'kkxz cqf¼ oxZ

–3.0 s –1.8 s – .6 s + .6 s + 1.8 s + 3.0 s

46.41%

50%

14.36 95.36 180.56 95.36 14.36

fp=k 5- 400 Nk=kksa dk lkekU; izkf;drk oØ osQ vuqlkj ik¡p Hkkxksa esa foHkktu
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(ii) Li"V% dkbZ&oxZ ijh{k.k osQ }kjk tk¡p dh tkus okyh 'kwU; ifjdYiuk gksxh fd voyksfdr forj.k

rFkk lkekU; :i ls forfjr izR;kf'kr forj.k dh vko`fÙk;ksa esa vUrj ugha gS vFkkZr~

Hai : ai = fei

(iii) lkFkZdrk Lrj = .05 rFkk .01 ,oa df = K – 1 = 5 – 1 = 4, vr% df = 4 osQ fy, -05 rFkk

-01 Lrjksa ij dkbZ&oxZ lkj.kh ns[kus ij]

χ2 = .05 (df = 4) = 9.488 rFkk χ2 .01 (df = 4) = 13.277

(iv) voyksfdr rFkk izdkf'kr vko`fÙk forj.kksa dh rqyuk gsrq dkbZ&oxZ lkj.kh cukus ij

lkj.khμ8

dkbZ&oxZ dh x.kuk

lksiku  oxZ fuEu cqf¼ eUn cqf¼ lkekU; cqf¼ rhoz cqf¼ oqQ'kkxz cqf¼ ;ksx

f0 15.00 80.00 200.00 85.00 20.00 400

fe 14.36 95.36 180.56 95.36 14.36 400

f0 – fe 0.64 15.36 19.44 10.36 5.64

(f0 – fe)2 0.41 235.93 377.91 107.33 31.81

2
0 e

e

(f - f )
f

.41
14.36

235.93
95.36

377.91
180.56

107.33
95.36

31.81
14.36 7.94

= .03 = 2.47 = 2.09 = 1.13 = 2.22

χ2 = Σ 
2

0( )e

e

f f
f
−

= .03 + 2.47 + 2.09 + 1.13 + 2.22
= 7.94

(v) D;ksafd ifjxf.kr χ2 = 7.94 dk eku -05 o -01 Lrjksa ij lkFkZdrk osQ fy, vko';d U;wure

lkj.kh eku 9-488 o 13-277 ls de gS] vr% ;g lkFkZd ugha gSA izkIr vlkFkZd dkbZ&oxZ osQ vk/kj ij 'kwU;

ifjdYiuk dks Lohdkj djrs gq, dgk tk ldrk gS fd D;ksafd voyksfdr forj.k rFkk izR;kf'kr forj.k osQ chp

n`f"Vxksfpr vUrj la;ksxo'k vk ldrk gS] blfy, Nk=kksa osQ voyksfdr forj.k dks lkekU; izkf;drk forj.k osQ

vuq:i ekuk tk ldrk gSA

5-9 LorU=k forj.k dh ifjdYiuk
(Hypothesis of Independent Distribution)

LorU=k forj.k dh ifjdYiuk dks LorU=krk dh ifjdYiuk (Hypothesis of Independence) Hkh

dgrs gSaA dHkh&dHkh vuqlka/udrkZ ;g tkuuk pkgrk gS fd D;k vko`fÙk;ksa osQ :i esa ekis x;s nks pj ijLij

LorU=k (Independent) ;k vlEcfU/r (Unrelated) gS vFkok ughaA bl iz'u dk mÙkj dkbZ&oxZ ijh{k.k

osQ }kjk fn;k tk ldrk gSA bl izdkj dh ifjfLFkfr esa vko`fÙk forj.k f}&ekxhZ gksrk gS vFkkZr~ nks pjksa osQ fy,

,d lkFk cus izdks"Bksa (Cells) esa voyksfdr vko`fÙk;k¡ fLFkr gksrh gSaA bu voyksfdr vko`fÙk;ksa dh rqyuk

LorU=k forj.k ;k LorU=krk dh ifjdYiuk osQ vk/kj ij izR;kf'kr vko`fÙk;ksa ls djus osQ fy, dkbZ&oxZ ijh{k.k

dk iz;ksx fd;k tkrk gSA dkbZ&oxZ ijh{k.k crkrk gS fd D;k voyksfdr forj.k rFkk izR;kf'kr forj.k dk
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vko`fÙk;ksa esa vUrj la;ksxo'k gqbZ izfrp;u =kqfV osQ dkj.k gS vFkok ughaA LorU=krk dh ifjdYiuk osQ vk/kj ij

f}pj forj.k osQ fofHkUu izdks"Bksa (Cells) osQ fy, izR;kf'kr vko`fÙk;k¡ Kkr djus osQ fy, ml izdks"B osQ LrEHk

vko`fÙk ;ksx rFkk iafDr vko`fÙk ;ksx dh xq.kk djosQ izkIr xq.kuiQy dks oqQy vko`fÙk ;ksx (N) ls Hkkx ns nsrs

gSaA vr% lw=k :i esa dg ldrs gSa fd ioha iafDr rFkk josa LrEHk ls cus izdks"B osQ fy, izR;kf'kr vko`fÙkμ

fe = 
×
N

r jf c

tgk¡ ri = ioha iafDr dh vko`fÙk;ksa dk ;ksx

cj = josa LrEHk dh vko`fÙk;ksa dk ;ksx

N = oqQy vko`fÙk;ksa dk ;ksx

bl lw=k ls lHkh izdks"Bksa osQ fy, izR;kf'kr vko`fÙk;ksa dh x.kuk dj ysrs gSaA f}pj vko`fÙk forj.k esa

izR;kf'kr vko`fÙk;ksa (fe's) dks izk;% dks"Bdksa (Brackets) es fy[krs gSaA

lHkh izdks"Bksa osQ fy, izR;kf'kr vko`fÙk;ksa (fe's) dks Kkr djus osQ mijkUr dkbZ&oxZ osQ lw=k dk iz;ksx

djosQ dkbZ&oxZ dh x.kuk dj ysrs gSaA ;fn f}pj vko`fÙk forj.k esa iafDr;ksa dh la[;k r rFkk LrEHkksa dh la[;k

c gksrh gS rc izkIr dkbZ oxZ osQ fy, eqDrka'kksa dh la[;k] df = (r – 1) (c – 1) gksrh gSA vr% izkIr dkbZ&oxZ

dh lkFkZdrk okafNr Lrj ij (r – 1)(c – 1) eqDrka'kksa osQ fy, ns[kh tkrh gSA lkFkZd dkbZ&oxZ eku 'kwU;

ifjdYiuk rFkk LorU=k forj.k dh ifjdYiuk dh vLohÑfr dk tcfd vlkFkZd dkbZ&oxZ eku LohÑfr dk

ifjpk;d gksrk gSA nks ;k vf/d vko`fÙk forj.kksa dh rqyuk osQ fy, dkbZ&oxZ dk iz;ksx Hkh blh <ax ls fd;k

tkrk gSA rc bls lekuqikfrd vko`fÙk;ksa dh ifjdYiuk (Hypothesis of Proportional Frequencies) Hkh

dgk tkrk gSA bl fLFkfr esa dkbZ&oxZ ijh{k.k ls ns[kk tkrk gS fd D;k fofHkÂ lewgksa osQ fy, vko`fÙk forj.k

,d gh vuqikr esa gS vFkok ughaA lekuqikfrdrk dh ifjdYiuk osQ ijh{k.k osQ fy, izR;kf'kr forj.k Bhd mlh

<ax ls cukrs gSa ftl <ax ls LorU=k forj.k dh ifjdYiuk osQ fy, cukrs gSaA blhfy, lekuqikfrdrk dh

ifjdYiuk dks izk;% vyx ls ugha fy[kk tkrk gSA LorU=k forj.k dh ifjdYiuk osQ ijh{k.k dh lEiw.kZ fof/

vkxs mnkgj.kksa ls Li"V dh tk jgh gSA

mnkgj.kμ,d lkS Nk=kksa osQ ,d izfrn'kZ osQ fy, muosQ ok£"kd ijh{kk ifj.kke rFkk lkekftd&vk£Fkd

Lrj pjksa osQ fy, vko`fÙk forj.k fuEukuqlkj FkkA D;k ;s lead ijh{kk&ifj.kke osQ lkekftd&vk£Fkd Lrj ls

LorU=k gksus dh vkSj laosQr djrs gSa\

ijh{kk ifj.kke

lkekftd&vk£Fkd Lrj izFke Js.kh f}rh; Js.kh r`rh; Js.kh vuqÙkh.kZ ;ksx

mPp lkñ vkñ Lrj 6 15 5 4 30

vkSlr lkñ vkñ Lrj 5 10 15 10 40

fuEu lkñ vkñ Lrj 4 10 10 6 30

;ksx 15 35 30 20 100

gyμ(i) D;ksafd voyksfdr forj.k dh rqyuk LorU=krk dh ifjdYiuk (Hypothesis of Indepen-

dence) osQ vk/kj ij cus izR;kf'kr forj.k ls djuh gS] blfy, lcls igys izR;kf'kr forj.k rS;kj djuk gksxkA

izR;kf'kr vko`fÙk;ksa dh x.kuk lkj.kh 4 esa dh xbZ gSA
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lkj.khμ9

izR;kf'kr vko`fÙk;ksa (fe's) dh x.kuk

ijh{kk ifj.kke

lkekftd&vk£Fkd Lrj izFke Js.kh f}rh; Js.kh r`rh; Js.kh vuqÙkh.kZ ;ksx

mPp lkñ vkñ Lrj
30 15

100
×

= 4.5
30 35

100
×

= 10.5
30 30

100
×

= 9.0
30 20

100
×

= 6.0 30

vkSlr lkñ vkñ Lrj
40 15

100
×

= 6.0
40 35

100
×

= 14.0  
40 30

100
×

= 12.0
40 20

100
×

= 8.0 40

fuEu lkñ vkñ Lrj
30 15

100
×

= 4.5
30 35

100
×

= 10.5
30 30

100
×

= 9.0
30 20

100
×

= 6.0 30

;ksx 15 35 30 20 100

(ii) dkbZ&oxZ ijh{k.k osQ }kjk tk¡p dh tkus okyh 'kwU; ifjdYiuk gS fd ¶voyksfdr forj.k rFkk

LorU=k forj.k dh ifjdYiuk osQ vk/kj ij cuk;s x;s izR;kf'kr forj.k dh vko`fÙk;ksa esa vUrj ugha gS¸ vFkkZr~

0 0H : 0ei if f= =

(iii) lkFkZdrk Lrj = .05 rFkk .01 ,oa df = (r – 1)(c – 1) = (3 – 1)(4 – 1) = 6, vr% df = 6

ij dkbZ&oxZ lkj.kh ns[kus ijμ

χ2 = .05 (df = 6) = 12.592   χ2 = .01 (df = 6) = 16.812

(vi) voyksfdr forj.k rFkk izR;kf'kr forj.k dh rqyuk gsrq dkbZ&oxZ dh x.kuk osQ fy, lkj.kh cukus

ijμ

lkj.khμ10

dkbZ&oxZ dh x.kuk

voyksfdr izR;kf'kr

iafDr LrEHk vko`fÙk vko`fÙk f0 – fe (f0 – fe)
2

2
0 e

e

(f - f )
f

f0 fe

1 1 6 4.5 1.5 2.25 0.50

1 2 15 10.5 4.5 20.25 1.93

1 3 5 9.0 4.0 16.00 1.78

1 4 4 6.0 2.0 4.00 0.67

2 1 5 6.0 1.0 1.00 0.17

2 2 10 14.0 4.0 16.00 1.14

2 3 15 12.0 3.0 9.00 0.75

2 4 10 8.0 2.0 4.00 0.50

3 1 4 4.5 0.5 0.25 0.06

3 2 10 10.5 0.5 0.25 0.02

3 3 10 9.0 1.0 1.00 0.11

3 4 6 6.0 0.0 0.00 0.00

χ2 = Σ 
2

0( )e

e

f f
f
−

 = 7.63
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(v) ifjxf.kr dkbZ&oxZ dk eku 7-63 gS tks -05 o -01 Lrjksa ij lkFkZd dkbZ&oxZ ekuksa (12-592 o

16-812) ls de gS] vr% ;g lkFkZd ugha gSA bl vlkFkZd dkbZ&oxZ osQ vk/kj ij 'kwU; ifjdYiuk dks Lohdkj

djrs gq, LorU=k forj.k dh ifjdYiuk dks Lohdkj fd;k tk ldrk gSA vr% dgk tk ldrk gS fd

ijh{kk&ifj.kke rFkk lkekftd&vk£Fkd Lrj ,d&nwljs ls LorU=k gSaA

Nk=k fØ;kdyki (Student Activity)

1- dkbZ&oxZ ijh{k.k esa eqDrka'k ls vki D;k le>rs gSa\ mnkgj.k lfgr crk,aA

2- X2&forj.k vkSj bldh mi;ksfxrk dk la{ksi esa o.kZu dhft,A

3- LorU=k forj.k dh ifjdYiuk dks Li"V dhft,A

5-10 lkjka'k (Summary)

1- O;ogkj esa lef"V ls osQoy ,d gh izfrn'kZ fy;k tkrk gS rFkk bl izfrn'kZ ls izkIr fofHkÂ izfrn'kZtksa

dh lgk;rk ls lef"V osQ izkpyksa dk vuqeku yxk;k tkrk gSA blosQ fy, izfrn'kZtksa osQ forj.k

(Distributions of Statistics), ftUgsa izfrp;u forj.k (Sampling Distributions) Hkh dgrs

gSa] dk mi;ksx fd;k tkrk gSA

2- tc ̂ eè;eku 'kCn dk iz;ksx fd;k tk jgk gS rc miyC/ lead (Available Data) ek=kkRed izÑfr

(Quantitativ Nature) dk gksrk gS ftls de ls de (At least) ekiu osQ vUrfjd Lrj
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(Interval Level) ij ekik x;k gksrk gSA ijUrq dHkh&dHkh vuqla/ku dk;Z esa xq.kkRed izÑfr

(Qualitative Nature) osQ lead miyC/ gksrs gaSA ,slh fLFkfr esa pjksa dks ukfer Lrj (Nominal

Level) vFkok Øfer Lrj (Ordinal Level) ij ekik x;k gksrk gSA

3- dkbZ (χ) okLro esa xzhd Hkk"kk (Greek Language) dk ,d v{kj (Latter) gSA dkbZ&oxZ forj.k

(Chi-Square Distribution) dh [kkst lu~ 1875 esa gsyeVZ (Helmert) us dh Fkh rFkk ckn esa

lu~ 1900 esa dkyZ fi;lZu (Karl Pearson) us iqu% bldk izfriknu LorU=k :i ls fd;k ,oa blosQ

vk/kj ij dkbZ&oxZ ijh{k.k (Chi-Square Test) dks fodflr fd;kA

4- dkbZ&oxZ ijh{k.k esa ifjxf.kr dkbZ&oxZ dh lkFkZdrk dk fu/kZj.k dkbZ&oxZ osQ izfrp;u forj.k

(Sampling Distribution of Chi-Square) osQ vk/kj ij izkf;drk osQ :i esa (In Terms of

Probability) fd;k tkrk gSA dkbZ&oxZ dk izfrp;u forj.k osQoy voyksfdr forj.k osQ oxks± osQ

fy, eqDrka'kksa (dfs) ij fuHkZj djrk gSA

5- dHkh&dHkh vuqla/kudrkZ ;g Kkr djus dk bPNqd gksrk gS fd D;k fofHkÂ oxks± esa voyksfdr vko`fÙk;ksa

dks leku :i ls forfjr Lohdkj fd;k tk ldrk gS vFkok os ijLij lkFkZd :i ls fHkÂ&fHkÂ gSaA bl

iz'u dk mÙkj leku forj.k dh ifjdYiuk osQ vk/kj ij rS;kj fd;s x;s izR;kf'kr forj.k (Expected

Distribution) dh rqyuk voyksfdr forj.k (Observed Distribution) ls dkbZ&oxZ ijh{k.k osQ

}kjk djosQ izkIr fd;k tk ldrk gSA leku forj.k dh ifjdYiuk dks leku izkf;drk dh ifjdYiuk

(Hypothesis of Equal Probability) Hkh dgrs gSaA

6- lkekU; forj.k dh ifjdYiuk dks lkekU; izkf;drk dh ifjdYiuk (Hypothesis of Normal

Probability) Hkh dgrs gSaA bl ls rkRi;Z gS fd lef"V es izkIrkad lkekU; izkf;drk oØ dh rjg ls

forfjr gaSA lkekU; forj.k dh ifjdYiuk rc gh lEHko gks ldrh gS tc lead de ls de Øfer

Lrj (Ordinal Level) vFkok vUrfjr Lrj (Interval Level) ij ladfyr fd;s x;s gksaA

vH;kl&iz'u (Exercise Questions)

1- dkbZ&oxZ ijh{k.k osQ vUrxZr vkus okys fofHkUu lksikuksa dk mYys[k djsaA

2- leku forj.k dh ifjdYiuk dk laf{kIr esa ifjp; nhft,A

3- ifjfer lef"V ls vki D;k le>rs gSa\

4- fdlh gksVy esa vk, oqQy esgekuksa esa 200 iq#"k Fks rFkk 100 efgyk,aA D;k lef"V osQ vUrxZr
iq#"k&efgykvksa osQ forj.k dks leku :i ls forfjr ekuk tk ldrk gSA

lanHkZ xzaFk (Reference Books)

1- d

2- d

3- d

4- d
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